CARTAN EQUIVALENCE PROBLEM
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REAL HYPERSURFACES M3 c C2

JOEL MERKER AND MASOUD SABZEVARI

ABSTRACT. We develope in great details the Cartan equivalence problem for
Levi-nondegenerate %®-smooth real hypersurfaces M?® in C?, performing all
computations effectively in terms of local graphing functions. In particular, we
present explicitly the unique (complex) essential invariant Jj of the problem. A
comparison with our previous joint results [Cent. Eur. J. Math., 10 (2012), no. 5,
1801-1835] shows that the Cartan-Tanaka geometry of these real hypersurfaces
perfectly matches up with their biholomorphic equivalence features.

1. INTRODUCTION

In 1907, Henri Poincaré [19] initiated the question of determining whether two
given Cauchy-Riemann (CR for short) local real analytic hypersurfaces in C? can
be mapped onto each other by a certain (local or global) biholomorphism. This
problem was solved later on in 1932 by Elie Cartan [6] in a complete way, by
importing techniques from his main original impulse (years 1900-1910) towards
general investigations of a large class of problems which nowadays are known
as Cartan equivalence problems, addressing, in many different contexts, equiva-
lences of submanifolds, of (partial) differential equations, and as well, of several
other geometric structures. Unifying the wide variety of these seemingly different
equivalence problems into a potentially universal approach, Cartan showed that al-
most all continuous classification questions can indeed be reformulated in terms of
specific adapted coframes.

Seeking an equivalence between coframes usually comprises a certain initial
ambiguity subgroup G C Gl(n) related to the specifc features of the geome-
try under study. The fundamental general set up is that, for two given coframes
Q:={w',...,w"}and @ := {«'*,..., "} on two certain n-dimensional mani-
folds M and M’, there exists a diffeomorphism ®: M — M’ making a geomet-
ric equivalence if and only if there is a G-valued function g: M — G such that
P*(Q)=g- Q.

Cartan’s ‘algorithm’ (the outcomes of which is often unpredictable) comprises
three interrelated principal aspects: absorbtion; normalization; prolongation.

In brief outline, starting from:
D Qi=g- 0,

one has to find the so-called structure equations by computing the exterior differ-
ential:

dQ=dgAQ +g-d.

Date: 2013-6-24.



2 JOEL MERKER AND MASOUD SABZEVARI

Inverting (1) as ' = ¢! Q, one begins by replacing this in the first term:
dgAQY =dghg Q= dg-g' NQ,
~——

Maurer-Cartan
matrix MCgq

with the standard Maurer-Cartan matrix of the matrix group G:

1<j<n v
i s
aj, o

MC, := <zn: dg, (g—l)f> —

1<i<n s

having n? entries of which express linearly in terms of some basis a', ..., a" of

left-invariant 1-forms on G, with r := dimg G, by means of certain constants a?s.
Then the structure equations become:
n T
de:ZZa;Sas/\wJ—i—ng' (i=1--n).
j=1 s=1

Moreover, one has to express the second term df)’ above, which is a 2-form,
as a combination of the w’ A w*. Usually, this step is quite costful, computation-
ally speaking. When one executes this, the appearing (complicated) functions T;k,
called torsion coefficients:

n T
dwi:ZZaésas/\wj%— Z T;k~wj/\wk (i=1--n),

J=1 s=1 1<j<ks<n
usually reveal appropriate invariants of the geometric structure under study.

Then the main thrust of Cartan’s approach is that, when one substitutes each
Maurer-Cartan form o with o® + 2721 27 w’ for arbitrary functions-coefficients

z;, while each torsion coefficient T}k is simultaneously necessarily replaced by

) r i .S i .S ; :
Tsj R (' Gs Zh—Opg 25 ), and when one does choose the functions-coefficients

z7 in order to ‘absorb’ as many as possible torsion coefficients in the Maurer-
Cartan part, then the remaining, unabsorbable, (new, less numerous) torsion coef-
ficients become true invariants of the geometric structure under study. Of course,
the ‘number’ of invariant torsion coefficients is ‘counted’ by means of linear alge-
bra, usually applying the so-called (non-explicit) Cartan’s Lemma.

Since the remaining torsion coefficients are essential and invariant, one then
normalizes them to be equal to a constant, usually 0, 1 or ¢, simply whether or
not the group parameters they contain must be nonzero in the matrix group G to
preserve invertibility. Setting these essential torsions equal to 0, 1 or 7 then deter-
mines some entries of the matrix group G, and therefore decreases the dimension
of G. In high-level equivalence problems ([14, 17]), these potentially normalizable
essential torsions are rather numerous and often overdetermined (unfortunately),
hence one is forced to enter more deeply in explicit computations if one wants to
rigorously settle which group parameters really remain, and which invariants really
really pop up. Hopefully at the end of a long procedure, one reduces the structure
group G to dimension 0, getting a so-called e-structure.

But if, as also often occurs, it becomes no longer possible after several
absorption-normalization steps to determine a (reduced) set of remaining group
parameters, then one has to add the rest of (modified) Maurer-Cartan forms to
the initial lifted coframe §2 and to prolong the base manifold M as the product
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MP" := M x (. Surprisingly, Cartan observed that the solution of the origi-
nal equivalence problem can be derived from that of MP" equipped with the new
coframe. Then, one has to restart the procedure ab initio with such a new prolonged
problem. This initiates the third essential feature of the equivalence algorithm: the
prolongation. For a detailed presentation of Cartan’s method, the reader is referred
to [18, 9, 14].

Cartan’s remarkable achievements were encouraging enough to establish his el-
egant geometries, nowadays known as Cartan geometries, a generalization of two
seemingly disparate geometries, that of Felix Klein and that of Bernhard Riemann.
For the study of hypersurfaces in complex Euclidean spaces, Cartan’s method was
applied later on by some other mathematicians, e.g. Chern-Moser [7] and Tanaka
[22], but along two seemingly different ways. In fact, Chern-Moser’s work was a
fairly direct development of that of Cartan, while Tanaka’s was more algebraically-
minded, involving Lie algebra cohomology, infinitesimal CR automorphisms, and
so-called Tanaka prolongations.

Coming to the heart of the matter, let M3 C C2? be a ¢5-smooth Levi-
nondegenerate real hypersurface passing through the origin, in some suitable affine
holomorphic coordinates (z,w) = (z + iy, u + i v) represented as the graph of a
certain %°-smooth defining function:

v=(z,z,u) = 2z + 0(3),

satisfying ¢(0). Our purpose in this paper is to reformulate Cartan’s construction of
an {e}-structure associated to such hypersurfaces effectively in terms of the single
datum ¢ of the problem.

In [15], inspired by [8], we already performed, within the Tanaka framework,
an effective construction of a Cartan geometry that is invariantly associated to such
M?3 C C2. As the main result there, we explicitly computed the two essential
real curvature coefficients of the geometry, the vanishing of which characterizes
biholomorphic equivalency of M to the Heisenberg sphere v = 2Z (see Theorem
7.4 in [15]). In the present paper, we have to keep track of how the under consid-
eration Cartan equivalence problem for real hypersurfaces M3 matches up to their
Cartan-Tanaka geometry. In particular, we will explicitly observe a close relation-
ship between the single complex essential invariant of the equivalence problem and
the two real invariants of the Cartan geometry.

As an outline of this paper, first in section 2, we set up the equivalence problem
for Levi-nondegenerate real hypersurfaces M3 C C? by constructing the necessary
adapted coframe on it. We begin by presenting generators . and .Z of T"Y M and
of TO' M. Then, the bracket .7 := i [.£, ] completes a frame on for C Qg T'M.
Dually, we deduce an initial complex coframe { 00, Cos Zo} on Cer T*"M.

Next, we determine the initial ambiguity group for equivalences under local

biholomorphisms:
), aeR, b,ceC}.

ol

In section 3, we proceed to the equivalence algorithm by performing the
absorbtion-normalization procedure. After normalizing the group parameter a, we
continue in section 4 by performing a first prolongation. Namely, we prolong the
equivalence problem of the under consideration CR-manifolds M3 to that of a

olo o
oo o

0
c
0
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certain 7-dimensional prolonged spaces MP" := M3 x G equipped with the ini-
tial coframe { 00, €0, ZO} to which we add the four certain Maurer-Cartan 1-forms
a, 3, @, f — associated to certain four remaining group parameters b, c,b,c —
and with four new appearing prolonged group parameters r,s,¥,s. Subsequently,
we consider this new prolonged equivalence problem ab initio.

The well-known Cartan’s Lemma (see Lemma 4.1) also enables us to tem-
porarily bypass some relatively painful computations (cf. Proposition 4.3), that,
anyway, we do perform later on. After two absorbtions-normalizations and
after one prolongation along the way, the desired equivalence problem trans-
forms to that of some — explicitly computed — eight-dimensional coframe
{p.¢,(, o, B,@, B,0} having e-structure equations:

dp=aNp+aip+i{AC,
dC=BAp+ang,

dC=BNAp+an,
da=8Np+2iCANB+il AP,
dB=0ANC+BAa+TCNAp,
da=06Np—2iANB—il AP,
dB=6ANC+BANa+TCAp,
dS=6Na+6Aa+iBAB+TpAC+TpAL,

with the single primary complex invariant:

_ 1 2(Z(Z(P))) n 2.2(Z(P)P n 1Z(Z(Z£(P) 1Z2(ZLP)P
3 cc? 3 cc? 2 cc? 6 cc?
12(P)Z(P) 12P)P

6 cc? + 3 @

in which the fundamental function P can expresses explicitly in terms of the single
datum ¢ of the problem as:

P l,— LA, —FMU7
l
where:
A= P2 and where: E::i(ZZ-FAZu—Az—ZAu),

S 1l—dgp,
this last Levi factor £ being nowhere vanishing, because we assume M to be Levi

nondegenerate. Furthermore, the other secondary invariant T can be expressed in
terms of the first one J as:

g1 <$(3) —m> _ib5
c cc

Finally in section 5, we turn to a brief discussion of the Cartan-Tanaka geometry
of the under consideration hypersurfaces M? and — being aware of the results
of the papers [8, 15] — we observe that the equivalence problem matches up to
their Cartan geometry so that the complex essential primary invariant J can be
reexpressed effectively in terms of the two (real) essential primary invariants we
obtained there (this also matches up with the results of [12]).

Theorem 1.1. (see Theorem 5.2 at the end) For Levi-nondegenerate €°-smooth
real hypersurfaces M3 C C?, the following relation holds between the essential
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complex invariant J of their equivalence problem and the essential real invariants
A and A, of their Cartan geometry:
J= C%(Al +1iAy).

We close up this introduction by mentioning that, although it is well known that
a close relationship exists between equivalences of hypersurfaces M3 C C? and
second-order ordinary differential equations ([6, 7, 11, 10, 16, 12]), and although
the (nonexplicit) geometric features of the results we present here are well known
too (but often with hidden computations), a completely effective and systematic
presentation of the related (complicated) computational aspects is necessary to un-
derstand in a deeper way the core of Cartan’s method.

In fact, the present (preliminary) paper was written up in order to serve as a
ground-companion to much higher level explorations of equivalence problems for
embedded CR structures, that will soon appear soon ([14, 17]). Intentionally, we
endeavour here to develope our systematic computational formalism at first for
the simplest known CR structures M3 C C2?, before applying it to more delicate
5-dimensional real analytic CR structures.

The remarkable works of Beloshapka [1, 2, 3, 4, 5] have shown that there ex-
ists a wealth of model CR-generic submanifolds whose algebras of infinitesimal
CR automorphisms have been computed explicitly there, and this paper together
with [5, 14, 17] are a very first step in the Cartan-like study of the geometry-
preserving deformations of just a few of these models, with a door potentially
open towards the exploration of a great number of higher models with a similar
emphasis on effectiveness.

Acknoweldgments. The third author was in part supported by a grant from IPM
(No. 91530040).

2. SETTING UP THE EQUIVALENCE PROBLEM

Our aim in this section is to construct — in terms of a certain fundamental
graphing function ¢ — an initial complex coframe on the under consideration
three dimensional CR-manifold A/2 C C2, and next to set up the related equiv-
alence problem. First, let us consider this approach dually, namely by constructing
a local frame on M?3.

2.1. Local frame adapted to 3-dimensional embedded CR structures. Con-
sider therefore a local ¢’%-smooth hypersurface M? C C? passing through the
origin. In some suitable affine holomorphic coordinates (z,w) = (x + iy, u + i v)
adapted so that R % ‘0 ¢ Ty M, the implicit function theorem enables one to rep-
resent M3 as a graph over the (z,y, u)-space. Since any function of (z,y,u) =
(#£2, %2, u) can be considered as one of (z,7z,u), the graph in question may be
thought of as being of the form:

U= @(27 27 u)?
for some % function ¢ satisfying ¢(0) = 0. In the sequel, all appearing in-
variant objects — vector fields, differential forms, torsion coefficients, essential
functions — will depend only on ¢ and its partial derivatives with respect to the
three (complex and real) initial coordinates (z, Z, u), the latter being understood as
intrinsic coordinates on M?3.
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According to [11, 13, 15], a local (1,0) vector field on C? defined near the
origin:
0 0
L= —+A—
0z + ow

is tangent to M3 if and only if, on restriction to M3, its coefficient A satisfies:
0=2( - 252 + (23 257))
= —lA+1Ag0u+<pz.
2 2
For this to hold true, it suffices to set:
_ -2 Pz
ity

A

which is thus de facto a function of only (z,Z,u). Furthermore, restricting .Z to
M3, one must simply and only drop the (extrinsic) vector field %:

I SN A
M 9z 20u 20v,
0 w, O
T 0z ity Ou
Now, it will be convenient to introduce an extra notation for the appearing coef-
ficient of C%, say:

@) A=t
1 -1,
not to be confused with A = 2 A, which, anyway, will be left aside from now on.
Thus intrinsically on M3, the CR-structure induced by the ambient C2 on M?
is encoded by the complex (1,0) vector field . and its conjugate .£:

9 0 — 0 -0
= — 4+ A— d = —+A—.
z 0z + ou an Zz 0z + ou
In this set up, the non-vanishing property of the Lie bracket:
0

(2, 7] = (4. + A4, - A== AA,) o
at any point of M3 indicates precisely that M3 is Levi nondegenerate at every
point, an assumption that will be held throughout. Since it is slightly better — for
convenience reasons — to deal with real functions, we introduce the fundamental
Levi factor:

(3) C:=i(A,+AA, — Az — AA,),

so that the reality of ¢ % in the first structural Lie bracket relation, viewed again in

this abbreviated way [.Z, ]| = —i/ %, shows now well that the —7 mere factor
on the right provides the pure imaginarity of the bracket in question:

2 7]--|7.7]

For normalization reasons, it is furthermore natural to introduce the auxiliary

real field: 3
=0 —
7 ou’
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which is the suitable multiple of % insuring that the bracket:
2, P =—iT

makes the coefficient-function in front of .7 to become a plain constant.
Now, in terms of what will be called the complex initial frame on M3 (written
in the following order):

 _ — 9

7 =i(A:+ AAy — Az - AA) o,
o 0

L= g T

9 0

(o7 P

L=t A

it remains to also take up the two further — yet uncomputed — brackets.
Simple computations show that we have:

(7, 4]=-P7 ad [7,2]=-P7,

for a certain (universal) rational function P of the second-order jet J. =, (A, Z)
given by:
b, — 1A, + Al
7 .
This function P could be completely expanded in terms of the graphing function
¢, for in the notation of [15], one checks that:

P=10— L0,

P =

with the full, one-page long, expansions of (the numeratorof) ®; and P2 in terms

of ngymgo being provided on page 42 of the extensive arxiv.org version of [15].

Because the computations unavoidably explode when one performs them in terms
of  (cf. the end of [15]), it is advisable to reset oneself at the level of just P, aiming
nevertheless to perform everything which will follow in terms of P, granted that P
is explicit with respect to .

Notice passim that the above two structural bracket relations are conjugate to
each other, just because .7 = 7. Furthermore:

Lemma 2.1. One has the reality condition:
ZL(P)=Z(P).
Proof. The already presented expressions simply give:
(Z,[7,4)] =-Z(P)T — PPT,
——

(2.2, 7]] = 2(P)7 + PP,

and thanks to the Jacobi identity, one obtains:
~Z2(P) 7 +2(P)T = [Z.[7.2]] + [£.[2.7)]
=-[7,2.4]] =0,
——
F
which visibly yields the desired equality .2 (P) = Z(P). O
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2.2. Setting up of an initial Cartan coframe. All these preliminary normaliza-
tions were done in advance to fit dually with a pleasant collection of 1-forms. In-
deed, on the natural agreement that the coframe {du, dz, dz} is dual to the frame

9 9 0 ; .
{52 52+ 52> letus introduce the coframe:

{po, Co, o} which is dual to the frame {7, &, Z}.
that is to say which satisfies by definition:

po(7) =1 po(ZL) =0 po(Z) =0,
WZ)=0 L) =1 (&)= 0
C(7)=0 C(Z)=0 w(Z2) =

Using the above expressions of our three vector fields .7, ., £, we see that
the three dual 1-forms have the following simple explicit expressions in terms of
the function A — strictly speaking in terms of the defining function ¢ — :

du— Adz — Adz -
/ ) CO = dZ, CU =dz

In order to find the exterior differentiations of these initial 1-forms, an applica-
tion of the so-called Cartan formula dw(2, %) = 2 (w(#)) — ¥ (w(Z)) —
w([Z",#]) implies that:

) po =

Lemma 2.2. Given a frame {.,2”1, e ,Zn} on an open subset of R™ enjoying the
Lie structure:

(%, L] = E anufk (1<i1<iz<n),

where the a¥ . are functions on R", the dual coframe {w!, ..., w"} satisfying by

11,12
definition w"* (Z ) = 5’“ enjoys a quite similar Darboux- Cartan structure, up to an
overall minus sign:

dw® = — E af Wi AW (k=1--n)
1<ii<io<n

To apply this lemma, it is convenient to consider the auxiliary array:

T <z Z

dpo ddo dco
(7,4 = -P-7 + 0 + 0 po A Co
(7,4 = -P-9 + 0 + 0 po A Co
(2, 2] = +-7 + 0 + 0 |[GAG|

in which, by reading the three columns, we deduce visually the initial Darboux-
Cartan structure in terms of our basic, single function P:

dpo =P po A Co+ P poAo+iloACo,
6) dgo = 0,
d¢y = 0.
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2.3. Complex structure on the kernel of the contact 1-form py. We end up this
preparative part by a thoughtful summary which will offer the natural geometric
meaning of pg. The defining equation of M3 may be understood as:

r=0 with r=r(z,Z,u,v):=—v+ p(z,Z,u).

Given any function G = G(z,Z,w, W), one classically defines its (1,0) and (0, 1)
differentials respectively by:

0G := G, dz + Gy dw and 0G = Gz dz + Gy dw,
and one easily checks that its complete real differential:
dG = Gy dx + Gy dy + Gy du + Gy dv
is the plain sum of these two holomorphic and antiholomorphic differentials:

dG = 0G + 9G.

Lemma 2.3. With r = 0 being any real defining equation for a €' hypersurface
M?3 C C?, the restriction to M3 of the (1,0) form i Or, namely:

0:= i@r!M
is a real form on M?3:
0=0

Moreover, at every point p € M, the real kernel of o in T),M identifies with the
complex tangent bundle at p:

{Xp e T,M: o(Xp) =0} =T5M

while its kernel in the complexified tangent bundle C & T),M identifies with C ®
T°M:
p

{2p,€ CRT,M: o(2;) =0} =COTyM =T)°M & T)' M.

Proof. For the first part of the assertion, since r|,;s = 0, then on restriction to M3

we also have dr = 0 which means Or = —0r. Hence the i factor in g in front of
Or makes it real. For the rest, see [11], page 25. O
To go into this lemma in detail, with 7(z,Z, u,v) = —v 4+ ¢(z,Z,u) and with

w = u + tv, we have:
dw=du+idv=du+idp(z,Z,u)
= du+i(g0z dz + @z dzZ + py du),

and hence the expression of ¢ can be expressed in terms of the functions ¢:

(6)
0= ZaT’|M% = i(Tz dz + 1y dw)‘]&ﬁ

=i(p.dz + (3 pu + 3) dw)

z(goz dz + (2 Yut 2)(du+ip. dz+ipzdz +ip, du))

(-1 W) dut (5o, — 2o 0u)de+ (— 3oz — Spzpu) dz.
Furthermore, a plain computatlons show that (see (2), (3) and (4) for the expres-

sions):

(N po =

1 2

i1tz ?
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Then, non-vanishing property of the Levi factor ¢ also implies the equality:

Ker (o) = Ker(po).

2.4. Differential facts about CR equivalences. Now, we explain how one may
launch Cartan’s method in the case under study, namely for deformations of the
Heisenberg sphere:

8 w—w = 2t 2Z.

that are geometry-preserving in the sense that Levi nondegeneracy is preserved.
Consider therefore two Levi-nondegenerate real hypersurfaces of class €, rep-
resented in two systems of coordinates (z,w) and (2’,w’) as graphs:

M3: 0=—-v+¢(zZu) ad M3 0=—v+¢ (7)),

for two certain functions, normalized in advance so that ¢ := zZ + O(3) and
¢ = 2'Z' + O(3). The general problem is to discover when, and if so how, the
two CR hypersurfaces are equivalent through a local ambient biholomorphic map:

(z,w) — (2, 0') = (2'(2,0), W'(z,w))

of C2. This is nothing else than saying that such a map should send any point
of M? to some determinate point of M'3. In other words, one should have v/ =
O'(2',Z',u') as soon as v = ¢(2,Z, u).

Then a well known simple fact (Lemma 1.2.3 page 47 of [21]) insures that M is
sent to M’ if and only if there exists a real-valued function a = a(z, w) defined in
a neighborhood of the origin in C? so that:

E U/)}(Z':w')=(2’(z,w)7w/(z,w)) = a(z,,7,w,w)- ( —v+9(27, u)),

-+ ¢, 7
identically as functions of the four real coordinates of C2. For easier reading, we
shall drop the mention of this pullback and simply write down:

—v' + (7)) =a(—v+e(z,7,u)),

or even in a shorter way: ' = ar. We now clearly see that » = 0 implies 7’ = 0,
namely that points of M? are sent to points of M’3. But now, the two fundamental
1-forms ¢ = i Or| )y and ' =ior’ | »p in the two spaces happen to be real multiples
of each other:

i@r"M, :aiar‘M—i—riacﬂM ,
—_—0

through the same function a.

Of course such a function a highly depends on the equivalence (z, w) — (2, w’)
between M3 and M'3, when it exists, but the idea of Cartan is to consider it as some
unknown. Taking the relationship (7) into account, the already obtained equality
o' = a o can be slightly adjusted (with same notation for a new function a) into the
form:

pli=a-p

for some unknown real-valued function a := a(z,Z, u).
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2.5. Associated ambiguity matrix. Next, let us construct the associated ambigu-
ity matrix which encodes holomorphic equivalence of two hypersurfaces M3 and
M3, recently equipped with two coframes:

{po, dz, dZ} and {pf), d?, d?}.
Now, on restriction to M3, we have:
2 = z'(z, u+ip(z,z, u)),

whence differentiation using the general formula dg = g.dz + gz dZ + g, du gives
(see (6)):
dz = (z; +izl, goz) dz + (z 20, goz) dz + (z 2ty Pu + z;,) du

9
© = (2. +izy p:)dz+ 2, {ipzdz + (ipu + 1) du}.

On the other hand, multiplying by some (innocuous) complex multiple the funda-
mental 1-form ¢ = i@r‘ 20 We also have:

—2(1+i¢y) . . — (=i o)
———0=(14+12 du+ipsdz + —————=dz,
1+ (pu)? o={ #u) 7z 1—ipy,
which enables us to substitute the (underlined) 1-form that we left in braces after
21, just above (we also replace o = —% 2(1 4 (¢u)?) po in terms of po, see (7)):
L . __2(1+i4;0u) _‘Pz(_i+€0U)
tozdz+ (1w +1)du = 1 ¥ (pu)? 0 i dz
(1 4ipa) po— TR

1 —ig,

This implies from (9) that dz’ is a linear combination — with some complicated
coefficients — of dz and of p, without dz component:

dz = (z{uﬁ(l—l—icpu)))po-i- (z;—l—iz;@z—z;W) dz.
—— —tPu

=:b(z2v) =:c(z,Z,v)

We thus have obtained:

Proposition 2.4. Two local € real hypersurfaces M3 and M" of C? are equiva-
lent through some biholomorphism whenever their two corresponding fundamental
coframes:

{P07 Co = dz, ZO = dEO} and {p{)a C(/) = dZ/> ?(l) = dEE)

are mapped one to another by means of a certain matrix of functions:

P0 a 00 Po
gé = 9 c 0 go s
¢ b 0 ¢ Co

in which a := a(z, %, v) is a real-valued function on M3, and where b := b(z,%,v)
and ¢ := ¢(z,z,v) are both complex-valued. O
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2.6. The related structure group. As we saw, when a CR equivalence exists, the
functions a, b and ¢ depend — in a somewhat complicated way — upon the CR
equivalence, whose existence is under question! The gist of Cartan’s method is
to consider these functions as new unknowns, hence to add them as extra group
variables. So we consider the subgroup of matrices inside GL3(C):

a 00
E c 0
b 0 ¢

)

where now a € R, b € C, ¢ € C are arbitrary parameters and we consider the
so-called lifted coframe on the eight-dimensional space (z,z, u, a, b, b, c,):

p a 00 Po
¢]=1|b c O G |,
¢ b 0 ¢ Co
that is to say:
P = apo,
¢ =bpo+cdo,
¢ =bpo+7c.

Of course, the 1-form p is real and the ( is the conjugate of (.

So far, we have provided the necessary data for launching the Cartan algorithm
of equivalence. Next, we have to perform normalization, absorption and prolonga-
tion.

3. ABSORBTION AND NORMALIZATION

Associated to the equivalence problem for real hypersurface M3 C C?, we set

up the structure matrix group:
), aeR, b,cec}.

G:= {g = (
P Po apo
(10) ¢ =g | ¢ | =/ brotct |.
¢ Co bpo + ¢,

The lifted coframe writes out as:
Applying the differential operator d to these three equations and next substitut-
ing the expressions of dpy, d(o, d(,, presented in (5), gives:

o 0 O
ol o o

dp:da/\po—i—ai{o/\zo+aﬁp0AZO+aPpo/\Co
d¢ =dbApo+dcACo+biloACy+bPpoAly+bPpoAlo

d¢ =db A po+decACy+biloAly+bPpo Ay +bP po Ao,

at £0 /\£0
Ei o /\§0 .
bi Go Ao

or equivalently in matrix notation:

p da 0 0 P0 aP
1) d| ¢ | =| db dc O Al G |+ | bP
I5 db 0 dc Co bP

N— —_—

dg

olo W
~l ol ol
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On the other hand, multiplying both sides of (10) by the inverse matrix:

)

QI

—
o
| ‘ W [

Biloig o
O onlm O

o= O O

pPo = gp
b 1
(12) Co = 3’ + EC
- b 1
Co _EP‘*‘ EC

We may then compute the three exterior products between these basic 1-forms:
poACo = pAC

(13) poAGo= 2P AC
CoACo=2=pAC— 2pAC+ ECAT

In addition, one has to replace the first part dg A (po, (o, Co)! in (11) by:

00
(14) dg-g ' Ng. | ¢ |,
v o
wpC
(p,¢,C)

and finally we obtain from (11), the exterior differentiations of the lifted 1-forms

p, ¢, C:

v 0 0 UipANC+TUipAC+UCAC
p p
al ¢ | = Boa 0 Al C|+]| VipAC+VapAC+VECAC |,
(15) Z Z
B 0 @ VapAC+VipAC—=V3CAC
—— —

wnMmC

which incorporate the following torsion coefficients:

Uy = Pec+bi Uy = 2

cc _ _cc
Vy ;= Dbetbbi Vy 1= Pbc—b?%i |

acc - acc
and in which the three plain Maurer-Cartan 1-forms are:

dc db bdc da
a=—, [fi=———  g:=—.
c a ac a
Here the obtained equations are called the structure equations of the problem and

moreover the appearing matrix wps¢ is the so-called Maurer-Cartan form of G.

3.1. Absorbtion and normalization. One of the most essential parts of the Car-
tan (equivalence) algorithm is the absorbtion-normalization step, which, generally
speaking, is expressed as follows.
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Observation 3.1. (see [14]) Let © := {0, ..., 0"} be a lifted coframe associated
to an equivalence problem having structure equations:

n T k—1
d9”=Z(Zazsﬁs+ZT}k9j> NF i,

k=1 “s=1 j=1

Then, one can replace each Maurer-Cartan form (3° and each torsion coefficient
T, with:

n
B B+ 200 (s=1-1),
(16) =
T’i — Tl 4 Z ( 7 s 1 s . . .
Gk ik ajszk akst) (i=1-mn; 1<j<k<n),
s=1
for some arbitrary functions zg on the base manifold M. O

Then one does such a replacement so as to annihilate as many torsion coeffi-
cients as possible, by some appropriate determinations of the functions zg.
Thus, let us perform the following replacements:
amratpiptal+rg
a7 B B+pap+a+rd,
Yy +p3pt+as+ral

These substitutions convert the structure equations (15) into the form — from now
on and for brevity, we drop presenting the structure equation d( since it is just the
conjugation of d¢ — :
dp=~yAp+ Ui —a3)pAC+ (U1 —13) pAC+ U2 NG,
dC=pBNAp+anC+(Vi—aq+p)pA(+(Va=r2)pAC+(Vs—11) (AL

Visually, one sees that by some appropriate determinations of p;, g;, r;, one can
annihilate all the (so modified) torsion coefficients, except just one, namely Us in
front of { A ( at the end of the first line.

Consequently, this torsion coefficient U is essential, and the general theory
([18]) shows that Us (potentially) provides a normalization of some group param-
eter, and here because Us is so simple, normalizing it to be Uy := ¢ provides the
simple group parameter reduction:

a:=cc.

This then replaces the Maurer-Cartan form v = % by a + @ and transforms the
structure equations (15) into the form:

dp=(a+a)Ap+UipANC+UipAC+il A,
dC=BAp+an{+VipA{+VapAC+TV3CAG,

with new torsion coefficients:

(18)

U1 — PEi—bl

cC _ —
.__ Pbc+bbi .__ Pbc—b?%i . bi
Vl = C262 V2 = 2c ‘[3 T
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and with the new Maurer-Cartan 1-forms:
dc db bdc
o cc cc
Now, let us try again a second absorbtion-normalization procedure. Doing sim-
ilar replacements:

(7

ama+pip+al+rd,

B B+pap+ @+,

one obtains:
(19) B . )
dp=(a+@)Ap+Ur—q —T1)pAC+ Ui —r1 —q)p AC+HICAC,
dC=PBAp+arnC+(Vi—a+p)pAC+(Va—ra)pAC+ (Vs—r1)CAC
Visually, one can annihilate all the (so modified) torsion coefficients by choosing:

q:=U — V3, r = Vs,

q2 ‘= ‘/1 + p1, ro = V27
while the two remaining functions:

p1 =5, p2=:r
can yet be chosen arbitrarily.
Chosing first these last two functions to be 0, and coming back to the explicit

expressions of Uy, Vi, Vi, Vi, we see by introducing the following two modified
Maurer Cartan forms:

aO:*_fC—i s
(20) C cC CC, o
g, — 0 bdc Phciibb. Pbc—ibQZ
T @ c2e? czez

that the whole torsion is absorbed so that the structure equations receive the very
simple form:

dp=(ap+ao) ANp+iC A,
dC=0oNp+aNn(.
At this stage, no torsion coefficient can be used anymore to reduce the structure
group.
In fact, one verifies that the two complex parameters r and s and their conjuga-
tions are precisely the free variables in the absorption equations, and consequently,
according to the general procedure, one has to prolong the equivalence problem.

21

4. PROLONGATION OF THE EQUIVALENCE PROBLEM
4.1. Prolongation procedure. If one therefore encodes the general remaining am-
biguity in the choice of ag and 3 by setting:
o= g + sp,
Bi=Bo+rpts’
one will still have that the absorbed equations look the same (without lower index
607):

(22)

dp=(a+a)Ap+ilAC,

@3) dC=BAp+and.
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At this moment, one has to launch the prolongation procedure. This part of Car-
tan’s algorithm relies on the following general result (see [18], page 395 Proposi-
tion 12.13):

Proposition 4.1. Let © and ©’ be lifted coframes of an equivalence problem which
admits a non-involutive system of structure equations and which has a positive
degree of indeterminancy. Let A and A’ be the modified Maurer-Cartan forms
after the last absorbtion-normalization step. Then, there exists a diffeomorphism
® : M — M’ mapping © to ©' for some choice of the group parameters if and
only if there is a diffeomorphism VU : M x G — M’ x G’ mapping the coframe
(©,A) to (O, A\') for some choice of the prolonged group parameters.

This permits us to change our concentration on the original equivalence prob-
lem of the three dimensional hypersurfaces M > equipped with the lifted coframes
{p, ¢, C} to that, along the same lines, of the prolonged manifolds MP" := M3 x i
with the lifted coframe — living on the product MP" x GP" = (M3 x G) x GP" —

of the seven 1-forms p, ¢, C, 1, ¢, 1, @, defined as follows:

p 1 00 00 0 0 p
¢ 01 00 000 ¢
¢ 001 00 0O ¢

24) a |=]s 0 0 1 0 0 O ao |,
8 r s 00 1 0 O Bo
a 5000010 o
B F 05 00 01 By

gpr EGPT

with the new structure group G', a subgroup of Glz;4(C) = Gl7(C) constituted
by the prolonged group parameters r, s and their conjugates.

Remark 4.2. This prolonged group (24) resembles much the equations (3.3) on
page 7 of the paper [10], devoted to the equivalence problem for second order ordi-
nary differential equations. In fact, there exists for known reasons (cf. e.g. [16, 12]),
a certain transfert principle showing that these two seemingly different equivalence
problems will follow fairly the same lines of resolution. Our main goal here is to
go beyond the so-called — usually less costful — non-parametric approach and
to perform all computations effectively in terms of the single function P, hence
in terms of the graphing function ¢(z, Z, u) of our hypersurface. In fact, with our
choice {.&, ., 7} of an initial frame for T'M?3, which is explicit in terms of ¢,
we deviate from the common approaches.

With the obtained four supplementary 1-forms o, 3, @, 3, we can now start the
first loop of absorbtion and normalization on the 7-dimensional prolonged space.

Letting a group element g, € G be in (24) and abbreviating:

QO = (p7C727a07507607BO)7 Q = (107(727a757a7§)
the first simple computation shows that the associated structure equations:

dQ = (dgpr : g,;1> AQ+ YGpr * on,
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read as:
p 0 0 0 0 0 0 O p dp
¢ 000 O0O0O0O0 ¢ d¢
¢ 000000 O ¢ dc
25 d| « = 6 00 00 0 0 |A] |+ sdp + dao
3 ¥y 5§ 00 0 0 0 8 rdp + sd¢ + dBo
a § 000 00O @ sdp + dav
B8 ¥ 0 6 0 0 00 B Fdp+35d¢ + df,
for two new basic Maurer-Cartan 1-forms:
v :=dr, 0 :=ds.

To explicitly find the torsion coefficients which should come from the last four
rows of the rightmost 7 X 1 matrix, one needs to express the exterior derivations of
ag and Sy in terms of the lifted 1-forms, and this task is costful, computationally
speaking. Instead of performing this directly, let us at first employ a well-know in-
direct tool (cf. [9, 18]) which temporarily bypasses this computational obstacle and
has the virtue of enabling one to better predict the way the final structure equations
will look like after absorption.

Cartan’s (elementary) Lemma. Let {w',... w"} be a set of linearly indepen-
dent local I-forms on some manifold. Then, k arbitrary 1-forms 0, ... 0F satisfy
Zle 0° Aw' = 0 if and only if they express §° = 22?21 A;- W’ for some symmetric
matrix of local functions with A} = Ag . (]

The truth here is that one intentionally leaves aside the question of how these A;
could be expressed in terms of 6%, ..., 0% w!, ... Wk,

Now, using the standard differentiation formula for the exterior product of two
1-forms A and p (mind the minus sign!):

d(A/\u) =dAAp—ANdu,
the differentiation of the two equations (23) gives:
dPp=0= ((da+2iBAC+iBA) + (da—2iBAC—iBAC)) Ap,

=1

dQC:OE(da+2iB/\<+i6/\Z);C+(dﬂ—ﬁ/\a)/\p,
——

=:E9 =:=3

(26)

noticing as a ‘trick’ that the redundant term 2i 3 A ¢ in Z; helps us to insure the
reality relation:

[1]

1 =E2 + o,
which will be useful for our next:

Proposition 4.3. The exterior differentials of the new prolonged lifted 1-forms o
and 3 can be read as:

do = 6modified A p+
+2i(AB+iICAB+WENC
(27)
d,@ — ,ymodified Ap+ 5modified A CJF
Y
for a certain torsion coefficient W which is real, and for some two modified
Maurer-Cartan 1-forms gmodified ’ym°d'f'ed.
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Proof. Applying Cartan’s Lemma 4.1 to (26) brings the following expressions of
E1, 2o, E3 for some three 1-forms «7;, %;;, ¢
1 = —%Ap,
9 = 91 ANC+ 2 A p, E3 = 2o A+ gl A p.
The relation = + Z9 — =1 = 0 we ‘trickily’ insured then reads as:
G N+ By ANC+ (Gha+ F12+C)Ap=0.

Again, a further application of Cartan’s Lemma yields the (non-explicit) expres-
sions:

[1] [1]

@1 = R11¢ + R12¢ + Risp,
P11 = Ri2¢ + Raa + Rasp,

Gho + 19 + € = R3¢ + Ras( + Rasp,

by means of some complex functions R;;, 7,j = 1,2, 3. If we now denote the two
1-forms .7} and .ofpy by gmedified apd modified (regpectively), then the expressions
of =1, =», 23 change into:

[1]

| = gmodified A 4 gmodified A p — Ri3¢ A p — RasC A p,
2 = RiaC A C+ Rizp A G+ 0 A p,
S5 = 5modified A C +,}/modified A p.

Comparing with the initial expressions of =g, 23, =3 in (26) implies that:

do=—2iBAC—iBAC+ (modified _ R1oc) A p— RysC NG,
(28) dﬁ = ﬁ Na—+ 5modified AC+ ,ymodified Ap

da=2iBNC+iB A+ (6modified — RosC) Ap+ Rial AC.
Now granted the equality do = dav, one obtains the following equation, after plain
simplifications:
—Ri3CAp+ RiaC A C=—RasC Ap+ RiaC AC.
Taking account of the linearly independency between ¢ A p and ¢ A ¢, one imme-
diately concludes that:
Ros = Ry3 and Ri2 = Rya.

In other words, R;» is a real function and also one can replace Rg3 with R13 in the
expression of da. Lastly, the equations (28) can be transformed as follows after the
substitution gmedified _ R oy gmodified ynd putting W := —R19:

dao=—2iBAC—iBAC+ (6™ — Ris¢) Ap—Ri2 CAC,

. — §modified +W

dB =B ANa+ (5mod|f|ed o RIBC) ACH+ ymodified A p,

29) — 3
— §modified
- a —~modified — = _
da=2iBNC+iBA 5 -Rr A R AT
BACH+HIBAC+ ( 13C) p+R12CAC
_, gmodified W

This completes the proof. ]
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The two equations (27) (together with their unwritten conjugates) and the three
equations of (23) constitute the new structure equations of the problem with
gmeodified and ymodified a5 the modified Maurer-Cartan forms after maximal absorb-
tion of torsion. Thus, thanks to the above (non-explicit) proposition, one has by-
passed some painful computations, keeping track of some relevant, somewhat suffi-
cient information, as Cartan usually did in his papers. Nevertheless, we will present
just at the moment the explicit expressions of modified apg modified

Before doing this, let us present the following assertion which permits one to
consider some two fixed expressions of §mdified and ymodified ‘enioying (27).

Lemma 4.4. Let 5modified’ ,ymodified and 58qodiﬁed’ ,y(r)nodified be two couples Of 1-

forms satisfying both the same equations (27):
do= 6™ A b4 2% CAB+iCAB+W AL, do = 65°% e A o4 2% CAB+iCAB+WCEAC,
dﬂ _ ,ymodified A p+ 6modified A C + B A Q. dﬂ _ IVBnodified A p+ 6glodified A g + B AQ.

Then necessarily:

+pp,
,ymodified — ,Y(r)'nodified + pC +qp,

for some arbitrary complex functions p and q.

(5modified _ 5810diﬁed
(30)

Proof. A plain subtraction yields:

0= (5modified o 56'nodified) A p,

0= (,Ymodified _ ,ytr)nodified) Ap+ (5modified _ 6(r)‘nodified) A C
Now, Cartan’s lemma applied to the first equation immediately gives the first equa-

tion of (30). Putting then this into the second equation obtained by subtraction
yields, again by means of Cartan’s lemma, the conclusion. (]

Next, a straightforward computation provides a general lemma, unavoidably re-
quired when one wants to perform all computations explicitly.

Lemma 4.5. The exterior differential:
dG = 2(G) - Go+Z(G)-Co+ T(G) - po

of some function G(z,%,u) of class at least € on the base manifold M C C?
reexpresses, in terms of the lifted coframe, as:

L 1 = b b = 1
31) dG = <CJ(G)> at <Cj(c)) at (CQCJ(G)CCQJ(G)+<:(:§(G)) p. O

Thus, we may now compare and inspect the two separate expressions of da in
(27) and (25), namely:

dov = gmodified A L 2 CAB+iCAB+W AL,

(32)
da = dag + v A p + sdp.

Here, we must compute the differential dog of ag given in (20):

dag = d(%) — <1dP—Pidc+21id5—2iidc—2iéﬁ)/\g—
o C ccC ccC Cccc Cccc

Cccc

_ <1P+2i3,> ¢ — (iidb—ii@—ié) AC—i 2 dc,
C CC CC CCC CcC
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Now, thanks to the expressions (22) and (20), one obtains:

dC—COto-‘rPCtZZbC zbz

—ca—cspt Pc—|:21b<+@67

& 2 Pbc C‘ bb ﬁc
db = 2o + ba 4 2LCT3ibb - Dby

cc C

2Pbc+3ibb  _ Pb—

= fscc)CJr ?C

These equations together with (31) and (23), enable one to transform the second

expression of do in (32) into:

=ba+ccp— (ccr+bs)p+(

b B — 1 Ps ) _sb
= Pb Pb bb = o
+(_E$(P) —2ig 4 cw*“)“w}“*

L lieiZ) o Pb+ bb i Th_ Bb C+ifp ACH
<)’ 2aa T

+{(—£—2¢E+s)~ﬂ+(—z‘3,+s)-B+v}/\
C CcC cC

Chasing then just the coefficient of ¢ A ¢ in this last (long) expression, which is
the function we called W, we therefore obtain the explicit expression of this single
essential torsion coefficient:

1 — b b bB
(34 W:E.,Sf( )—2z P—|—21 P—|—6 5+ 2is— 245.

Thanks to Lemma 2.1, one easﬂy reahzes that Wisa real function as was already
mentioned in Proposition 4.3.
Furthermore, collecting together the coefficients of ® A p from these two expres-

sions of dcv, one also finds the explicit expression of gmodified:
(35) B _
. 1 _ 5 _
gmodified (29(13) - %z( P) - %z( Py +Spioi® 2ir) S+ (z’bs —ir) T+
cecC C c? C C CcC cC

+sa— <1P+2ib) -ﬁ+sa—z’3,§+
c cc cc
+ ds.
Likewise, let us consider the two separate expressions:
dﬂ — ,ymodified Ap+ 5modified A C + 5 AT
dB =dBo+dNp+rdp+~yA(+sdc,
of dB in (27) and (25), with df; being the differentiation of 5 in (20) as follows:

(36)

dfo = (——crAder crAdc> - (Pb+ bb >d§+

—+

e EQ db— b ) AC—

(-2
( T )dg‘+ 2
( Pb Pb b b

+

_  b?
+ 2db+ Sgdet2 dc+2i 5db— Cgézdc—%ﬁﬁ)/\(.
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Performing lines of (rather lengthy) computations similar to those we already did,
we can extract the coefficients of e A p from the two equal expressions of df in

(36) and we find:
(37) - B B
modified b b2 b — bs r bbs br br
b — b2 — bb — — bs — b% \ -
+ (%Q(P) ~ 5@ (P)~ 5 Z(P)+ 5P~ T@) ¢+

C
b . bb b—,. b\ =
+ dr.

From now on and for the sake of simplicity and compatibility among the nota-
tions, let us drop the word "modified” from gmedified and modified apnd denote them
simply by ¢ and . Summarizing the results, now the structure equations (25) is
transformed into:

dp=aNp+aip+i{AC,
dC=BAp+ang
dC=BAp+an,

(38) da=8Np+2iCANB+iCAB+WC(AC,
dB=vNp+INC+ B ANa,
da=6Np—2iCANB—iCANB-WC(CAC,
dB=FNp+dN(+BAa,

with the already modified Maurer-Cartan forms ¢ and - given by (35) and (37),

and with some relevant real torsion coefficient W given by (34).

4.2. Absorbtion-normalization. After having re-shaped so the structure equa-
tions, one has to apply again the absorbtion-normalization procedure by consid-
ering the substitutions:

S—=d+pip+qal+rl+sia+tia+u f+v 0,
Yy +pep+ gl +rol+ssattoa+us B+ v B

One easily verifies by elementary linear algebra computations that here the single
torsion coefficient W is, as guessed, indeed normalizable.
Normalizing then this coefficient to zero determines S as:

(39) §=5— Q—,?(P) — —

Consequently, one has to differentiate this equation:

a@:ds—{?,zldbwn b gdb —6i = bb >y de — i bb et db+ b P
Pb Pb P B _ Pb Pb P P
—2 2de - Sopde = —db— Z3dP + Sopde + 2 —de — S Z(P)de — o 7 (P)de+
+ﬂd.$( )}

in which similarly to (31), one has:
(40)

aZ(P) = (12@P)) -+ (FZ@E)) T+ (- 2L @) - ZZZ@P)+ LT EZP))
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Then, putting the expressions (33) of db, dc into the above equation expression of
ds changes it into the following form after simplification:

T+

PFr Pr b2 2P PPb? PPb. b Z(P) 12P)ZP) . Z(L(P)b
ds=ds+ ( T + c 9 cdct + cde? + cde? + et et 4 c2e? t c3e?
L(Z(P)b _Z(P)bb _Pbs PPbb Pbs PZP)b . Z(P)s P.jf(P)b
t c2¢3 -3 c3¢c3 _QW_Z 3 +272+ a2 e c2¢3
i 2(LP)b _ br i F7(Z(P)) . Pbb° _ b bbs _ Pb?6 i 2(Z(P))
SRSk D Vsl —6i 3~ — 6 +6 .
2 c3e? + € 2 c2e2 c3ct o cc c2¢? +o cded 2 e ke
_ o _
s i Z(Z(P) ZLPb bs iPZLP) . bb  1Z(P)h Pbb
2 3 — 4+ — _ 4= 3
- ( c 2 c%c c3c o cc + 2 c%c c3cd 2 c2e? oF
—— _ _ _ _ .
P°b b  2(P)P (P) Pb2 Ps _ Pbb  Z(P)b PPb i z(z(P))) _
- 6 —~— 3= 3 — 43— _r2= )
+ ( cc? + = Tt ccd + cc c3e? c i c2es + c2e? 2?2 2 ce?
bb i Z(P) Pb Pb P b
+(3i b+l (7)_?+2) a+(———3zf) B+
c“c 2 cc cc C c

3ibb i #2(P) Pb Pb\ _ (P _. b\ -
+ —t-— -t =) at|(=-—-3%x—) B
c?c 2 cc cc c2c c cc

Next, by a careful glance on the expression of  and its conjugation (see (35)),
we realize that having ds in terms of ds and the lifted 1-forms p,(,C, o, B, @, B
enables us to express 0 in terms of ¢ and the lifted coframe (cf. (35)). More
precisely, our computations show that we have — the coefficients of «, g a,
vanish identically after simplification —:

41 glzé—l—inp—FWQC—Wgz,

with the coefficients:

2

m.19&«»+$wwm_1ﬂwm_;zwwm+zwwm_ﬁmmﬂwzwm+
T2 c2c c2cd 2 c3c? 2 c2ed c3¢? cic? c2et
( i 70 g bb —iE>s+(3E—i£)r+
=5 c2¢? cc? cc c
( —_— Pb -3 bb —’L'E>§+<3E+i§>?
= c2¢? cc? cc c )’
3. L (& 32(Pb i PLP) , Pbb _bb . _
We = cé )) 3 (c2£ ))+§ cgEQ) +§ c2(E )_3Zc362+3@+3“'

(We notice passim that the first torsion coefficient W7 is real.)

Further, after determining 5 in (39), the expressions of @ and 3 change and are
not anymore the conjugates of o and 3. Hence, we replace the notations @ and /3
by & and E respectively. Putting this new expression of ¢ into the last structure
equation (38) changes it into the form:

dp=aNp+alp+ilAC,
d(z@/\p—i-a/\c,
dC=BAp+ang,

42) da=6Ap+2iCAB+ilAB,
dB=~vAp+0d6AC+ B AT,
da-é/\p—Qz(/\ﬁ—zC/\ﬁ—FW@(/\p Wal A p,
AB=FNp+S6AC+BAa+iWipAC+WaCAC.
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4.3. Absorbtion-normalization of the latest structure equation. To determine
essential torsion coefficients, similarly as before, we make substitutions of the kind:

= 0+pip+aCH+rC+siat+tia+u 8+vf,
Yyt pep+ g+l +ssa+tad@+us B+ va B
This converts the structure equations into the form:
de=86Ap+qaCAp+riCAptsialp+tiaAp+ui BAp+viBAp+2CAB+ilAPB,
AB=~vAp+6AC+(qa—p1)CAp+r2CAp+ssahp+taaAp+usBAp+uvaBAp+riCAl+
+s51aACHLAACHu BACHMBACHBAG,
da=0Np+(q+Wa)CAp+(ri—WalAp+siarp+ttiarp+u BAp+vi BAp—2iCAB—iAB,
AB=ANp+6AC+ (Gy—p1 —iWI)CAp+T2CAp+5aaAp+iaaAp+u BAp+12BApt
+(+Wa)CAC+siaAl+taAC+u BAC+v BAC.

In order to annihilate as much as possible the appearing (modified) torsion coeffi-
cients, we have to solve the following system of homogeneous equations:

O=qg=r=s1=ti=u1=v1, 0=ry=s5 =1y =uz =01y,
O=q—pi, O=q+Wa, 0=71—-Ws, 0=7y—p1—iWi.
One readily realizes that besides the following determinations:

=0, ri=s;=t=u=v;,=0,1=1,2,
@ =p1, Im(p1)= —%le
the homogeneous system will be satisfied if and only if we also have:
(43) 0= Wh.

In other words, Ws is the only normalizable expression of this step. A careful
glance at the expression of this function shows that it will be normalized to zero as
soon as we put:

ZL(Z(P) 1 ZL(Z(P) i Z(Phb _

1 1 1
@) |r.= 1 ZE =2 - = = — i
3 cc 2 cc 2 c2¢ 6 cc c2¢c c3¢

PZ({P) Pbb . b’
=2

With this expression of r which reduces the group dimension, the only remaining
(inessential) torsion coefficient W7 takes the form:

45
(Wl) __17(Z(P) " L(ZP)b 1 .L(LP)b | i PL(L(P) i PL(L(P)) 43 PL(Z(P))
2 c2e? c2ed 2 c3¢? 3 c2e? 3 c2e? 2 c2¢?
i PZ(2(P)) 32(Z(P)b _ ZPbb iPPL(P) iPPZ(P) i2PZP)  ZPhb
2 c2e? + 2 c3e? 3 c3ed 6 22 6 c2e2 + 4 c2¢? t et
2(P)b?> PZ(Pb PZLP)Db _ PPbb  Pb  Pbb. P22 _Pb’% . b%°
ot cde? c2es c2es +2 c3esd - c2et T 3t ot cde? +8 cdes +9@@+
2(P _Pb _ Pb bb
4 (_ (2 +22£_21g_6@)

After determining so the group parameter r, we have to re-compute v which can
now be expressed as a combination of the lifted coframe p, ¢, (, o, 8, @, 8 inde-
pendently of dr, ¢f. (37). For this, first we need the expression of dr, not only of
r.
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Differentiating r in (44) gives:

__ 1 =5y . L(Z(P)) 2.,f(,j( ) _ZL(Z(P),
dr = — d.i”(,i”(P)H— 3 2 dc 3 cf—i— d.,‘iﬂ(.,i”( ) 5 222 dc
Z (P)) i Z(P) i b — ?(P)b _.z(P)b P
cc? de 2 c2¢? db = 2c (P)+ c3¢c? deti c2c? de 6 cc? dZ(P)
fg(i)derPg(j)chr ( )f+£dp+&db+ Pbdb72pkigd 3@d‘f
6¢cc 6¢? c3c
bb b2 bQB bQE

c°c

)
3c4

in which, simﬂarly to the expressions (31) and (40), one has to replace the differ-
entials:

12(ZP) = (Lo @P)) o+ (22e@P)) o
(- 22 @) - ZZLEP) + LTLZP))

QL
§
5

I

(z@@ey) o+ (tz@@en) o

C
b — — b—,— — 1
(- B2 F @) - ZZE D)+ LI E@ZP))
Then thanks to the expressions (33), one can re-express dr in terms of the lifted

coframe p,(,C, o, B, & B Because of the length of the result, we do not present
this intermediate computation here. After all, replacing r and dr in the Maurer-
Cartan form « in (37) re-shapes its expression under the form:

(46) vi=Vip+ Vol + V3,

with three certain functions given by:

Vioe 19 T(L(Z(P))) i T(ZL(Z(P))) 41 1 2(ZL(Z(P)))b n }y(iﬂ(y(ﬁ)))B _ lg(y(iﬂ(ﬁ)))_
T3 c2es c2es 3 c3es 3 c2¢t 2 c2¢t
1 Z(Z(Z(P)))b s PZ(Z(Z(P) i PL(Z(Z(P)) 731.@ i L(Z(P)b*
2 c3ed 6 c2ed ) c2ed c3*3 3 cies
_ 5 Z(ZL(P)bb  ZL(Z(P))s L2 2.Z(Z(P))Pb 1.£(Z(P))Pb + 3.Z(Z(P))
2 e3¢t cc? 3 c3e3 ) c2et 2 cc?
_Z(L(P)Pb | 2Z(L(PYPb _1Z(L(P)Pb | 1 Z(L(P)Pb | L(L PNV | Ti Z(Z(P)bb
c3es 3 c2ct 3 c3es 3 c3es ‘ cdes 3 c3ct
i A2P)2(P) 3 2(Phs b 2(P)Ps 1 LPZ(Pb 1 L(P)PPb
12 c2ed 2 2 cded cc? 6 c2ct 2 3
_12([P)Pb  Z(P)bb> , Z(P)*b  Phbs P’ob’ 1 2(@P)Z(P)b , PPb’b
6 c2ct c3c? cict c2cd e 12 c3¢? cict
Pb’b 5 P2(P)b>  Pb’b i Z(P)Z(P)P 5 2(P)Pbb
+ 3 cdct T 6 cied -0 cied + 12 c2ed "6 et

o LZEZEP) 12 LEP) _ PALP)  2PLEP) 6 ZL P
2 c2e? 3 c2¢? c2¢? 3 c2¢? 3 c3¢?
(

_ lf(f(ﬁ))ﬁ ~ ZL(ZL(P))b " 2i Z(Z(P))b 2 f(P)b2 1 Pﬁ(ﬁ)ﬁJr
6 c2c? c2ed 3 c2e? cie? 3 c2c?
i Z(P)Pb 20 Z(P)Pb _1Z(P)Z(P) . Pb’b b%b’
3 2 3 c3¢? 6 c2¢? cicd cict’
v \ZLEZP)) 2 LZPYP N LZ(LP) _TLLP)P
3= 3 =3 3 =3 2 =3 6 =3
cc cc cc cc
2

_1Z2(P)Z(P) L1 1.2(P)P

6 cc? 3
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One should notice that V5 depends on the group parameter s, while V7 and V3 do
not.

Now, substituting this new expression of « into the lastly achieved structure
equation (42), changes it into the form (remind that W5 vanishes after determining

r):
dp=aAp+anp+iCA(,
d¢ =B Ap+ang,
dC=BNp+ang,
da=0Np+2iCANB+iC(AB,
@7)  dB=86AC+BAT+VRCAp+V3CAp
= (0 =Vap) ANCHBATHV3(Ap,
da—é/\p—QzC/\B—zC/\ﬁ,
AB=6ANC+BANa+iWipAC+V3CAp+ValAp
= (6 +iWip—Vap) AC+BAa+V3(Ap.
At present, we have just one group parameter s. The complete absorption will
be rigorously possible only if the seemingly implausible identity:

Vo = —iWy + Va,

would be satisfied, because it would enable us to modify-rename:
0:=0—Vap

=0+ (in —VQ) p
such a substitution for § having no effect on the preceding wedge product § A p in
do and da.

We claim that the desired identity holds. In fact after simplification, we obtain:
(48)
1

Vo—iWrL— Vo= S ( —3L(L(Z(P))+3L(L(ZL(P)))+L(L(ZL(P))—L(L(LP)))+

+PZL(Z(P))— PL(ZL(P))— PZ(£(P))+ PL(Z(P ))).
Serendipitously, this imaginary expression is much simplified and it does not

include the group parameter s. To show that it vanishes identically, we need the
following result:

Lemma 4.6. ([15], Proposition 6.1) Let Hy and Hy be two vector fields on a
manifolds M satisfying:
[H1,[Hy1, Ho]] = ®1[H1, Ha], [H2,[H1, Ho]] = ®2[H1, Ha],

for some two certain functions ®1 and ®o. Then the following four identities in-
volving third-order derivatives are satisfied:

0 = — Hy(Ha(Hy (®2))) + 2 Hy(Hy (Hy (@5))) — Hy(Ha(Hy(91)))—
— &3 Hy(H2(P1)) + ®2 Ho(H1 (1)),

0 = — Hy(Hy (Hy(2))) + 2 Hy (Ha(Hy(92))) — Hy (Hy (Ha(®5)))—
— @y Hy(H1(®2)) + @1 Hi(Ha(P2)),
(

11
0= — Hy(H(Hy (P2

) + 2H1( o (H1(®1))) — Ho(Hy (Hy(®1)))+
+ @y Hy(Hy(®2)) — )

Hy(Hyi(®1)),
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02 Hy(Hy(Hy(®2))) — 2 Hy(Hy (Ha(®2))) + Hy (Ha(Ha(®5)))—
— By Hy(Hy (®s)) + Bo Hy (Ha(D2)). O

Corollary 4.7. The above expression (48) of Vo — iWy — Vs in fact vanishes
identically.

Proof. Subtracting the equation II from I gives:

0 =3 Hy(H1(H1(P2))) — 3 Hi(H2(H1(P2))) — Ha(H2(H1(P1))) + Hi(Hi(Ha(P2)))—

— By Hy (Ho(®1)) + Bo Ho(Hy (91)) + &y Ho(Hi (Ds)) — &y Hy (Ho(2)).

Now, it suffices to put ¢ := P, &5 := P and H, :73 , fé = 2 into the above
equation, taking account of the reality condition .Z(P) = Z(P). O

Consequently, the equality § — Vap = § + iW1ip — Vop permits us to apply the
substitution 6 — d — Vap. After renaming the single torsion coefficient V3 as J,
the structure equations (47) received the much simplified form:

dp=anhNp+ahp+ilAC,
d¢ =B Ap+ang
dC=BAp+anc,

(49) da=0Ap+2iCANB+il AP,
dB=8NC+BAA+TCAp,
da—é/\p QzCAﬂ—z(/\ﬁ,
dB=6AC+BAa+TCAp,

with the single (modified) Maurer-Cartan form ¢ (after simplification):

(50)
0 = ds+
(e VL@ P) 1 LZ(LP) 2PLEP) | %D  PLP)P
3 c2¢? 2 c2¢? 3 c2¢? 3 c3¢? c2c?
+i Z(ZL(P))b n lf(f(ﬁ))ﬁ %L Z(P))b %_?(F)Pb Z(P)b? B
c2ed 6 c2c? 3 c2cd 3 c3c? cie?
_1Z(PPP i Z(P)Pb  1Z(P)Z(P) _ 2b252 PPN
3 c2e? 3 2 6 c2¢? cict i )P
(P b i Z(LP), i Z(P)P Z(P) 2&_2 PobY o,
c cc 3 c2c 3 «c2c c3c 3¢3 3¢?
b  L(L(P L (L (P , £(P)P b%b Pb?\ -
L(ibs_t (75 ) | i Z( 5)) i (72) PRI By
cc 2 cc 3 cc 6 «cc c3¢C c3¢

) B+sa—i— b B

cc
As mentioned before, J is independent of the only remaining group parameter s,
hence it is impossible to normalize it. Consequently, this torsion coefficient is
actually an essential invariant of the problem.

b

cc

P
+sa—(€+2z

4.4. Second prolongation. In the situation that we have still one undetermined
group parameter s without the possibility of normalizing the single essential torsion
coefficient J, we have to prolong the latest structure equations (49) by adding the
group parameter s to the set of base variables z,%,u, b, b, c,¢ and adding the 1-
form § to the coframe {p, ¢, ¢, o, &, B3, B} Before starting this step, let us present
the following result:

+
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Lemma 4.8. The above modified I-form ¢ is the unique one which enjoys the struc-
ture equations (49).

Proof. Assume that § and &’ are two forms satisfying the structure equations, si-
multaneously. A subtraction immediately gives:

0=(6—-10)Ap, 0=(5—-0)NC,

which according to Cartan’s lemma implies that 6 — ¢’ must be a combination of
only p and of only ¢, which clearly implies § — ¢’ = 0. (]

This shows that we do not encounter any new (prolonged) group parameter while
starting the next prolongation. In other words, the prolonged structure group will
be automatically reduced to an e-structure. Hence it only remains to compute dd.

Proposition 4.9. The exterior differentiation dd has the form:
(51) dS=6Na+6Aa+iBAB+TpAC+HTpAL,
for a certain complex function X.

Proof. Differentiating do in the last structure equation (49) gives:
0=ddAp—86Nanp—=8ANaTAp=id NCANC =2i6 NCAC =2iBAan( +

+2iB/\a/\Cb+2iE/\ﬂ/\p—i5/\(/\z—iﬁ/\&/\a‘—kiﬁ/\a/\zd—kib’/\ﬁ/\p,

in which the underlined terms can be simplified together and bring the following

simple equality:

(52) (ds—6ANa—d6Aa—iBAB)Ap=0.

On the other hand, from differentiating d3 and d3 we also find:

(53) _ _ _ _
(dd—0Na—0dANa—iBAB)ANC+(AINC—3Tan(+TaAN()Ap=0,

«
I
(&%

(d§—SNANa—6ANa—iBAB)AC+H(dINC—3Tan(+Tan) Ap=0,

N
(SR}

T
after a slight simplification. Now, applying the Cartan’s Lemma 4.1 to the equality
(52) gives:

(54) dS=6Na+6ANa+iBAB+END,
for some 1-form &. Putting then this expression of dd into (53) brings:
(55) (EAC-T)Ap = 0,
(EAC-T)Ap = 0.
Applying again the Cartan’s Lemma to the first equation, we get:
ENC=T = Ap,
for some 1-form o7, or equivalently:
ENC—(dT—=3Ta+TJa)AC— ANp=0.
Applying the Cartan’s Lemma, this time to the last equality, we obtain:
(56) £ = A1¢ + AsC + Asp,
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for some certain functions A, As, As. Subtracting the conjugation of the second
equation in (55) from the first one also gives:

(ENC=EAQAP=0,
and hence there is a 1-form € with:
(E—ENC+HEAp=0.

We apply again the Cartan’s lemma and this time we obtain the following equation
for two certain complex functions By and Bs:

(57) ¢ — &= Bi( + Bap.

The left-hand side of this equality is imaginary and hence the coefficient of ( must
vanish: B; = 0. On the other hand, according to (56) we have:

E—&= (A1 — A+ (Ay — A1)C + (A3 — A3z)p.

Comparing this equation with (57) then immediately implies that A, = A;. Hence,
denoting —A; by ¥ gives the following expression for the 2-form £ A p according
to (56):

ENp=FpAC+ZTpAC.

To complete the proof, it is now enough to put the above expression into (54). [

Consequently we will have the following (prolonged) structure equations after
adding the differentiation of the new lifted 1-form ¢ to the previous ones:

dp=aAp+anp+iCAC,

d¢ =B Ap+an,

dC=BNp+ang,
da=06ANp+2iCAB+ilAB,
dB=0NC+BAa+TCNAp,
dai=06ANp—2iCAB—iCApB,
dB=6AC+BAa+TCAp,
AdS=0ANa+SANG+iBAB+TpAC+ITpAL

(58)

These equations provide the final e-structure.

Our ultimate task is to find the expression of the new coefficient ‘€. For this aim,
we employ the same procedure as that of finding the expression of W in (34). At
first, we have to compute the exterior differentiatial of § in (50). Unfortunately,
this expression is extensive (almost 2 pages long), hence we do not present it here.

Another much shorther path is to carefully compare this expression of dd to that
from (58). Considering the coefficient of p A ¢ reveals a compact expression for T,
granted the four equations I-IV of Lemma 4.6 and their first order derivations with
respect to the operators . and .. Then one finds out that the desired function T
can be expressed in terms of the essential invariant J as:

g1 <$(3) _m) _i25

C CcC

From standard features of the theory, we conclude:
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Theorem 4.1. The equivalence problem for strongly pseudoconvex Levi-
nondegenerate hypersurfaces M3 C C? has a single essential primary invariant:

5o LZ(ZEZP) 2LZP)P  1L(L(ZL(P) TL(LP)P

3 cc? 3 cc? 2 cc? 6 cc?
_12P)Z(P) 1 2 (PP’
6 cc? 3 @

in which the fundamental function P := P(z,Z,u) expresses explicitly in terms of
the graphing function  as:
U — LA, + Al

P
g )

where:
A= P and (=i (A 4+ A4, — A —AA,).
1 =170,
In particular, this invariant vanishes when and only when M?3 is biholomorphic to
the model Heisenberg sphere defined as the graph of the function:

V= 2Z.

Proof. Tt is only necessary to observe that with the assumption ¢(z,z,u) = 2%,
one immediately gets P = 0, and hence J = 0.

Conversely, if J = 0, whence also T = 0, the constructed {e}-structure identi-
fies with the Maurer-Cartan equations of the real projective group, and one reovers
the Heisengerg sphere as the orbit of the origin under the action of this group. U

5. A BRIEF COMPARISON TO THE
CARTAN-TANAKA GEOMETRY OF REAL HYPERSURFACES M?3 C C?

We now turn to a brief discussion of Cartan geometry of the under consideration
real hypersurfaces M3 C C? which is much pertinent to their problem of equiv-
alence. It helps us to understand better the generally close relationship between
the equivalence problems and Cartan geometries. Here, we borrow the results,
notations and terminology from the recent paper [15] (see also [20]).

Definition 5.1. Let G be a Lie group with a closed subgroup H, and let g and § be
the corresponding Lie algebras. A Cartan geometry of type (G, H) on a manifold
M is a principal H-bundle:

T:9 — M

together with a g-valued 1-form w, called the corresponding Cartan connection, on
¢ subjected to the following three conditions:

(i) wp : 7,9 — g is a linear isomorphism at every point p € ¥;
(ii) if Ry (p) := ph is the right translation on ¢ by any h € H, then:

Riw = Ad(h™") ow;
(i) w(HT) = h for every h € b, where:
HT|p = %‘0((Rexp(th) (p))

is the left-invariant vector field on ¢ corresponding to h.
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Among Cartan geometries of type (G, H ), the most symmetric one, called Klein
geometry of type (G, H), arises when M = G/H, when 7: G — G/H is the
projection onto left-cosets, and when w = wysc: TG — g is the Maurer-Cartan
form on G.

In general, with a Cartan connection w as above, if we associate the vector field
X i=w? (x) on ¢ to an arbitrary element x of g, then the infinitesimal version of
condition (ii) reads as:

[X7 Y] - [Xv Y]g;
whenever Yy belongs to . But in the special case of Klein geometries, this equality

holds moreover for any arbitrary element y of g. This difference motivates one to
define the curvature function:

k: ¥ — Hom(A2(9/b)79)

associated to the Cartan connection w by:

/"v'p(X,}/) = wp([)?’i;}) - [va]g (pe¥9, x,yeg/h).

In a way, the curvature function measures how far a Cartan geometry is from its cor-
responding Klein geometry. In particular, a Cartan geometry is locally equivalent
to its corresponding Klein geometry if and only if its curvature function vanishes
identically (see [20]).

Now, let us return to the Levi-nondegenerate real hypersurfaces /> regarded
as deformations of the Heisenberg sphere H®. In [15], we built a regular normal
Cartan connection of type (G, H) in which G is the projective group associated to
the 8-dimensional projective Lie algebra:

g:= aut(HS) = SpanR(t7 h17 h27 d7 r, i17 i27j)

of infinitesimal CR-automorphisms of H? equipped with the full commutator table:

t hl h2 d r i1 i2 J
t 0 O 0 2t 0 hi hy d
h1 * 0 4t h1 h2 6r 2d il
h2 * * 0 h2 —h1 —2d 6I’ iQ
d * % * 0 0 i1 io 2]
r * % * * 0 —ig i 0
i1 | x  * * * * 4j 0
o | * % * * * * 0 0
J * ok * * * * * 0

Moreover, H is the subgroup of G associated to the 5-dimensional subalgebra:

h = SpanR(dv r, ila |27J)
The Lie algebra g is in fact graded, in the sense of Tanaka [22]:

g=9209-1Dgo D g1 D ga,
9- b
with g_g := Spang(t), with g_; := Spang(hy, ha), with go := Spang(d, r), with
g1 := Spang(i1,i2) and with go := Spang(j). Here g = g/b is in fact the
Levi-Tanaka symbol algebra of any Levi nondegenerate M3 C C2.

According to this grading, the curvature function x decomposes into homoge-
neous components:
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where (%) assigns to each pair (Pj1sPj) € A%g_, for Pj1 € 8j;.7i = —2,—1,
an element of g;, +j,+s. It turns out that each curvature component %) can be
formulated in the form:

(59) ,{(s) — z I{é’;lpn p;fl A p;‘; ® aj,
s=j—(j1+72)

where n];jlp 72 (p) is the real-valued function defined on an arbitrary point p of ¢
as the coefficient of q; in x(p)(p;,, Pj,), Where pj; € gj,,Pj, € 8jo. 4; € g are
some mentioned basis elements of g, for ji,jo = —2,—1and j = —2,—1,0,1, 2.

In fact, the process of construction the sought Cartan geometry in [15] has
mainly consisted in annihilating as many curvature components as possible, and
finally we were able to annihilate x(©) (easiest thing), £, k@ and G by an
appropriate progressive building of w which requires somewhat hard elimination
computations. Such computations have been done in the framework of the pow-
erful algorithm of Tanaka [22] which involves some modern concepts such as Lie
algebras of infinitesimal CR-automorphisms, Lie algebra cohomology, Tanaka pro-
longation and so on. Finally we found out the (Proposition 7.3 and Theorem 7.4 of

[15]):

Theorem 5.1. The Cartan geometry associated to any €°-smooth Levi nondegen-
erate deformation M3 C C? of the Heisenberg sphere H? C C? has the curvature
function:

k=r® 40O =

(60) = Hﬁlthf At Qi+ m?;thik At ®ig + /i?ft@ At @i+
+ E?jth; At* ®ig + fi;-“thT A" ®j+ ’f;‘mh; A ®],
with:
K= —Arct —2A43d - 2Agcd® + Ay dY,

i1
pitt = — Asc' +2A1°d+ 2 A1 cd® + Agd?,

hot hyt hot hit
n2t — gt g2t = gt

Ry iz i2 i1

= AL () — Fa(sly), Wt = B () + A ()
and with the essential invariants, explicitly expressed in terms of the defining func-
tion @, as:
(61)
Ay =g [Hl(Hl(Hl(‘I’l))) — H>(H2(H2(92))) + 11 Hi (H2(H1(92))) — 11 Ha(H1 (H2(®1)))+
6@y Ho(Hy (91)) — 6By Hy (Ha(®2)) — 3o Hy(Hy(B2)) + 301 Ho(Ha(®1))—

— 30, Hy(Hy(91)) + 3By Ha(Ha(®2)) — Hy(®1) Hy (1) + Ha(®2) Ha(Pa)—
— 2(®2)? Hi(®1) +2(P1)” Ha(D2) — 2(P2)” Ha(D2) + 2 (P1)° H1(<I>1)],

Ay =k [ — 3 Ha(H1(H2(®2))) — 3 Hi(H2(H1(®1))) + 5 Hi(H2(H2(P2))) + 5 Ha(H1(H1($1)))+

+ 4Dy Hy(Hy(®2)) + 4Dy Ho(Hy (®2)) — 3 Do Hy (Hy (1)) — 331 Ho(Ha(P2))—
— T®y Hy(Hy(Ps)) — 7Py Ho(H1(P1)) — 2 Hy (91) Hy(P2) — 2 Ha (Do) Ha(P1)+

L 4D, Dy Hy (D) + 451D, H2(<I>2)].

This geometry is equivalent to that of its model H? if and only if its two essen-

ht Mty anish identically; equivalently, the two explicit real

tial curvatures K, and K,
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functions Ay and Ay of only the three horizontal real variables (x,y,u), with
z =1z + iy, w = u + v, vanish identically.

Inspecting the method of construction of the fundamental vector fields H; and
H> in section 5 of [15] shows that they are in fact the real and imaginary parts
of the tangent vector field %y introduced in this paper. Moreover, checking the
expressions of T, 1, @ in [15], enjoying the equalities:

[Hy, Ho) = 4T, [H1,T)=®1T, [HsT]=®2T,
specifies that we have:

(gzlm—%H%L?:lm+3H¢ T = 4T,

2 2 2
1 i

P=-0,— &,

2 ' 277

Now, putting the above complex expressions of .Z,.Z,.7, P, into the single
complex essential invariant Jj of the equivalence problem of real hypersurfaces
M3 C C? and comparing them carefully to the above real expressions of the es-
sential invariants A; and As of their Cartan geometries surprisingly reveals that:

Theorem 5.2. The following relation holds between essential invariants of the
equivalence problem and Cartan geometry of the Levi-nondegenerate €°-smooth
real hypersurfaces M3 C C?:

4

This result shows that how much explicitly the two concepts of equivalence prob-
lem and of Cartan geometry match up.
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