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THE DIMENSION OF THE MODULI SPACE OF SOLUTIONS OF THE
GRAVITATIONAL MONOPOLE EQUATIONS VIA THE ATIYAH-SINGER INDEX
THEOREMS.

GOURAB BHATTACHARYA

ABSTRACT. Our main Theorem is we determined via the Atiyah-Singer index theorem that the dimensions
of the moduli space of solutions of the Gravitational monopole equations is

VI)? + 570(X) — 30x(X) '

(0.1) c1 1

1. INTRODUCTION

It had been observed in [cf.2] and [cf.3] and other references that in four-dimensions, Einstein’s equations
with a nonzero cosmological constant (R;; = Agi;, A is the cosmological constant) on a Euclidean self-dual
spin manifold M can be replaced by five quadratic conditions on the curvature of an SU(2)-spin connection,
namely

1_ (aB cD)
(1.1) EF[ab ch] =0.
The Fyp are the curvature components of the self-dual spin connection w; on the principal SU(2)-bundle
M
SU(2) —» P —.
According to [cf.3], equations (1.1) is equivalent to the following set of equations,
1
(12) FabAB = _BAEabAB
where
(1.3) ZabAB = Q’Y[aAA/’Yb] A B,

where 7, is an SU(2) x SU(2) soldering form which defines a metric in the following form

(1.4) 9ab = Ya ANy aars

with respect to this metric the Hodge *-operator in 4-dimensions helps to conclude X is self-dual, using
the representation (1.2), one also concludes F,;, is self-dual. Fixing the orientation of the manifold, one can
conclude, the anti-self-dual part of the Weyl tensor vanishes, namely

(1.5) W_ =0,

therefore the 4-manifold is self-dual. Conversely, any conformally self-dual Einstein manifold with a cosmo-
logical constant (the constant can be zero, then it will only be a solution of vanishing Ricci tensor, namely
R;; = 0) arises as a solution the equation (1.1).

The author in a previous preprint [cf.4] had shown if the 4-manifold allows a Gravitational monopole
equation [cf.5], then the strict inequality A < 0 occurs.

It is shown in [cf.2] that the linearized version of (1.1) has the following form with respect to a perturbation
A—A+C

(1.6) D,C = F, " D.C, P =0.
1
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Here D, is a covariant derivative with respect to A with curvature F. Infinitesimal gauge transforms
correspond to perturbations of the form [cf.2]

(1.7) Ca :=Do(f,M,N) 1= (V°f)Fyq + [D"M, Fyu] + Do N,
where N, M € su(2) and f is a positive real-valued smooth function. One can show
(1.8) C € kerDy/ImDy

One notes, neither Dy nor D are elliptic, therefore one needs to ”enlarge” the domain of the operator, and

one defines
L9) D = (D, D{)
' D} = (Tr F**D,Cy; [DoCy, F™]; —D*C,,)

where the adjoint JD)Z; of Dy is defined with respect to the inner-product

(1.10) ©0) = [ VagC, A"y an.
M
One can rephrase the above computations in terms of the following chain complex
(1.11) 0= A2@ A0 @ A0 22 AL By At
such that
(1.12) DDy = 0.

More explicitly [cf. 2]
DAt = A2 AP @ AL

(1.13) DiC = (Tr F**D,Cy; [DaCy, F**); —D*C,),
D} : AT = AL Djw = FEL DPwiABSP

The covariant derivative also acts on tensors and can be assumed to be torsion free and is compatible with
respect to the metric obtained from equation (1.4). One therefore can construct corresponding ” Laplacians”
that act on the sections of the bundles in question [cf.2]

Ng: NN @AY 5 AP A0 @ A0 Ag = DED;
(114) Al : /\1 — /\1, Al = DT]D)l +D()]D)8;
Ay A /\47 Ny = Dl]DT-

According to the Fredholm alternative, these Laplacians have an orthogonal decomposition of the space of
sections of each vector bundle, therefore [cf.2]

A @AY @ AY 22 range(IDf) @ ker Ay,
(1.15) A 2 range(Dy) @ range(D}) @ ker A1,
At = range(D;) @ ker Ay

where the orthogonality of the decomposition is with respect to the inner products described above. One
can show, as in the case of de Rham cohomology, that the equivalence class [C], defined in (1.8), can be
identified with the kernel of the Laplacian (1.14) on Lie-algebra valued one-forms [cf. 2]:

(1.16) kerD;/Im Dy = ker Ay.

One uses the definition of the Laplacians as in (1.14), and verifies explicitly that the perturbations are
elements of kernel of A; if and only if

(1.17) D:C =0=D;C.

these equations can be viewed as a combination of the linearized instanton equation and ”gauge fixing”
conditions [cf. 2].
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Now the linearized instanton equation (1.6) is equivalent to the following equation [cf. 2]

(1.18) DD, C =0,
this implies,
(1.19) DY (FapapFe¥“BD,c, Py = 0.

From (1.17) we also get,
Tr F**D,C) = 0,

(1.20) [F, DoCy] =0,

DeC, =0.
First two equations of (1.20) implies [cf. 2]
(121) FabABDaCb CD — Fab(ABDaCbCD),
So, we remove the symmetrization in (1.19).

Since [cf. 2]
C C d 1 C

(1.22) Sar P8 = 4086, Y+ Seid).

we can replace (1.19) by
1
(1.23) D[(s, 5, " + 56 DCal = 0.

One can expand the equation (1.23) and finds terms involving a gauge-co variant Laplacian, the Ricci tensor,
the Riemann tensor, the SU(2) curvature, and the gradient of a divergence; the latter three of these can be
made to vanish by using the cyclic identity for the Riemann tensor, the self-duality of the SU(2) curvature,
and the last equation of (1.20), respectively [cf. 2]. One therefore can deduce that the equation (1.17)
implies

(1.24) -D*D,Cy+ Ry *C, =0,
where R, ¢ is the Ricci tensor. We know, if M is Einstein, then
(1.25) R, “=),".

One uses (1.24) and (1.25) to get

(1.26) (=D*D,+ N)Cp = 0.

Equation (1.26) is an elliptic second-order differential equation [cf. 2] and, can be shown using the above
arguments that the kernel of an elliptic operator on a compact manifold, as a vector space over the reals,
is finite-dimensional, the physical instanton perturbations form a finite-dimensional subspace of all possible
gravitational perturbations [cf. 2].

Usually the linear equation (1.6) equation has infinitely many solution but modulo the gauge group, the
solution space of the elliptic operator D is finite dimensional when M is compact and without boundary
(closed), this however means that the gauge-inequivalent solutions form a finite-dimensional subspace of all
possible perturbations.

Since, A < 0 after introduction of the Gravitational monopole equation, one may determine the dimension
of the moduli space of solutions using the Atiyah-Singer index theorem. It can be shown that the linearization
is stable if the kernel of the adjoint operator of the elliptic operator D is trivial, more precisely,

(1.27) D* = (D}, Do)

has a trivial kernel if the perturbation is stable, here D} is the L? adjoint with respect to the inner-product
introduced above (2.3). Point to be noted is, D acts on totally symmetric, valence-four spinor-valued
four-forms w

(1.28) Diw = F°4,, Db, ABCP
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One can show the linearization (1.6) is stable if
(1.29) ker D = ker Do U ker D}

is trivial. If kerDy # {0} the corresponding connection A is said to be reducible, that is there is an
infinitesimal automorphism of SU(2) — P — M fixes A. Now if ker DJ{ # {0}, then corresponding non-zero

spinor w,, 4 BCP satisfying
ABCD
(130) D]iwabcd =0
will be called harmonic Weyl spinor type, as wabcg‘BCD has all the symmetries of a Weyl spinor.

To make our Gravitational monopole solutions stable, we will always assume wabcngCD = 0. But this
give rise to a new problem, we are forced to study Einstein spaces with harmonic Weyl spinor that allows
Gravitational monopole equations, we keep in mind that Wi # 0.

In the following sections, we shall linearize W1 and compute the dimension of moduli space of solutions
of the Gravitational monopole equations.

2. MATHEMATICAL PRELIMINARIES

Let M be smooth Riemannian manifold with a Riemannian metric g. Two metrics g; and gy are confor-
mally equivalent if there is a smooth nonzero function f : M — R to the positive reals such that g; = fgo.

A conformal structure ¢ on M is an equivalence class of metrics [g], such that ¢ := [g]. In particular when
dimg M = 4, the Hodge isomorphism
(2.1) %t QP(M) = Q7P(M), =« =1,

induces a splitting
(2.2) M) =t 0~

into the & eigenspaces of x,.
One introduces a bilinear form on 2 using cup product, namely

(2.3) (@, ) = (U B)[M].

With respect to the bilinear form (2.3) QT (resp. 7) is positive (negative) definite. Actually, any smooth
3-dimensional subbundle of Q2 with the stated property defines a unique conformal structure for which it
coincides with either Q1 or Q™. Infinitesimal deformations of a conformal structure can be described by
sections of the bundle Hom(Q1, Q7).

Let us consider the splitting corresponding to (2.2)

(2.4) 50(4) 2 s50(3)" @ s0(3)”

of Lie algebras. Consequently, we have a splitting of the bundle so(4)[M] of infinitesimal isometries of T'M
into s0(3)" (M) @®s0(3)~(M). The Riemannian curvature tensor is Q? ® s0(4)(M)-valued. Therefore, we can
consider its component in QF ® s0%(3)(M). The metric provides an isomorphism between the bundles 7'M
and T*M. In a similar manner the metric g defines an isomorphism

(2.5) O2(M) = so(4)(M).

The isomorphism (2.5) provides a linear mapping of Q* (M) into s0(3)*. The construction induces a splitting
OF ® s0(3)* into a trace part, an antisymmetric part, and a trace free symmetric part. The trace free
symmetric part is denoted by QF R Sym 50(3)*. The corresponding component of the curvature tensor is the
self-dual (anti-self-dual) Weyl tensor W+ (W ™).

Let us denote the linearization of W= by

(2.6) D : C*(Hom(Q*, QF)) — QF @4y, s0(3)*.



THE DIMENSION OF THE MODULI SPACE OF SOLUTIONS OF THE GRAVITATIONAL MONOPOLE EQUATIONS VIA THE ATIYAH-SINGE]

It is a second-order differential operator. We used above a special property of the Weyl tensor in dimension
four, is that it can be decomposed in an invariant way into two equal parts W=*. So, require a conformal
structure c¢ to satisfy only "half” of the integrability condition. We say that c is self-dual (anti-self-dual) if

(2.7) W_(c) =0 (Wi(c)=0).

We need a fact about the self-duality (anti-self-duality) equation, that its linearization is an elliptic equation
modulo the action of the diffeomorphism group of M. Consequently, the set

(2.8) Ce(M) ={c | Wi(c) =0}/Diff(M)

of equivalence classes of self-dual (anti-self-dual) conformal structures, we expect them to be a smooth
manifold whose dimension can be calculated by the Atiyah-Singer Index Theorem as the index of the cor-
responding elliptic system. One can show that this is the case under two additional conditions. The first
condition can be stated in the following way: it is the vanishing of the cokernel of the linearization of W
at ¢ € CL(M). The second condition is that the group of diffeomorphisms of M acts freely on the space
of self-dual (anti-self-dual) connections. One can weaken this condition by considering the dimension of
the group G. of conformal diffeomorphisms of ¢ is (locally) constant at ¢. Then the Atiyah-Singer Index
Theorem says

1
(2.9) dimCy (M) — dim G, = Index(M) = 5(29|0’| — 15x),
where o is the signature of M, and x is its Euler characteristic.
The linearized operation of the diffeomorphism group on C is described by the operator
(2.10) Ly : C°(TM) — C§° (Hom(Q*,QF));  (LX)(\) = m+Lx A\,

where (Lx )+ is the Lie derivative on the set of 2-forms, and 7 is the projection onto QF. One can show
L is a differential operator in the vector field alone. Let us denote by L' the L?-adjoint with respect to the
Riemannian metric g. One can show that (D, L") is an elliptic system of partial differential equations (of
mixed order). For a compact manifold M, a smooth principal bundle P over M, (D, L") induces a Fredholm
operator

(2.11) (D,LYY: U —=VaoWw,

where, U = LY(Hom(QT,Q7)), V = LY(TP), W = LP(QF ®gym 50(3)T) are Sobolev spaces with respect to
some metric on M.

3. LINEARIZATION OF THE WEYL TENSOR

The Weyl tensor in terms of indices is written the following form

1 1
(3.1)  Wuijk = Ruji + E(Rukgij — Rujgik + Rijgur — Rikguj) + mR(gujgik — JukGij)-
where,
(3.2) R! ——irf +irt — T, + I
: ijk axk ij 833j ik ij+ sk ik 55

keeping in mind that Ry = gutR’;jk, and I'}; = g“kFiM = %(%gik + %gjk — %gij), the notation
I'j; 1 is the Christoffel symbol of the first kind, and I‘fj or { Z} is the Christoffel symbol of the second kind,

hence,

1, 02 0? 02 0?
33 Rk = 5 (G 0 et~ g~ G

) + gts(rku,trij,s - Fuj,trik,s)~
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The Ricci tensor is defined and denoted by

R.. = Rt 0 9
iy =

_ t s 1t s 1t
it = gaglit ~ pgiti TLulsy — Tl

(3 4) 17 st
| o O 1 pept 0
= 9ridni log v/|g| — %Fz’j + ol =T Ozs log /g
One notes R;; = Rj;, the curvature invariant R = g R;j. A space is called an Einstein space if R;j = \gij,
where A is an invariant. We therefore have

(35) R = Tl)\, and hence RU = Eglj
n

Now we expand the Weyl tensor around the perturbed flat metric n with "small” perturbation h with a
dimensionless constant c,

(3.6) G = Nuw + ahyy.

The result is,

, 1

(3.7) RZ;HV = 5(8(16“]15,, + 853Vhau - 6aayhlgu — 858Mhm,).
|

(3.8) Rl = inak(auaahw — O\Oahyy — 040y hra + O\Oyhyua)

(3.9) RI™ = ™ (030, hyue. — OaOuhyun).

Putting everything together in the Weyl tensor formula (3.1) we get the required linearisation.

3.1. Linearization of Self-Dual (Anti-Self-Dual) Weyl tensors. We recall that the linearization of
W+ is given by

(3.10) D : C* (Hom(Q*, QF)) — OF @y, s0(3)*.
It is a second-order differential operator. We can rewrite it into the following form:
Linearization of Wy : D?:T'(Q% ® Q%) =T(5? ® 57) 5 1(8Y)

A OB
paaB = Vi VDPap)ap

™

(3.11)
Linearization of W_: D?:T(Q2 ® Q2)=T(S7 ® %) — I'(S})

A' B’
YABA’'B’ > V(CVD (IOAB)A/B/
Let X be an oriented Riemannian manifold of even dimension 2/ and we also assume X is a spin manifold,

that is the first and second Stiefel-Whitney classes vanish. We denote by AP the bundle of exterior p-forms
with AP = T'(AP) its space of smooth sections. The Hodge star operator *AP — A2 ~Pis defined by,

(3.12) aAxf = (a,B)w e A%
where a, 8 € AP, (a, 3) is the induced inner product on p-forms and w is the volume form.
From now everything will be 4-dimensional unless otherwise stated. We start with the symmetry of the

equations, namely the Lie algebras. The Lie algebra s0(4) of the special orthogonal group SO(4) is not
simple. It can be decomposed into the direct sum of two copies of the Lie algebra s0(3) of the group SO(3):

(3.13) s0(4) = s0(3) @ s0(3).

In terms of the group theory, one understands the above decomposition corresponds to the fact that the
universal covering group of SO(4) is the product of the two copies of SU(2). This fact in quantum mechanics
corresponds to &3 spins of an electron for each factor SU(2).

In terms of the geometry of the vector bundles, the decomposition s0(4) =2 s0(3) @ s0(3) induces the
following decomposition (for a choice of g on X4) for the vector bundle A T*X — X,

(3.14) AT*X =2 At @A™,
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as a Whitney sum of two oriented 3-plane bundles. One can choose an oriented orthonormal frame for T7;.X
for an open set U C X. One therefore has,

(3.15) AE = Span{(e' Ae? £eP net), (2 ne® e net), (P Ael £ Aet)}

We now use the unique Levi-Civita connection V on A2T*X to find a suitable decomposition of the curvature
tensor under the action of O(4). The first step towards it is to note that Vg = 0, this however means that
V is covariantly constant, that is V maps sections of A* into A* ® T*X; there is no mixed term mapping
AT into A~ ® T*X. The curvature of the Levi-Civita connection defines a section of A2T*X © A>T*X
correspondingly a decomposition of A2T*X ® /\2 T*X into four matrix-blocks of size 3 x 3, more precisely,
the Riemann curvature tensor defines, in general, a self—adjoint linear transformation R : A2 — A? such that,

(3.16) R(e' Ae’) ZR”W Aél,

relative to the decomposition A2 = AT ® A, the operator R has the following form,

(3.17) R = [gt g}

where, B € Hom(A™,AT) (is the traceless Ricci curvature) Roic, and A € End(AT), that is A is symmetric
about its diagonal, that is A* = A, similarly for C' € End(A~) we have C* = C.

This representation of the curvature tensor R gives us a complete decomposition of it into irreducible
components, namely

(3.18) R—(IrA,B,A— - L TrA C - 1TrC’)

W+ w-
TrA=TrC = 43 where s is the scalar curvature.
More elaborately, if the basis of AT in (3.15) is denoted by {z%.}3_,, then the curvature tensor R has the
following expansion

(3.19) R=Wia @2’ + W;a" @2’ + Bya' @2’ + Blja' @) —

i J i J
T i @xl +a ®al).

S
12
If we denote the projection operator by,

1
(3.20) Py = 5(1:|:>f<) CA = AT
then,
(3.21) W+ = Py o Rmo Ps — %Idi

We now assume X = R x M3 with M? is smooth and has has non-positive scalar curvature. In a local
geodesic coordinate the curvature tensor (3.3) has the following form

0 9 o 9 o
Ry = —@F]‘k,i + wrﬂ,z‘
0 0 _0 0 0 1rd/ 0 o ds 0 o
3.22 e LT — = Tn= | (g, — = g
(3.22) Rojiu = gatimo = goxlito Z[dt(ax’“gﬂ> dt(@xlgjk)}
0 o _0 o 0 1d2 o

Rojor = @Fjo,o - wrjl,o = 5 gt

We use the ”electric” and “magnetic” field on R x M? to linearize the self-dual Weyl tensor, this is how it
is done, one has the isomorphism

(3.23) QL(M3) @ QN (M3) — Q*(R x M?)
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via
w=dt N7"(E)+ 7" (xB),

(3.24) 1
B = wor,  Bi = 5€ijkWik

We now exploit the bi-linear nature of the curvature form R with respect to electric and the magnetic fields
(3.25) (E,B),R(E',B")) = aijEiE;- + Bij(EiB;- + E/B;) + vi; BiB;

and get back the decomposition (3.17) of the curvature tensor R. Therefore the Weyl tensor decomposition
(3.21) implies, the linearisation of W* (upto the nonlinear terms) are the following

(3.26) ®ij + Bij + Vi

in (3.17). More explicitly

1d% o
aj; = Rojor = 5 g i
1 1 ds 0 o ds 0 o 1 ds 0 o
3.27 - =~ Ro; :,.[f(i.)_f(i.)]:_,.fi_>
(3.27) & 2EJMRO A AL dt \ 9zl V7 ZEJkldt<8xkgjl
1 . 1 . .
VYij = ifiklgjmanlmn = —(Rici; — 59id Tr Ric) = —Eingj,

Thus, the linearization of W is, (dots denote derivatives in the R-direction)

1d? o 1 dys 0
|/|/ 1y, . = ——Q0i] — —€;1]— | —
(3:28) Wi = 5 gdn = 3eamg (axk

Thus, we get the linear operator modulo trace,

0 ‘ 1. 1. ‘
gjl> — BEin;; = (59 - Edg — Ein);;.

1. 1
(3.29) D= 5h — §dh — Eh.

We use this equation to compute the dimensions of the moduli space of solutions on the finite and infinite
cylinders [a,b] x M3 and R x M3. This will appear in a future work of the author [cf.1].

4. THE GRAVITATIONAL MONOPOLE EQUATIONS

In [cf. 5] the Gravitational Monopole equations were introduced in the following sense. Let (X*,g) be
a Riemannian spin 4-manifold. Then the Clifford algebra bundle CI(X*) is a vector bundle over X* with
fibre at © € X* is the Clifford algebra CI(T, X ). With respect to the metric g, one identifies (isomprphism)
Cl(T,X) with CI(T} X). Therefore, as a vector space, this is isomorphic to AT X. Let us also assume E — X
is a Clifford module bundle with a covariant derivative V¥. Then for each # € X there is a Clifford action
¢c:TiX®FE, = E,; via c(a® s) = c(a)s.

Definition 4.1. The twisted Dirac operator associated to (E, V¥) is the operator,
(4.1) Y :=coV¥:0%X,E) - C®(X,E).

The equations we wish to consider are (sometimes we omit the mapping ¢ and the dimension 4 for the
convenience of computations),

Vi = (d+d* ) =0,
(4.2) C(W;) = i<€i cej,)et Ae,

) . 1
or, (Wi )igu)e' nel = 1 (e e, ).
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5. THE SPACE OF CONFORMAL STRUCTURES

As always, we consider a closed oriented smooth 4-manifold X. A smooth Riemannian metric g on X is
a smooth section of the bundle Sym?7T* X of symmetric 2-tensors which is positive definite everywhere. The
space M of all Riemannian metrics on X is a convex open cone in I'(Sym?T*X). Therefore the tangent
space Ty M is canonically isomorphic to I'(Sym?T* X). We denote by D the group of orientation-preserving
diffeomorphisms of X is an infinite-dimensional Lie group acting on M by pullback. The following theorem
is due to Bourguignon [cf.6]:

Theorem 5.1. Let X be a closed oriented smooth manifold of dimension > 2. The space M /D of Rie-
mannian structures is a stratified Hausdorff space with dense open stratum M*/D where I, is the stabilizer
of D of a metric g € M, also M* = {g € M : I, = {e}}. One can further show that M*/D is a manifold.

One considers the action of D on X x M. The quotient space descends naturally to M /D, the fibre over
lg] is diffeomorphic to X/I,. When one restricts the above to M*, one obtains a smooth fibre bundle P
over M*/D. By definition, the fibres P, are isometric to (X, g). One therefore concludes P — M*/D is a
universal family of metrics with no isometries.

Let us denote by C$° the space of positive smooth functions, then the group C := D x C{° acts on the
quotient of the space of metrics in the following way:

(5.1) (01, f1) - (92, f2) = (¢10 P2, fo - (f1 0 $2)),
also C acts smoothly on M on the right:

CxM—=M
(¢, 1), 9) = f-9"(9)-

The stabilizer Cy; of g is called the conformal isometry group of g. One can show Cj is compact unless
X =S5
The following theorem is well-known:

(5.2)

Theorem 5.2. Let X be a closed oriented smooth manifold of dimension > 3. We further assume X is not
diffeomorphic to S™. The space M/C of conformal structures is a stratified Hausdorff space with dense open
stratum the manifold M**/C, where M** = {g eEM:Cy = {e}}, The singularities of M /C are quotients
by compact groups.

So, we get a universal family of conformal structures € over M**/C.

6. THE CONSTRUCTION OF THE ELLIPTIC COMPLEX

To get an elliptic complex corresponding to the data of the Gravitational monopole equations, we modify
the data a little bit. So, we assume, A is a spin connection on the smooth 4-manifold X. v is a section of
S*, so we relace the Dirac data 1 € ker(d + d*) to ¢ € ker D 4. In this way, the Dirac operator becomes
dependent on A and we get a more general context. Let A be the induced connection on the line bundle
L — X. We denote by F'; the curvature corresponding to the connection A. We put no restriction on Fz.
All the restrictions are on the self-dual part of the Weyl tensor of X.

In the case of a line bundle, the gauge group G = M(X,U(1)) as a space of maps is well-defined as it is
only dependent on the transition functions. The action of G on the pair (A4, 1)) is given in the following way:

(6.1) M (A) = (A= X"td\ M),
and on A by
(6.2) A—2ix"dA

We verify the following:
(6.3) Do y—1gx(Mp) = ADgp +dX - ) — dX - 9.
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The self-dual part F} of the curvature tensor F'; also remains invariant

+ — 1t _ogt-1ay) — ot
(6.4) Fr . =FF—2dt(\7tdy) = i

Since the metric g;; — gaa'Bp’ = €4BEa’p’, corresponding U (1)-action on the metric is just multiplication
by |A|? = 1, therefore W+ remains invariant, on the other hand

(65) <eiej)\¢a /\Z/J> = |)\|2<6¢6j1/1,1/1> = <6i€jw7w>a

as [\ = 1.
Now we study the kernel of the linearized operator T,W* : T, M — I‘(Sym%/\i). The deformations we
shall consider will be represented by the first cohomology of the complex

(6.6) D(TX) ®T(R) = T(Sym2a2) TV 1(Sym2Aa2),

where R represents trivial R-bundle over X. I'(Sym?T*X) = T,M = Hom(A2, \2)&R.. But Hom(A%, A?) =
A% ® A%, If we want to mod out the trivial line bundle R then we must work with M/C$°, and the section
space I'(R) is replaced by the orbit space C'°(g).

The problem is not underdetermined as the Gravitational monopole equation (4.2) gives additional re-
striction on the scalar curvature, that is s = s4 < 0, hence a linearization at g gives the following complex

TW, 8T,
—_—t

(6.7) D(TX) 2 T(Sym?T*X) T(Sym2A%) & T(R).

Theorem 6.1. The complex (6.7) is elliptic with index equals to
1
(6.8) 5 (2910 (X)] = 15x (X)),

where x(X) is the Euler characteristic of X and o(X) are the signature of X.

By the index theorem for the twisted Dirac operator

(6.9) Index(D4) = —/ ch(VL)A(X).

X

The Chern character is known to be
(6.10) Ch(VL) =2(1 + e (L) +--+)

the A\—genus is
1

(6.11) AX) =1- om(X) + oo

where p1(X) is the first-Pontrjagin class. The top degree form of Ch(vI)A(X) is 5p1(X) + e1(L)?, but
£p1(X) = o, therefore we have the result

(6.12) Index(Da) = e1(VL)” —

19

Therefore we have the following theorem

Theorem 6.2. The moduli space of solutions of the Gravitational monopole equation has dimension (as-

suming the index o(X) >0)

1

5(290(X) = 15x(X)) + ea (VL) = =
570(X) — 30x(X

261(\/Z)Q—|— U( )4 X( )

(6.13)
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