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Parametric estimation of several parameters in
discretely-observed Stochastic Differential Equations with
additive fractional noise

El Mehdi Haress * Alexandre Richard!
April 4, 2023

Abstract

We investigate the problem of joint statistical estimation of several parameters for a
stochastic differential equations driven by an additive fractional Brownian motion. Based
on discrete-time observations of the model, we construct an estimator of the Hurst parameter,
the diffusion parameter and the drift in a parametrised family of coercive drift coefficients. Our
procedure is based on the assumption that the stationary distribution of the SDE and of its
increments permit to identify the parameters of the model. We prove consistency results and
derive a rate of convergence for the estimator under this assumption. Finally, we show that the
identifiability assumption is satisfied in the case of a family of fractional Ornstein-Uhlenbeck
processes and illustrate our results with some numerical experiments.

1 Introduction

Consider the following R%valued stochastic differential equation
t
Y=Yo+ [ be,(Y)ds + oo (11)
0

where B is an R-fractional Brownian motion (fBm) with Hurst parameter Hy € (0,1). The goal
in this work is to estimate simultaneously the parameter &j, the diffusion coefficient oy and the
Hurst parameter Hy from discrete observations of the process Y. We will assume that the drift
parameter & lies in a set Z of R™ and {b¢(-),£ € =} is a parametrised family of drift coefficients
with be(+) : R — R?, and oy is an invertible R4*? matrix. The unknown parameters are denoted
by 0o = (&0, 00, Hy) € RITY where ¢ = m + d?.

In the framework of SDEs driven by fBm, many recent works have focused on the parametric
estimation of the drift, mostly assuming that the process Y is observed continuously and that the
parameters H and o are known (see e.g [1, 15, 16, 25, 29]). These works propose estimators of
&o which are strongly consistent, providing a rate of convergence towards &y and even sometimes
a central limit theorem is obtained [15, 16]. However there are restrictions on the drift function,
namely that it is of the form bs(y) = —&y, i.e. a family of Ornstein-Uhlenbeck (OU) processes,
or of the form be(y) = &b(y) as in [29]. In practical situations though, we only have access to
discrete-time observations of the process Y. Taking into account this constraint, two recent papers
[17, 24] constructed estimators of {; which were proven to be strongly consistent. Their rate of
convergence is studied and a central limit theorem is also proven in [17]: while [17] considers the
fractional OU case, [24] treats general drift functions which satisfy a coercivity assumption.

The diffusion coefficient o is usually estimated using the quadratic variations, which is possible
only when the process is either observed continuously or the step-size goes to zero (i.e high frequency
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data), see [31] and [2]. The Hurst parameter Hj is also estimated using quadratic variations, see
e.g. [21], or by a direct access to discrete observations of a fractional Brownian motion path with
a step-size that goes to zero as in [11].

When it comes to estimating all the parameters (§o, 0o, Ho), we refer to [4] where the obser-
vations are assumed to be made continuously, and [13] which is, to the best of our knowledge,
the only work which estimates all the parameters of a fractional Ornstein-Uhlenbeck process in a
discrete-time setting.

In this paper, we follow the approach of [24]. That is, we work with the assumption the
stationary distribution of Y identifies the parameters. Hence we will use the stationary distribution
of (1.1) to estimate the parameters. However, as illustrated by the authors of [13], in the simple
case of a one-dimensional fractional OU process, this claim is false for more than one parameter
to estimate. In fact, the stationary distribution of Y is Gaussian and therefore distinguished by
its mean (which does not depend on the parameters) and its variance. In this case, the variance
itself cannot identify the three parameters. In [13], this issue is circumvented by considering the
increments of Y; the increments of the stationary solution are also Gaussian but have different
variances. Thus, adding two increments, the authors have access to three functions and show that
these functions are sufficient to estimate the parameters. We propose here a similar approach
that generalizes the one presented in [13]. We add ¢ linear transformations of the original process
and assume that they are enough to identify the parameters. Therefore, our assumption (which
is detailed later) will be that the stationary distribution of Y and its increments identify the
parameters (€, 0, H).

Assume for simplicity that the observations are of the form (Ykeﬁ)k:07.,7n+q and consider ¢
linear transformations {¢*(Y, 20, . .. ,Y]f]—?+ih)}k207,,,n where ¢ € [1,¢]. Hence, we now have access to
g + 1 paths, which we use to define one path of a higher-dimensional process X% that we call the
augmented process associated to the SDE (1.1). With access to a path of X%, we construct the

estimator of 6y by 0, = argmin d (% ZZ;S 5X90,p9>, where pg is the stationary distribution of
€0 kh

X?. We prove that 6, is a strongly consistent estimator of 6y and study its rate of convergence.

In [13], the authors do not prove the identifiability assumption but provide numerical exper-
iments to support their claim. We prove here that in the setting of [13], i.e. of a fractional OU
process, the aforementioned identifiability assumption holds. Also, as in [24], we consider tow
variations of this assumption, a weak one which we will just call the identifiability assumption and
a strong one. Moreover, to construct good estimators of the drift parameter £, the authors of [24]
proved beforehand results on the regularity of Y with respect to £. This is a natural procedure,
since the estimation method relies on minimizing a certain functional of Y, by showing that it has
the right regularity properties so that its true minimum is in fact the true parameter £. Here, in
view of estimating all the parameters, we will will study the regularity of Y with respect to o and
H as well.

Since we are interested in ergodic estimators, we need the regularity of Y in all the parameters
to be uniform in time. In particular we need the regularity in H to hold uniformly in ¢ > 0. To
achieve this, the drift will be assumed to be contractive. Let us mention that the sensitivity in
the Hurst parameter has been studied in various situations and is an important topic in modeling:
n [20], the fractional Brownian motion is proven to be infinitely differentiable with respect to its
Hurst parameter for a fixed time; in [18, 19], the law of (multiple) integrals with respect to the
fBm are proven to be continuous in H; in [26], the Holder continuity in H is studied for generalised
fractional Brownian fields (over compact index sets); and in [10], the laws of quasilinear stochastic
wave and heat equations with additive fractional noise are proven to be continuous in H. Finally in
[28], the difference between functionals of a fractional stochastic differential equation (SDE) and its
Markovian counterpart (H = 1) are proven to be of order |[H — 1|, both for the law of the solution
on a compact time interval and for the law of the first hitting time (see also [27] for a numerical

approach and applications, in particular in neuroscience). In this work, new results on the Hurst



regularity of fractional models were needed, and they have been gathered in our separate paper [14].

Organisation of the paper. The paper is organized as follows. In Section 2, we first detail the
notations and some assumptions. Then, we describe how to construct the estimator and present
the main results. In Section 3, we prove the consistency result and the rate of convergence. In
Section 4, we show that our estimator can be practically implemented by estimating the stationary
distribution through an Euler scheme. We prove consistency and obtain a rate of convergence
with this additional layer of estimation. In Section 5.1, we prove the identifiability assumption for
the fractional Ornstein-Uhlenbeck process, and in Section 5.2, we construct a more general family
of SDEs that verifies the strong identifiability assumption. The construction is based on small
perturbations of the fractional Ornstein-Uhlenbeck model. We also implement our method and
run numerical simulations in Section 5.3. In the Appendix, we recall in Section A some results from
our companion paper [14]. In Section B, we prove continuity and tightness results on Y and the
solution of the Euler scheme associated to (1.1). Section C is dedicated to the proof of Proposition
4.1. Finally, in Section D, we obtain a crucial result for the proof of the identifiability assumption
for the fractional Ornstein-Uhlenbeck process.

2 A general procedure

We first give some general notation. Then we state the assumptions on the coefficients of (1.1)
and define the estimator. At the end of this section, we give an almost sure convergence for this
estimator result as well as a convergence rate.

2.1 Notation and assumptions

Notations. Let M;(R?) denote the set of probability measures on R%. We will consider the
p-Wasserstein distance, which is defined for every u,v in M;(R%) as follows:

W, (u,v) = inf{(E|X — Y|p)% s L(X) =p, L(Y) = v}

For any given p, we denote by D, the set of distances dominated by the p-Wasserstein distance.
Mainly, we shall work with the distance dcr,;, defined as

4 ‘ 1/2
e (600 £0) = ( [ (Bl - BT 2g 0000 ) 2.1)
where g, is an integrable kernel for p > (% V 1) of the form

gp(X) = (1 + [x[*) 77, (2.2)

and ¢, = ([ (1+[x|*)"Pdx) " is a normalizing constant. Finally, we denote by C' a constant that
can change from line to line and that does not depend on time and the parameters £, H, 0. When
we want to make the dependence of C' on some other parameter a explicit, we will write C,.

Assumptions. First, we assume that the number of unknown parameters ¢ 4+ 1 is such that
g > 1 (we have at least two unknowns), which is decomposed into m parameters for the drift b,
& € E C R™, d? parameters for 0 € R?*? and the last one which is the Hurst parameter. The
next assumption states the compactness of the spaces where the parameters lie.

Ag. = is compactly embedded in R™ for a given m > 1. Hy belongs to H, a compact subset of
(0,1). The diffusion matrix oo belongs to ¥ a compact set of d x d-invertible matrices.

Therefore, we have that © = = x ¥ x H is a compact subset of R9"!. We will also assume a
coercivity assumption on the drift b.



A;. beCH(RY x Z;R?) and there exist constants 3, K, c > 0 and r € N such that
(i) For every x,y € R? and ¢ € Z, we have

(be(x) = be(y), @ —y) < —Plo —y|* and [be(x) — be(y)| < Kl —y|. (2.3)
(ii) For every z € R% and &1, & € =, the following growth bound is satisfied:
b, (z) = be, (2)] < c(1 + [z["). (2.4)

For § = (¢,0, H) € ©, we denote by Y the unique solution of the following equation
t
Y =Y, +/ be(YO)ds + o By, (2.5)
0

where Yy € R? and B is an fBm of Hurst parameter H. Under Ay, [12] (see also [24, Remark 2.4]
and the references therein) gives the existence and uniqueness of the invariant measure to (2.5).
We denote by Y? the unique stationary solution. We also denote by vy the stationary distribution

of Y?. For i € [1,q], let £* denote a linear transformation from (Rd)iJrl to R%, which we will
assume fixed for the rest of the paper.
Let us define the following processes for all ¢ € [1, q]:

.0 _ pi(y0 0
ZZ _EZ(Y 77Y+zh)
74,0 _ i 570 0
ZZ *EZ(Y 77Y+zh)
X0 = (vl 2z, .., 299 (2.6)
X0 = (V0,29 ..., Z99). 2.7)
Observe that for all § € © and i € [1, ¢]), the processes Z* and X? are stationary. Denote their
distribution by n; ¢ and g respectively. For simplicity, we will not write the parameter § on the
processes when @ is the true parameter . Also, denote by X the augmented process associated

to the SDE (2.5). Simple triangle inequalities yield the following inequalities for all 6,6’ € © and
p>0:

q
X<, (z Y.w)

i=0
q
X0 - x7P<C,, (Z Y4 — Yiihva) (2.8)
i=0
q
‘X-e - X-0|p < Cp,q (Z ‘Y-iih - Y-eﬂ‘h|p>a
i=0

where C), 4 is a constant that do not depend on # or #’. This means that upper bounds on X will
be obtained by upper bounding Y, and the regularity of the process X will be studied through the
regularity of the process Y.

As was highlighted previously in the introduction, the estimators are defined by assuming that
1o characterizes 6. This weak indentifiability hypothesis reads as follows:

I,,. For any 6 in O,
Lo = pp, < 0 = by, (2.9)
where we recall that pg is the stationary distribution of X°.

Remark 2.1. A similar assumption is considered in [24]. However, they work with the stationary
distribution of Y. The assumption we make is weaker. In fact, assume that vy = vy, iff 0 = bp.
Now, let 6,6 in © such that dorp(pe, te,) = 0. Using the definition of dcr,, we have

for almost all x € R4tV | [e“X’Xe)} =E [e“x’xegq ,



which implies that
for almost all x € R, E {ei<x7179>} =E [61‘(;(,3790)} ,
Hence, we have dorp(vg,ve,) = 0, which means that 8 = 6.

2.2 Construction of the estimator

Assume that the solution Y is discretely observed at some times {kh;k = 1,...,n + ¢} for a fixed
time step h > 0. Under Assumption A, we show the following lemma (the proof is postponed to
Section 3.2):

Lemma 2.2. For any d € Dy and any 0 € O, we have

1t
d(t/o (5ng5,/¢9) tjoo() a.s,

and
1 n—1
d (n ];)5)(&’”9) nSThe 0 a.s.

Remark 2.3. The integral fot 0x.ds is to be understood as the probability measure which associates
to each Borel set A the value fot 0x,(A)ds.

Hence, under the identifiability assumption Iy, we define the estimator

0€cO

n—1
A . 1
6, = argmin d (n ,;) 6X22’, u(;) , (2.10)

where d is a distance in M;(R?). However, this means that we need to compute jy which in most
cases is not explicitly known. We discuss a way to overcome this problem in Section 4.

2.3 Main results

The first result states the strong consistency of the estimator (2.10) under the assumptions Ag,
A1, I,. The proof of the theorem below is detailed in Section 3.3.

Theorem 2.4. Assume that Ag, A1, Iy hold. Consider a distance d on Ml(Rd) which belongs to

Dy. Then (0,)nen defined in (2.10) is a strongly consistent estimator of 6y in the following sense:

lim 6,, = 6y a.s.
n—oo

We will also establish a rate of convergence of this estimator when d = dc ), for some p € N*,
under the strong identifiability assumption:

I5. There exists a constant ¢; > 0 and a > 2, such that for every € in ©,
dorp(te, pe,)* > c1l — o>

Under this assumption, we obtain a rate of convergence, which will be proved in Section 3.4.

Theorem 2.5. Assume that Ag, Ai1, Is hold. There exists a constant C > 0 such that for all
n €N,

]E‘én - 90|2 < Cn—a(l—(max(f,‘-[)v%)).



3 Proof of consistency of the estimator and rate of conver-
gence

To prove the almost sure convergence, we will use [24, Proposition 4.3] that we recall in Proposition
3.1 below for the reader’s convenience. It concerns the limiting property of a collection of real-
valued processes {L,(#)}, indexed by a generic r which lies in a topological space and converges
to a generic rg. In this Section, we always have r = n € N, and so lim,_,,, is to be understood
as lim, . In Section 4, we will take r = (v,n, N) with v — 0 and n, N — oo, and therefore
lim,_,,, will be understood as limy,—; oo, N—y00,7—50-

Proposition 3.1. Let © be a compact set and {6 € © — L.(0)}, a family of non-negative
stochastic processes. Assume that

(i) With probability 1, lim,_,., L,(0) = L(0) uniformly in 0.
(ii) 6 — L(0) is non-random and continuous in 6.
(iii) For any r, the set argmin{L,(0),0 € O} is non empty.
Let 0, € argmingcg L, (0). If A is a limit point of 0, then A € argmingcg L(6).

In this Section, we always have L, (0) = d(% gil 0x sy o), with r =n and ro = co.
3.1 Continuity of 0 — d(ue, j1e,)

First, we prove two lemmas that state the LP-continuity with respect to 6 of the solution to
(2.5), and the exponential convergence of the law of X? (defined in (2.6)) towards its stationary
distribution pg. Then we deduce the continuity of the mapping 6 — d(e, f6,) in Proposition 3.4.

Lemma 3.2. Assume Ag and A1 are satisfied. Let T > 0 and p > 0. There exists a constant
Crp > 0 such that for any 01,62 € O,

Y2 —YE2| 1o < Crplb — 6s].

Proof. Without any loss of generality, we assume p > 2. Up to introducing pivot terms, we can
consider three different cases:

1) 6, = (¢, Hy,0) and 05 = (€, Ha, 0)
2) 91 = (f,H,Ul) and 02 = (S,H,Jg)
3) 91 = (gl,H,U) and 92 = (gg,H,O').

In the first case, where only H changes, we get from the definition of Yf)1 and Yte2 that for any
t €10,T],

t
Yo = [ be(v)  be(¥)ds + (B - BI™)
0
Since b is K-Lipschitz, we get
t 2
¥ YR <2 ( JRSEE Yfﬂds) T 2lo|BI — BIEP.
0

By Jensen’s inequality, we have

t
YO YR <2k [V - vRds 2o - Bl
0



By Gronwall’s lemma, we deduce that
Y R <K°T [ o B BT 4 2lo B B
0
By Jensen’s inequality, there exists a constant Cj, such that
v < (22rrt [l — BT s 4 o5 — B,
0

p/2
Since B,fql —BfQ is a Gaussian random variable, IE|BtH1 —B{b | is proportional to (E\BtHl — BtHZ |2) .
Using [14, Proposition 2.1], the fractional Brownian motion verifies
E[B/" — B[P < C (™ v tP12) (log®(t) + 1)P/? |Hy — Hol?.

Therefore,

EY = Y|P < Cylof? (2/2KPTres" T 4 1) (TP v TP (log? (T) +1)7/2|Hy — .
Since o € X, we conclude that

IV = Y| e < Cpo i (T + 1) (T v TH2) (10g?(T) +1)"/2| Hy — Hy)|
< Cpo i (T T+ 1)(1+ T M) (log?(T) +1)'/2|Hy — Hy)|.

In the second case, since b is K-Lipschitz, using Jensen’s inequality, we have

: 2
=y = ([ ) b + (01— o) )

2ds + 2|01 — oo} B2

t
<2r7 [P -y
0
By Gronwall’s lemma, we get
t 2
|Y't91 _ )/;92|2 S |O'1 _ 0_2‘2 (|Bt|2 + 2K2T/ |BS|2€2K T(t_s)ds) )
0
Therefore, by Jensen’s inequality, there exists a constant C), such that
t
Y v P < Cploy — aaf? <|Btp + 2p/2Kpr‘1/ Bs|peK2Tp(t_s)ds> .
0

It follows that
[V = Y220 < Cplon — o (T 4+ T
< Cploy — aa|(1 + T (TeKT" 4 1)
Finally, in the third case, we have by [24, Proposition 3.5] that
IV = Y{2||e < Crplés — &al,
where it appears from the proof of [24, Proposition 3.5] that Cr,, does not depend on H or 0. [

Lemma 3.3. Assume Ag and Ay hold. Let d be a distance in Dy,. Then there exists a constant
C > 0 such that for all 0 € © and for allt > 0, we have

d(L(X?), pg) < Ce™ Tt (3.1)



Proof. Since d € D,,, we have:

> 1
d(L(X]), ne) <E(X] — X7[P)?
q
= 1
< C(Z E(|Y. i — Yfriﬂp)p)-
i=0
Using A, we have
d . _ _
%IYf VP =20y = V9 be(YY) = be (YY)
< —28|Y - Y%,
It follows that
N P T
which leads to
B(Y! - V) < v - e,
Hence,
1YY =Y ee < NIY5 — Y9 llzee™
< (1Y o + 15 | o) e (3.2)
Moreover, by Proposition B.1(4), we have
o1 1 1
(]E|Y09|) " = lim (E|Yt9|) " < supsup (E|Y;9|) " < oo
t—o00 t>160€O
This concludes the proof. O]
We can now state the main continuity result of this section.

Proposition 3.4. Assume Ao and Ay hold and let d be o distance in D,. Then the mapping
0 — d(pe, tro,) s continuous on ©.

Proof. Let now 61,65 € ©. Then for ¢t > 0,
d(pg, 110,) < CWy(pa,, pro,) < CWp(u®, L(XEH)) + CWy (1”2, L(XP2)) + C|| X7 = X 72| 1o
<20 sup Wo(L(X]), o) + ClI X7 = X{2|| 1o
€6

Let € > 0. By Lemma 3.3 there exists ¢ty such that

20 sup W(L(XY), o) < .
9co 2

Now in view of (2.8) and Lemma 3.2, there exists a constant Cy, , such that ||Xfo1 - XfOZHLp <
Cto.pl01 — 02|. Let 6 > 0 be such that Cy, ,0 < €/2. Then for |¢; — 8] <, we have

d(,uel 5 M@z) S €,

and this proves the continuity of 8 — d(ug, pe,)- O



3.2 Convergence of the contrast: proof of Lemma 2.2

Let 0 = (¢§,H,0) € ©. We will first prove that almost surely, the random measure %fot dxeds

converges in law to pg. This implies that % fot dxeds converges to pg in the Prokhorov distance.
To extend this result to distances d in Dy (i.e dominated by the 2-Wasserstein distance), we use
the fact that the 2-Wasserstein distance is dominated by the Prokorov distance dp as follows (see
[9, Theorem 2]):

I I . I
d (/ 5X9d8,,u@> < Cpsup (max (/ |X?2ds \/IE|Xt9|2) + 1) dp (/ 6Xeds,ug> .
tJo °° t>0 tJo tJo °

By definition of the process XY, we have that

1t B 9./1 rt _
(7 [ xepasvesee) <> (5 [ nhapasvBiizar). (33
=0

Therefore, we conclude thanks to Proposition B.1 that in the present case, the convergence in
law (i.e. in Prokhorov distance) implies the convergence for the 2-Wasserstein distance. Let us
now prove the convergence in law. The proof of the convergence in law follows the same steps
as [24, Proposition 3.3] and relies on a tightness argument. While we can show that the family
{% fot 6ngs}t20 is tight, it is not easy to identify the limit points. That is why we consider a
family of probability measures on the set of continuous functions for which the identification of the
limit is easier, namely {m, = 1 fot ) X0, ds}i>0. A classical criterion (see e.g. [3, Corollary p.83])

ensures that {7¢;¢ > 0} is a.s. tight if for every positive 7,1 and ¢, there exists § > 0 such that
for all ¢ty € [0, 77,

b
lim sup — -1 0 0 ds < a.s.
t_>+oop t 0 6 {Supue[t[]vt0+5]|X-%+uiXS+to|2€} - 77

Moreover, the above inequality holds true as long as there exist some positive r and p such that

VYT >0,35>0, r>0, p>0st Vg €[0,7T],

1t
lim sup f/ sup | X7, — Xg+t0|rds < CropdtP as. (3.4)
t—o00 0 ue[to,to—l-(s]

For T,r,6 > 0, by definition of X% and (2.8), we have

. 1 ¢ 0 9 I . 1 ¢ 6 6
lim sup — / sup | Xg, — Xg|"ds < Z lim sup : / [sup 1Yo urin = Yoregrinl ds
0 i=0 0 ue

t—ro0 w€lto,to+6] t—00 to,to+9]
q . t+ih

t + Zh 1 / 0 0

< E lim sup — sup |V, =Y, |"ds

g t—oo t t+ih 0 wElto,to-+] s+u s+to
t+ih .
. 6
< Cylimsup —— sup |V, — Y, ["ds

tooo t+ih Jg w€l[to,to+5]

1 t
< Cq lim sup — / sup |Y:90+u - Yﬁkto ‘rds'
t—o0 0 u€[to,to+9d]

By [24, Eq A.19], we can further bound the right-hand side above by C6"~1 + C,.6%". Choosing

0 <1 and r > max(2, m), we get (3.4).

Hence, let (tn)n>1 be an increasing sequence going to +oo such that {;- [ Oxo, ds}p>1 con-
verges (pathwise) to a limiting distribution v. We first show that ~ is the law of a stationary
process. For any bounded functional F' : C ([07 00), Rd) — R, we have

t’ﬂ,
Y(Fobr) —~(F)= lim i/ F(X . )-F(XL) ds
0

n—+00 Ty,



By a simple change of variables, we have

n n—+oo t,

tn+T T
/ F(Xiﬁ)ds—/ F(X;’#)ds) =0.
t 0

n

tn
lim i/ F (X! )-F (X!, )ds= lim 1(
0

We thus get that + is stationary. Let us now prove that v is the law of X?. A process z; = (yt, 2}, .., 2{)
has the law of X? if

Y. — Yo — / be (Y )du has the law of B where B has Hurst parameter H;
0

: ik
2P0 < be (yu)du, . . . ,/ bg(yu)du> has the law of o¢*(B., ..., B.1) for all i € [1,¢].
0 0

Let us define

Y- = Yo = Jo be(yu)du
2= 0 ((fy be(w)du, f;" belwa)du)

zd e (fo be (yu)du, . . ., fo'ﬂh bg(yu)du)
and
B.=(oB.,...,0li(B.,...,Bgn+.)).
Hence we have to prove that
v oGt is the law of B..

Using that G is continuous for the u.s.c topology, we have

I
’}/OG_1 = lim 7‘/0 6G(X59+.)d3.

n—oo t,,

Let T > 0 and F : C([0,T],R¥e+D)) s R be a bounded measurable function. We want to show
that

lim — /t” F(G(X?,))ds =EF (B.).
0

It is sufficient to check the convergence for the finite dimensional distributions. For any N > 1,
{uy,...,un} € RY and a measurable and bounded f : R4e+tDN 5 R we want to show that

n

tn
lim l/ FGXE ). G(XE,,,)ds=Ef (By,,...,Buy).
0

By construction, we have

O'(BS+. - BS)
o' (Bys. — By, Byn. — By)

O—‘gq(Ber - Bsa cee Bs+qh+~ - Bs)

10



Therefore, we can write

f(G(Xse-H“) G(Xf-‘,-uN)) = f({Bs+u1+ih - Bs}i:0,~-7q7 R {Bs+uN+ifL - Bs}i:O,..-,q)
f (Bun ) Buzv) = f <{BU1+ih}i:0,...,q7 R {Buw+ih}i:07...,q) )

where f = f o\ for some linear transformation ), so f is still a bounded measurable function. By
the ergodicity of the increments of the fractional Brownian motion [6, Eq 5], we have

t’Vl
lim + / F(GX? ), G(XE,, ) ds
0

n—oo t,

= lim 7/ f {Bs-l-ul-i-zh B }1 =0,. -;{Bs-i-uN—i-ih _Bs}i:O,A..,q) ds

"L—)m
= ]Ef({Bu1+ih}i:0,m7qv EE) {BuN+ih}i:0,<--7q) = Ef(Buu ) BUN)'

Hence, v o G~! has the law of B and we conclude that v is the law of X0,
The same analysis presented in this Section still holds if we replace fo |X?|Pds by L a ShC |th| .

This is mostly due to the fact that in Proposition B.1, we also proved that the moments 1 DI |X wnl?
are finite uniformly in n, and therefore the right-hand side in (3.3) is finite even when the 1ntegral
is replaced by a discrete sum.

3.3 Proof of Theorem 2.4
Let d be a distance that belongs to D,. We want to apply Proposition 3.1 to r = n and

n—1
L ( Z(s 907M9>

In view of Lemma 2.2, we know that for each 6, L,,(6) converges a.s. to L(0) = d(e,, ito). Besides,
the continuity of L(#) comes from Proposition 3.4. If we prove the uniform convergence, then
we can finally apply Proposition 3.1 to get that the limit points of 0,, are included in the set
argmin{L(#),0 € ©}, which under assumption I, is reduced to {6p}.

Now to prove the uniform convergence, it is sufficient to show that the family

n—1
1
{9'—>d<nkz_05Xz?L,u9> n>1, 96@}

is equicontinuous. Actually, for any #; and 65 in ©, we have

1 n—1 1 n—1
d (n kzoéxfguu91> —d (’I'L ;)(SX;]27/J'92>

In view of Proposition 3.4, the term on the right-hand side goes to 0 as |#; — 02| — 0. This proves
the equicontinuity and thus the uniform convergence.

S d(“«% b M@Z)

3.4 Proof of Theorem 2.5

For the rest of this section, d always refer to the distance dgr,,. In view of the strong identifiability
assumption I, it suffices to bound Ed(,ue , o, ) to obtain a rate of convergence on E|é —6o]?. Our
strategy is in line with the Section 5 of [24] with adaptations due to the estimation of a and H. It
is based on the following decomposition: since §,, minimizes the function 6 — A>T, ' X 00 ),

11



we have

n—1

n—1
1 1
d(MéT”MGO) <d (n E 5thnu90> +d (n § :5th”uén>
k=0 k=0

=: 2D,

n

L® bound on D%l). Following the proof of [24, Section 5.1], we obtain a bound on DS).
Lemma 3.5. Assume that Is holds with p and « satisfying p > O‘TM. There exist positive constants
Ca,q and Cy such that for any n € N,

EHD,(ID‘Q] < Ca,q +Ca(n+q)—%(2—2max(’H)\/l)))’
nOé

where we recall that q is the number of linear transformations added to construct the augmented
process X%

Proof. Decompose DS) as DS) < DSLH) + D%lz) where

n—1
1
(1) ._ - E ’
Dn = d <M90, " EMXE?J) 5

The expectation of the random measure E[0x,] is understood as a deterministic measure given by
El6x,](f) = E[f(X})] for any bounded measurable f.

Let us first bound DS'?. Recall the concentration result [30, Theorem 2.3]: There exists a
constant C' > 0 such that for d, (z,y) = £ ZZ;S |; —;|, any Lipschitz functions F : (R)",d,,) —
(R,].]) and any r > 0,

7,277127rnax(2H,1)
P(Fy —E(Fy)>r) <exp |- ",

2

ClIFILp

where Fy = F(Y, Yap, ..., Yon). Hence in view of E(X®) = fooo ar® 1P(X > z)dx, we get that
E[|Fy — E(Fy)|?] < C, ||F||‘zip p~ % (2-max(2H,1))

for some positive constant C,, that depends on a. Using the definition of dcrp, Jensen’s inequality
and the notation f, (z) = %) we get

n—1 o
1
E[|D?)|°] < / E [ — D FKXR) —E(A(XER) ] 95 ()l
k=0
Since || fx|l1;, < |x], we deduce by taking Fy = F(Yheo, e (i"ﬂ)h) = %ZZ;& fX(Xg%) the follow-
ing bound on DSQ):
B[DU?[%) < Caln-+ g $E-m20) [ g, (ydx. (35)

a+d

The integral on the right-hand side is finite if we choose p > *5=.

12



We now bound_D,gll). Since Y converge exponentially fast to Y as t — oo (see (3.2)), and so
does X? towards X? in view of (2.8), and since f, is Lipschitz we have

= ‘,ﬁ S [ (X5 = £ (X5
k=0

1 n—1 0 o
< Clfdlee YO B [|Xi5 - X
k=0

n—1
CSTER () - ()
k=0

[ < Siden 36)

Thus by the definition (2.1) of dor,,, we get

n—1

1 C

d (;L"(’ov n E E[5X£2]> < n’
k=0

which leads to

c
1,1) |«
E[| DY) < e (3.7
We conclude the proof by combining the bounds (3.5) and (3.7). O

4 A practical implementation of the estimators

In the formula (2.10), the stationary distribution is in general not known, except in some simple
cases like for Ornstein-Uhlenbeck processes. This means that the estimator cannot be computed in
practice. In this section, we solve this problem by considering numerical approximations of pg. On
the other hand, this increases the complexity that is required to compute the estimator. However,
we still obtain similar results (consistency and rate of convergence).

4.1 Estimating the stationary distribution

To approximate jug, we consider the Euler scheme of the stochastic process Y9, solution to (2.5).
For a time-step ~ > 0, the Euler scheme Y%7 is then defined by YOQ’W =1y € R% and

0, 0, 0, ~ ~
Y(kll)v - ka’y + 'Yb@(ylw’y) + 0 (B(kt1)y — Biy)

(4.1)
0, 0, 0,

V=Y, =Y, for t € [ky, (k+ 1)),
where ¢, = v[t/y] and B is a simulated fractional Brownian motion, which is a priori different
from the process B in (2.5), since B is unobserved. In practice, this means that we will not be able
to compare pathwise the observed process and the simulated one. When necessary, to mark the

dependence of Y.*7 on B, we write Y.*7(B). We will say that (37,59”) is a discrete stationary
>0

solution to (4.1) if it is a solution of (4.1) satisfying
(ffgv;,w, .. ,?;igh) £ (if;;m .. ,ﬁiﬂ) VO <ty <<ty ¥nkeN.

By [24, Proposition 3.4], there exists 7o > 0 such that for any v € (0,70] and 6 € ©, (4.1) admits
a unique stationary solution Y%7, As in Section 2.1, we define the augmented Euler scheme X7
by

X07 = (YO 0P VIR e (VP YO )

Similarly, we write X! 'Y(E) to insist on the dependence on B when necessary. We also define
the stationary augmented Euler scheme X%7 and denote its distribution by 1y - We construct the
estimator based on the following result (see Appendix C for the proof).

13



Proposition 4.1. Let (XZ’W’Y)kZO be the augmented FEuler scheme with time-step ~. Assume that
Ay and Ay hold. Then for any distance d € Ds, there exists g > 0 such that for all 6 € © and
v € (0,7], we have

1 N-1
ey
gt (3 3 i) =0

In Proposition 4.5(¢), we show that for any 6 € ©, d(ug, 1)) goes to 0 as v — 0. This suggests
to define the estimator

= | N1
ONny = ar@genéin d (n Z 6X:2, N 5){"&) . (4.2)

4.2 Consistency and convergence results

Strong Consistency. The following result states the strong consistency of our estimators under
the assumptions A, I, and Ag. We discuss its proof in this section and provide details in the
Appendix B.

Theorem 4.2. Consider a distance d on M1 (R®) which belongs to Dy. Assume that the exponent r
in the sub-linear growth of be in (2.4) satisfiesr < 1. Then the family {0N 5, (n,N,v) € N2xR,}
s a strong consistent estimator of 0y in the following sense:

nli_)rréo QANV,W =0y a.s.

N—oo
~—0

To prove the strong consistency, we use again Proposition 3.1 with

1 n—1 1 N-1
=i S i &b )

this time with » = (N,n,7). We will prove in Section 4.3 that the contrast L,(f) converges
uniformly as (n, N,v) — (00,00,0) to L(8) = d(ue, pte,), by first proving pointwise convergence
and then using an equicontinuity argument. Since L(f) is the same as in Section 3, we have by
Proposition 3.4 that L(6) is continuous. Then we apply Proposition 3.1 to conclude.

Rate of Convergence. A rate of convergence is obtained for the estimators under the strong
identifiability assumption Is.

Theorem 4.3. Assume Aq, Ag and I for d = depp with p > QT“Ld. Assume that the exponent

7 in the sub-linear growth of be in (2.4) satisfies r < 1. Let ¢ € (0, min(H)) and let On ., be the
estimator defined by (4.2). There exists positive constants C,~o such that for all v € (0,70] and
n,N € N,

E ‘éN o 90’2 <C (n_l-t,-max(?-[)\/é + N—l—&-max('H)V% + ,ymin(H)—s + (N,y)—z(ﬂﬁaiofm)(Q—Q max(?‘[vl))) )

Proof. To prove the convergence above, we proceed similarly as in Section 3.4. We decompose the
term Ed(uéN o o, ) slightly differently. First we use a triangle inequality to get the following
bound, .

n—1 n—1 N-1
1 1 1
1 N-1
+d <N Z 6X5Nv"v"f”y’uéN,n,'y> :
k=0 © kv

14



. . A e . . 1 n—1
Now, notice that since 0y, minimizes the function 6 — d (5 > ko 5Xeo, ~ Z Xe,vw), we

can further bound d(ug, ., p1,, w) as
1 n—1 1 n—1 1 N-1
a(poos 15, ) < d (Meo, - 5ng> +d <n PN DD 5Xgo,w)
k=0 k=0 k=0
| Nl
+ supd <N kz:o 5X£;’7M9> . (4.3)

6co
To allow pathwise comparison, let us define the following processes. For any 6 € O, define Y.e"Y(B),
an Euler scheme of Y, computed with the same fBm B. Namely, Y.Q’V(B) is defined by (4.1) where
B is replaced by B. Similarly as in Section 2.1, we define X%7(B) by,
X% (B) = (YG»V(B).Jl(YWB),Y?;Z(B», e I(YO(B)., L YT <B)>) :

+qh

We also define Y(E) which is the solution to (2.5) with the fBm B, and similarly we define X(ﬁ)
Now, we can do pathwise comparison between X? and X%7(B), and between X% and X%(B).

Bounding the second term in (4.3). We split the second term in the right hand side of (4.3)
as follows

n—1
1 1
d(n 206)(227N 5)(;:’0’7) < 25 907M00> +d<u00,N Z(; 907>
1 «— 1 —
|\ ¥ Z(Sx,fg?N ZfSngw : (4.4)
k=0 k=0

Furthermore, we split the last term above as,
| N-1 1 Nl | Nl L Nl 1 Nl
ESIENNES SRS EVIES DRI or i) FRTES oy

k=0
=
d (N > 5X,§omueo> :
k=0
Moreover,

N—1 N— N-1 1 Nl
< 25 907 Z 90 ’Y> < 2d< Z 607 Z(;XIZOYW(B)) +d<N Z 5}(20?:“‘90)
k=0 k=0 k=0 k=0
N- N-1 L Nl
RIES IR SENIN EIES w e
k=0 Ni= k=0
Injecting the above bound into (4.4), we get

n—1 N— n—1 N-1
( Zé zg, Z 90> <d< 25 90,u90>+2d<ueo, Z(S 90>+d<N ) Gg(é)y,li%)

k=0 k=0
1 N-1 1N—1
+2d<NZ5x:m 26)( ok 3 b
k=0 k=0 k=0
4.5)
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Bounding the third term in (4.3). We split the third term in (4.3) as follows

N—-1 1 N— 1 N-1
supd< Z 5;&%#9) <supd< Zaxew,ﬁ Z >+supd<N Zang(g),w>.
k=0 k=0

6cO 6cO 0cO
(4.6)

Final bound on d (ugo, Moy . 7). Using (4.5) and (4.6) in (4.3), we get

n—1 1 N-1 1 N-1
e O R (A E T

k=0
1 N-1
o <N kzzo 5X22<§>’”">

N—-1 1 N-1 1 N-1
+221€18d< Z ) eg,ﬁ Z go,w(3)> + 2sup <N Zo(sxgomﬁ Z 5)(22(@)) ’

0co

The first three terms on the right-hand side can be bounded exactly as the term Déu) in the proof
of Lemma 3.5, we get

1 Ca,q
d (n dezz,u%) < na: Ué(n—‘,—(])—5(2—2rmapc('?"l)\/l)) (4.8)
k=0
1= Ca,q
d (N > 5X£:7N90) < e+ CalN +g) " FEm2mxCOVD) (4.9)
k=0
1 = Ca,q
d (N > 6X23(§)?M90> < —a + CalN +q) BE72maxCOVD), (4.10)
k=0

Remark 4.4. For the term d( k o ) SO(B),ﬂgo), notice that pg, is also the law of XOO,B’

the stationary augmented process associated to (1.1) with the fBm B instead of B, so (3.6) in the
proof of Lemma 3.5 still holds since we compare two solutions with the same noise, and therefore
we know that they converge exponentially to each other as t — oo by Proposition 3.3.

Let us define

k=0 k=0
N-—-1 —1
D) () =d (11[ 5ng,7,% ) 5ng®) (4.11)
S
DJ(\;,)W(Q) =d (N Oxo (B)aﬂ9>
k=0

In Section 4.4, we show how to bound the moments of supycg DJ(\?I,Y) (0), supgyeo Dﬁ%y) (#) and

SUPgeo Dﬁ’}v(e). Namely, we prove that for any ¢ < amin(H) and any w € (0, 1), there exist
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constants Cy . and Cy ¢ such that for any NV and v < 7y, the following bounds hold:

E sup Dg\%lv)(ﬂ)‘ < C oy min()—e (4.12)
CISC) ’
E sup Dﬁ?(G)‘ < Oy oy min(H)—< (4.13)
6O ’
E sup Dg{;’%(@) <Cor,w (70‘ min(H)—e 4 T_ﬁ) , (4.14)
6€®© '
with 77 = 2(#%(2 — (2max(H) v 1)) and T = N~. Injecting the bounds (4.8), (4.9), (4.10),
(4.12), (4.13) and (4.14) into the decomposition (4.7) concludes the proof. O

4.3 Proof of Theorem 4.2

As explained after Theorem 4.2, we just have to prove the uniform convergence of the contrast

(N,n,v) —d (% ZZ;S 800, 77 Z,ICV;OI 5Xe,7> towards d(pe,, pe). First we prove that almost surely,
kh ky

we have convergence as (n, N,v) — (00,00, 0) for each fixed §. We have already proved in Section
3.2 that d(+ ZZ;& 800, f1g) converges to d(ue,, ftg) as n goes to infinity. By Proposition 4.1, we
kh

have that d(% i\:ol dx0.v, iig) converges to 0 as N — co. Finally, we prove in Proposition 4.5(i)
ky

that d(ug, pt)) converges to 0 as v — 0. Therefore we conclude that

n—1 N-1
1 1
d| — 1) — 040, — d L 1g).
(nkz—o X:?17N ’;) Xg“?) (n,N,vy)—(00,00,0) (MQO 'ue)

We extend the convergence result to a uniform convergence in 6 in the following Proposition.

Proposition 4.5. Let 0 < p < 2 and d € D,. Under the assumptions A1, Iy, Ao, there exists
Yo > 0 such that for all v € (0,70], the following assertions hold true.

(i) lim sup d(pe, 1) = 0.
7=0¢co

N-1
1
(ii) lim supd <N Z 5X:,77,,ug> =0.

N—oco O o
1 n—1 1 N-—1
(it) lim Lim_sup|d <n ;axgg S 6Xg,;> — d(119,. 110)| = 0.

Proof. Notice that (7i7) is a simple consequence of the previous statements (i) and (7).
Proof of (i). By the triangle inequality we have
0, 9,
d(po, 1) < d(po, L(XR5)) + dprg, LX) + d(L(XN]), LIXR))-
Since d is bounded by the 2-Wasserstein distance, for all N > 1 we have

) ) 4 ), (4.15)

As for W) we have

w = W2(M97£(X19v~,)) < (E|X16<W - X%WPV )
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By Proposition 3.3, the right-hand side term converges to 0 as N — oo uniformly in 8. We now
look at the second term:

q 1
=0, 0, z
<Gy (IE|YN77+M — YNJmI?) : (4.16)
By [24, Equation (4.2)], we have for any k € N,

Ye,w_ye,’y2< _ 2 -2\F |50y 0.4
V& =y < (1= 298+ 42K |77 = v (4.17)
Furthermore, for any i € [0, ¢], there exists j € N such that Y]\g,’;yﬂ-h = Yﬁ;"’ and Yﬁ,&rih = Yjev”y.
Therefore, the bound (4.17) holds for all the terms in (4.16). We conclude that there exists vo > 0,
such that for v < ~q, the second term goes to 0 uniformly in # when N — oco. Now for the last
term in (4.15), by definition of the Wasserstein distance, we have

1
2

W = Wa(L(XR,), £(X5D) < (BIXE, — X31(B)2)

1
2

q
0,
<Cy > (B — YATha(BP)
=0

In [24, Proposition 3.7 (i)], it was proved that there exists positive constants C' and p that depend
only the Lipschitz constant K from Aj such that for any m € N,

m—1
0, _ i
Yoy = Yol (B)P < C Y oy (Y] (B))e #7740,
j=0

where
3 2 K 2
6;(2) = 1 be(2)P + / 1By s — By |2dt.

Note that this pathwise comparison is possible because the two processes are defined with the same
noise B. Since b¢ is uniformly sub-linear, it follows that

m—1 ~
Vi, VB <Y (FA VT B+ [ B By Par) e, (1)
=0

Now for i € [0,¢] and k € N, since the process Y%7 is constant over intervals of size v, we can
always write

0 9, _ (v 0 ] 9,
Yiryain — Yy bin(B) = (Y(lcwih)ﬁek,i - Y(kwrih)n,) + (Y(lwﬂ'h)7 - Yik3+ih)7(B)) ; (4.19)
where
€k =ky+ih — (ky+ih)y <.
For the first term in (4.19), using the sub-linear growth of b, we write

(ky+ih)y+e

(14 [Y21")ds + | Beysin), +er.; — Bryiny, |> :
ky+ih)~

[ [
Yiertin)ytens = Yyiny,nl <€ (/(

It follows from Jensen’s inequality that

(ky+ih)y+er, 012 )
(1 + [YJ[*")ds + [ Brytin), e, — Beyriny, I~ | -

(4.20)

0 0 2
‘}/}(k7+ih)w+5k,i - Y(k»y+ih)w| <C Ek,i/ '
(ky+ih)
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The second term in (4.19) can be bounded using (4.18) with m =
(4.20) in (4.19), we get that for any k € N,

M. Combining this and

q (ky+ih)y+ek,

0, r
Z'Ylf'ﬁ»ih Yk'y’—yﬁ-vh |2 < C Z / Lih) ]' + |Y;‘6|2 )dS + |B(k'7+ih)'y+5k,qi - B(k’)"Hh)N |2
i=0 ky+ih)y

. Lk'erth 1

_ v o kytih s
L0 X (PO B [ 18— By P e 55,
i= =0

(4.21)

Taking the expectation, using

11msup’yZe P+ < 460 and <1,

n—oo
~y—0 7=0

we get

2
max 0
sup  limsupry 2™ (H)ZE’Yﬁwih YN'y+1h(B)‘
0€0,7€(0,70) k—o0 i=0

<C|1+ sup hmsupE|Y07( )|2T+suplimsupIE|Yte|2’" .
0€0,v€(0,70) k—o0 PO t—oo

Using Proposition B.2(7) and Proposition B.1(%), it follows that there exists o such that for v < 5o,
the right-hand side is finite. This conclude the proof of (i).

Proof of (ii). We already know that the convergence is true for fixed 6. In order to extend the
result to uniform convergence, we show that the family {6 — d(+ Zszo 5X,f'% Le); N >1;0 € ©}

is equicontinuous for a fixed v € (0,7]. For some give 6, and 63 in ©, there is

1 N-1 1 N-1 1 N-1 1 N—
E Y E Y Y Y E E
d (N ~ 6)(:’1\/77/“‘691) - d <N — 5)(23'77/192) S d(u91’M02)+d (N ra 5Xz}{v’Y7 N — QQ ’Y> .

Decompose the second term to get

| N2 | N2 2 1 N-1 2
D IEREI DEN T G or LS SIS
k=0 k=0 =0 k=0
1 N-1
01,7 0 ,'y 2
<Oy XY = X2
k=0
1 N—-1 g¢q
6 6
<0t zmmh VD
k=0 =0

I /\

01,7 02,7y |2
Yk'erzh Y +1h|

2\
HM\Z

0%

Let 8 € (0,1) and p > 1. By Proposition B.3, we get that there exists a random variable C with
finite moments of order p such that for all 61,0, € O,

-1
1
¥ 2 AT =YEE < C A - 6.
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These results still hold when we replace Yk by, k N H 4, since we compare two piecewise constant
processes. Therefore, we have that d(4 5 X0 N Zk o ls X2 ~+) goes to 0 as |01 —62] — 0

uniformly in N. The same goes for d(uy, Mez) by taklng the hmlt N — oo. This concludes the
proof of the equicontinuity and therefore the proof of (i7). O

4.4 Proof of the bounds (4.12), (4.13) and (4.14)

We prove here the bounds (4.12), (4.13) and (4.14) on DE\?},Y), DJ(\?%/) and Dg\i;’?7 that were defined in
(4.11). In this Section, d always refer to the distance dcpp.

Proposition 4.6. Recall that «v is the exponent in the strong identifiability assumption Is. Assume
that the exponent r in the sub-linear growth of be in (2.4) satisfies r < 1. For anye € (0, amin(H))
and any w € (0,1), there exists constants Co . > 0 and Cy o > 0 such that for all v € (0,7] and
N>1,

E sup DE\,W)(H) < Coé’gfy"mi“(w_‘E
6O

o .
E sup D(22) (9) < Ca,g')’a min(H)—e
0€©

[e3%

E sup DS),Y(O)

. ’W(Y2
< Corw <7“ min(H)=¢ 4 ()~ 2w (“2““‘1"(”)”))) .
0€O

Proof. First, observe that in both the terms D(217) and D! Ny 22) e compare a solution of an SDE
with its respective Euler scheme, where both processes are deﬁned with the same noise B. This
allows us to do a pathwise comparison. We only detail the bound on Dg\?’lv), the bound on Dg\??
can be obtained in the same way. Since dcr,, is an element of Dy, we have:

(21) 97B
sup Dy sup X0 X,
sup Z XL, - X B)
q N—
0,
SC’IZ Z up|kay+zh Y tin(B)]-
i=0 ~ k=

Recall that o > 2 in I5. Hence, an application of Jensen’s inequality gives

q

(21)

Esup Dy (6)" < Cq,az sup Z Vi = Y (B
1=0

Define
I:= Z Sup —= Z |Yk:'y+zh k'y+zh(B)|2'

We will first provide a bound on Z. Using (4.21), we have

Z |Yk'y+zh k'y+zh(B)|2

Ci(v

(ky+ih)y+er,i 0o )
/ (1 Vs + B, e — Bty i,
=0

k'Y"!‘ih)w
Lk'ﬁ»th 1

X _ v _ kytih | .
+CZ( Z (72(1+|1397’”(B>I27)+v 1/0 |ij+t—ij|2dt)’ye P J+1>>

q
= CY (Tik+Ton +Tsn + Tug), (4.22)
=0
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So we have

N-1
1
T < sup N E (Tip +Top + I3 p +Zak) -
pco N —

Let us provide uniform bounds in 6 on the sum over k of the terms Z; j, Zo ;, Z3 i, Za1. First we
have

1 ]Vz_l N“/“"Zh)’y 012
~ 2Tk <L + Y [*")ds
N = N Jiny,
v N~y+ih ’Y ih
<3 [ et 3 [ s
N Jin N Jny,
<2 / (1 V22 )ds + 292220 (7 (14 v 2ryas
N ih Zh 0
2 N~y 120 ih ,
< 1 Mds + 292 — / 1+ |Y91?")ds. 4.23
<o [P et [y
For 13 j,, we write
| V-l 2 |~ )1
=N "I <0 1+ Y27 (B))*
N 2 3k < Oy sup kzo (L + Y, (B)I")
5 (N’Y"Flh)w Y 9, 9
<oy [ (1 + Y27 (B)P)
0ecO
v Na= v " 0
SC—sup/ 1+ 1, —sup/ 14 |Y2(B)?"
N (L+ Y77, (B)) A0y S | (L+ Y. (B)F)
Y Ny= 0,y 2 1 ih 0,y 2
<C-L 1+1Y, ")+ C1; 1+ |2 (B
<ofsw [0+ B+ Cliasin o [0+ v B
'72 Ny 2 Il'#o i 0,y 2
SC—sup/ + N+ C : / 1+ |Y,7(B))*). (4.24
N’Yee@o( Y27 (B)*) N’yeezho( Y. (B)[7"). (4.24)
For 17, j, we have
L V-1 1 | Sk |1 N
NZIMSN > 7_1/ | Biyst — Bro|*dt
k=0 k=0 0

I /\

'Y N~y+ih—vy )
N o (/ |Bsw+t sw| dt) ds

1 ih N~y
< Ni/ <’yl/ |Bs,y+tB5’Y2dt> ds+—/ < *1/ |Bsw+m+t By +inl dt>
Y Jo 0

(4.25)
Therefore, using (4.23), (4.24), (4.25) in (4.22), we get

q N ih
T<CY | sup ol 7(1 + Y2 17" )ds + 2 su 2 Lizo (1+[Y2*")ds
= 0 s+ih 0687 ih 0 s

72 N 0,y 2 ]1'?50 i 0,y 2
+C—su/ 1+ 1Y, "+ C : / 1+ Y, (B)]”"
oo [ e, P ng ol ARl

1 ih ~ Ny
+7/ (ry—l/ sup|Bsw+t—BSWZdt> ds—i——/ ( _1/ SUP|Bsﬂ,+zh+t Bsw+ih|2dt> ds
N~ Jo 0 0€O 0 0€O

N-1
L 2
+ N g sgg ‘B(k7+ih)'y+€k,i - B(k'y+ih),y| )
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Since Ny > 1 and €;; < v, Using Jensen’s inequality («/2 > 1) and taking the expectation, we
get by applying [14, Proposition 3.5] that for ¢ € (0, a min(H)),

Noy a/2 1 ih a/2
IO‘/Q <y sup / 1+ " + 2+%E |sup #O/ 1+ YSH Mds
Z(Leemo (4 Vs + 207 fsup 222 (71 vt
L oyE | /N7<1+|Y“ | s 1#0/ 1+ B "
—— sup up i
TR Ny 0co Jo brin K sco ih Jp

+ ’Ya min(H)—e + L /N'y ’)/a min(H)—e ds + i Nzil,ya min(H)—e
Ny Jo N k=0

a/2 ih a/2
Tizo [*
<C, sup / inl*"ds +27°E |sup —Z / Y7 [*rds
Zz; < Le@ N~ | st nl gco th Jo &
1 Ny /2 Lo o a/2
2 2r 2 T Y 2r
+Cy’E Fggg/ | t-y+1h( )| +Cy°E s TN /0 Y, (B)|

+ ,ya + ,ya min(?—[)—a) )

By Proposition B.1(iii), Proposition B.2(ii) and since < 1, we have that the quantities

1 N 012
sup — Y/|“"ds
gco Ny / | * ‘

a/2 a/2

Ny
E sup/ Y, (B)*
N [ )

are finite uniformly in IV and . One can check that the result still holds when the process is shifted
by ih since the shifted process is still solution of an SDE that satisfies the necessary assumptions.
Therefore, for € € (0, a max(H)),

E[Ia/2] < C’Ya min(H)—E.

We conclude by observing that by Jensen’s inequality

q 1 N-—1 2

7> Z <§gg N |Yk'y+zh Iw-&-zh(B”)
q N-— 2

>0 (St S v
=0 k=0

Hence
E sup Dﬁlv)(ﬁ)” < CE[Z/?] < Cyomin()—¢, (4.26)
€O

Consider now Dj(\z;’?v(ﬂ), which we recall is given by Dgf;’?,y(G) =d(+ kN:_Ol ) X0 (B g). Since

Lo is also the stationary law of the process X? (E), we drop the dependence on B for the rest of the
proof. This quantity is the hardest to handle, due to the fact that we wish to achieve a uniform
bound in #. We first start with the following decomposition:

3 31 32
zup DEV))A/(H) < sup DE\,W) (0) 4 sup DE\,W) (9),
€0 e 6co
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where, noticing that + kN:_Ol Oxo = % fOT dxo dt for T'= N,
Y v

31) e
Dy, (0) = Mmf/o dxgdt

52 1 /T 1 (T
DN/‘/ (9) = d T 0 5Xt9dt, T o 6Xt6 dt .
Bound on supycg DE\‘;’? (f). Similar arguments as before lead to

q T
32 o 1 «@
Esup D2 (0)" < Coa Y [ sup Vs — Yyl dt.
0co =0 0 60co

We will show how to bound the quantity above for ¢ = 0. The same arguments can be used for
any value of 4. Since Y? is a solution of (2.5), it follows by triangle inequality that

t
Y2 Y21 < [ 1beYDlds + lol|Be ~ By |
t'Y
Moreover, using Jensen’s inequality and integrating over ¢, we have

1 [T , . 1 T st , 1 (7
= Y, =Y |¥dt <4 = be (Y, )| dsdt R By — By_|“dt.
T/o Y, tw‘ > T/o /t7|£(s) sdt + |o| T/o | By £

Integrating over t first, we get that

1 1 0 0 1 1 0 1 1
— Y -Y/|¢dt < — be(Y)|ds + o] = B; — B;_|%dt.
T/O | t tryl =9 T/O |£( S)l S | | T/O ‘ t t7|

The drift term above is bounded thanks to the sublinear growth of be given by (2.4) and the
uniform bounds on the L4 moments of ¥} given in Proposition B.1 (ii). As for the term |B, — By_|,
we have thanks to [14, Proposition 3.5] that for all £ > 0,

E (sup |Bt _ Bt.ya> < C,yamin(ﬂ)—s'
HeH

From here, it is readily checked that

1" :
E (Sup T/ |Y;/0 _ ny|adt> < C’yamm(H)_E.
0€© 0

Bound on Dg\?lv) (#). The quantity Dgg{? (0) can be handled the same way as DY in the proof

of Lemma 3.5. Namely, we get that
EDGY(0)" < Co (T + T3 max2max(?0.1)) (4.27)
The hardest part is to obtain a bound on the supremum of DE{?IA/) (0) over 6.
3

Bound on supyce DN}W) (0). Let ©(6) = d(po, 7+ fOT dxgdt). In order to obtain a bound for the
supremum over ©, we discretise the parameter space ©. Let ¢ > 0 and ©(¢) := {956) |1<i< ME}

such that © C Ui]\isl B (91(5), 5) for some points HEE) in ©. Then, for any 6 € O,
@(0) < lo(8) — @ (0:)] + [0 (0:)],
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where 0. := argmin |0’ — 0|. Therefore

{0}

o)

w(0) < lip(0) = (6c) + max

Using (4.27), we have
E sup ¢(0)* < Cq (E sup [o(0) — ¢(6.)|* + M. (T—(X + T—3(2—max(2max(7{)7l))> .
0c© 0co

Let us split the quantity |p(6) — ¢(6:)| in two terms:

1 [T 1 (T
lo(0) — @(0:)] < d(po, po.) +d (T/ Oxodt, T/ 5Xtegdt> :
0 0

Since d belongs to Dy, the second term in the right-hand side yields

1 T 1 (T N Y N 0. 12
d ?/0 5X5dt,f/0 0 o. dt gcqu/o Yevin — Yefanl dt.
1=0

For w € (0,1), Proposition B.3 yields that there exists a random variable C with finite moments
such that

1 [T -
T/ Y — Y/ dt < Clo— 0|7 .
0

This bound still holds if Y; is replaced by Yi4;p since

1 [T 0 T+ih 1 Tih p
T =< S [ v

Overall, we get

1 (T 1 [T -
d f/o 5Xtedt,f/0 Oxocdt | < Cyl0—0.|%,

where C, is a random variable that has a finite moments. By letting 7" go to infinity, we obtain a
similar bound for d(ug, pe, ). It follows that

1 (T 1 [T “ .
d f/0 5det,?/0 byoedt | < C510— 0. F.

Hence we have obtained

]Esup (p(g)a < Ca,q,w (E% + M. (T—a _’_T—%(Q—max(Qmax(H),l))) )
(LG

Choosing M, < 6% and ¢ = T~X for some y > 0, we have that

Esup p(0)* < Ca.q,w (T*XO‘% 4 7% (2-max(2 maX(H),l)erd) _
0€©

Finally we optimize over x to get

Esup ¢(0)* < CoquT ",
0eO

for 7 = 2(;—Jwio_‘éd)(Q — (2max(H) vV 1)). O
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5 Fractional Ornstein-Uhlenbeck processes

We first study the identifiability assumption for the fractional Ornstein-Uhlenbeck (OU) process
in Section 5.1, then a family of small perturbations of the fractional OU process in Section 5.2,
and finally, in Section 5.3 we provide some numerical experiments to illustrate our main results.

5.1 Identifiability assumption

In this section, we provide an example of equation (1.1) for which the crucial assumption Iy is
satisfied. More specifically, we consider the one-dimensional fractional Ornstein-Uhlenbeck process
given by

AU = —¢U%t + odB

U =o. (5.1)

For simplicity reasons, we consider that the linear transformations ¢’ are increments of the form
1770 0 0 0
14 (U 3 ceey U.Jrih) = U.+ih - U

We suppose here that 6 is of dimension 2, i.e. only two parameters are unknown. We prove the
following result.

Proposition 5.1. Consider the fractional Ornstein-Uhlenbeck model defined by equation (5.1) and
assume that one of the parameters £, o or H is known. Let ug denote the stationary measure of

(s, U_Q_HL — U?), then there exists hg > 0 such that for all h < hg, we have

V0,0, € O, d(ugl,u92) =0 iff 0, =0

The proof is given in Section 5.1.1 and is based on proving the injectivity of a specific function.
This is stated in the following Lemma (the proof is given in Section 5.1.2 and Appendix D).

Lemma 5.2. Assume one of the three cases 0 = (§,H), 0 = (§,0) or 8 = (H, o), then the function
f defined by

(5.2)

f 10 — in(mH !t 2H
U2F(2H + 1)5(777) fooo COS(hfL’)W

o?HT(2H)¢—2H
dzx

1S one-to-one.

The computations done in this Section to prove the Proposition above can be generalized to
the case when U? is a higher-dimensional fractional Ornstein-Uhlenbeck process with ¢ a multiple
of the identity matrix.

5.1.1 Simplification of the problem: proof of Proposition 5.1

For the fractional Ornstein-Uhlenbeck process, the stationary measure is known to be Gaussian
(see [5, Eq (2.2)]) and is given by

N(0,02HT(2H)¢2H), (5.3)

Furthermore, the processes U% ), are also Gaussian with the same law. The interaction of such
processes is thus described by the covariance matrix, given by (see [5] for example):

- I'(2H + 1)sin(rH) [ N
E(U{TUY. ;) = o ( 72 ( )/0 cos(zhx)mdx. (5.4)

Now for 61,60, in ©, there is

. ] 0 ) ) ~0 2
dcp,z(ual,u92)2:/z (E61<X’(Ut1’Utih*Ut1)>_]EeZ(X’(Uﬂ,Utih*Uﬁ») g(x)dx.
R
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Since the process (U?, Uih — UY) is Gaussian and stationary, it comes:

R B0 — B
1 M) = 1 701 (7761 761 702 (7702 762
cripo ke E (09 (05 - 09) = E (0003 - U"))

which now reads

p 0 i E(Ugl)Z — ]E(ng)2
CF(:u917iu02) =Vl E (081 U}fl) —F (U(‘)%U}?z) :

In view of (5.3) and (5.4), assumption I, becomes equivalent to the injectivity of the function
f defined in (5.2), which is therefore given by Lemma 5.2.

Remark 5.3. In [13], the authors studied fractional OU processes and proposed a similar estimator
for (H,&,0) simultaneously. Similar to our case, for a strong consistency argument to hold, they
are left to study the injectivity of:

o?HT(2H)¢2H
sin(m o) 1-2H
f : (€7H7 0') — U2F(2H + 1)# fO COS(hx)%iﬁdx 18 injectiye'

—2H

o’T'(2H + 1)% I cos(2hx)”§;+7zzdx
However, they did not prove the injectivity but provide mumerical arguments that support their
claim. Although, in our case, we deal with an easier problem (we estimate only two parameters),
we manage to prove the injectivity of f.

5.1.2 Injectivity of f: proof of Lemma 5.2

When 6 = (¢, H) (only o is known), the proof of the injectivity of f and therefore of the identi-
fiability assumption (2.9) is done in Appendix D (due to the length and technical details of the
proof). We know consider consider the cases § = (H, o) and 8 = (£, 0) and prove the injectivity of

I
The case § = (H,0). Let (a,b) in Im(f), we will show that the equation

a=oc?HT(2H)¢ 2

sin(mH) 1-2H (5.5)

b= o2 (2H + 1 —QH/ ha)Y 4
rre + ) [ ocha) e,

has a unique solution in H,o. First, notice that thanks to the first equation, we can write 02 =
2H

%. Injecting this in the second equation we get:
1—2H

o x
br = asin(rH s(Ehe)—— .
7w = asin(rH) /0 cos(&hx) 722

=g(H)

We will show that the function ¢ is injective. For that, and since g is continuously differentiable,
we will show that ¢’(H) > 0 for all H € H. We have:

1-2H

g'(H) = mcos(rH) /000 COS(fhx)ﬁdw

1-2H

1
x
_9gin(nH 1 o
sin(m )/0 cos(Ehx) og(a:)1 e dz

oo .’171_2H
— 2sin(mH hx)1 ——dx.
sin(m )/1 cos(&hx) Og(x)lJr:z:Q x
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Let us assume first that H > 1/2. Let € > 0 and h small enough such that cos(hz) > 1 —€
for all z € (0,1) (which is possible since ¢ lives in a compact), then:

1-2H 1-2H

L 1
/ o T r
g (H) > —2sin(rH) A log(x) 722 dx —2esin(nH) A cos(£hx) log(x) T2 dx

=g1(H)

oo $1—2H
—2sin(nH hx)1 ——d
sin(rm )/1 cos(&hx) Og(l‘)1+x2 x

=g2(H)
oo p1-2H
H hz)——dx.
+m cos(m )/0 cos(¢ x)1+x2 x
=g3(H)

Notice that since H € H, the absolute value of 2esin(mH) fol cos(&hx) log(x)%dx is bounded
from above by a constant eCy. Let us focus on the sum of g1, g2 and gs3. Notice that gi(H) is

always positive. Bounding the term cos(£hz) in g2 and g3 by 1 (in absolute value), we get

' 1 p1-2H
g1(H)+ g2(H) + g3(H) > —2 sm(ﬂ'H)/ log(m)mdx
0

e $1_2H
— 2sin(rH 1 ——d
sin(m )/1 og(glc)1_|_£2 x

xl*QH

T2

+ mwcos(mH) /
0

Observe that HI'(2H){—2H = 2HI‘(2H)Sin(ﬂ77TH)§*2H I "Lll_;;f dz. So by differentiating in H, the

right-hand side above is actually equal to 0. It follows that there exists a constant Cs such that

g1(H) + g2(H) + g3(H) > Cs.

So overall, we have
g/(H) Z CQ — 601.
Choosing € small enough (which means choosing h smaller than a theoretical hg), we get

g (H) > 0.

We now assume that H < 1/2. We have

/ 1 1-2H 1 pl—2H
g (H) = 7TCOS(7TH)/O mdm + 7TCOS(7TH)/O (cos(&hx) — 1)mdaz
o0 xl—ZH
+ 7rcos(7rH)/1 cos(fhx)mdx
1 pl—2H 1 pl—2H
_ Qsjn(ﬂH)/O 1og(x)mdx - QSin(wH)/O (cos(&hx) — 1) log(x)i1 e dx
) oo $1_2H
- 2sm(7rH)/1 cos(¢ha) log(x) {5 da.
It follows that
1 1-2H o0 p1—2H
J(H) > 7TCOS(7TH)/O mdm + 7Tcos(71‘H)/1 cos(ﬁhac)i1 T dz
1 pl—2H oo pl—2H
— 2sin(rH) /0 log(x)mdx — 2sin(wH) /1 cos(&ha) log(x)i1 e dx.
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Recalling that HT(2H)¢~2H = 2HT(2H) 20 =21 (%0 2" 21 11 e deduce that

1+x2
1, 1-2H 0o . 1-2H 2
x x 72 cos(mH)
H ——dr = — H d
7 cos(m )/0 L 7 cos(m )/1 L Sn(rH)

1-2H p1—2H 72 cos(rH)

do —
1+ 22 v sin(rH) ’

1 oo
72sin(7rH)/ log(x ) dx72s1n(7rH)/1 log(x)

where the second equation is obtained by differentiating with respect to H. Using this in our lower
bound of ¢, we get

o0 pl—2H 0o pl—2H
g (H) > 7rcos(7rH)/1 [cos(&hx) — 1]de — 2sin(7rH)/1 [cos(Ehx) — 1] log(o:)mdx.

Moving all the terms inside the integrals, we are left with
1—2H

() > [T cos(gha)|2tog(o)sin(w ) ~ 7 cos( )] .

We split the integral by the sign of 2log(x)sin(nH) — 7 cos(mH) as follows:

m cos(wH)

e 2sin(mH) x172H
g(H) > /1 [1 — cos(€hx)][2log(x) sin(wH) — Wcos(wH)]mdﬁf

e’} 1-2H
+ / reontamn |1 — cos(€hz)][2og(z) sin(mH) — 7 cos(m H)| —— da.
¢ Zsin(nH) 1+ 22

Since H lives in a compact set, we can choose h small enough so that the first term (the integral
on a bounded interval) is as small as we want it to be. The second term is clearly positive. This
is enough to conclude that there exists hy such that for h < hg, we have

g (H) > 0.

We have thus proved that f is one-to-one.

The case 0 = (§,0). As before, for (a,b) in the range of f, we need to show that (5.5) has a
unique solution in o, . Notice that (5.5) is equivalent to

a=cHT(2H)¢ 21

_ sin(rH) [~ pl—2H
b= CLT/Ov COb(ghI‘)mdﬂj .

=g(8)
Thus, it is enough to show that ¢’(£) > 0 for all £. We have

—2H

J'(&) = h[) sin(&hx) lx—i— = dx.

There is no problem differentiating with respect to £ since using the Laplace transform one can

show that [ Sl;lf)d = F(a/22)1§((i) /2 for o € (0,2). Let us now show that ¢’(¢) > 0. There is

/ 1/h o—2H o0 x—2H
JE) =h (/0 sm(fhx) 172 ——dr + /1/h sm({hx) T 2dm>

1/h —2H+1 1/h 3p3 p—2H+3 oo . —2H
>h / et da:—/ LLdm—/ LT
1422 0 6 1+ a? 1n 1+ 22
—2H+1 —2H+1 1/h 3h3 —2H+3 [es} —2H
>h/ A P A da:—/ 5—‘”761:5—/ a—
1+ 22 1n o 1422 0 6 1+ a2 1 1+ 22
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The idea is to keep the first term since it is positive and bound from above the absolute value of
the other terms. Since H and £ both live in compact sets, we can find constants C1,Cy, C3 and
C4 such that

g€ >h (Om — Cah(1/h)~2H — C3h3(1/h)~2H+2 — 04(1/h>‘”"1>
> h(Clh _ C2h2H+1 _ Cgh2H+1 _ C4h2H+1>

> h2 <Cl — OQhQH — CghQH — C4h2H> .

It follows that there exists hg > 0 such that for h < hg, we have:

g'(§) > 0.

5.2 Strong Identifiability assumption for a small perturbation of the
fractional OU process

In this section, we check assumption Ig for some specific examples of (2.5) and for the distance
d = dcrF,p. Specifically, we shall consider a family U A0 of real-valued processes defined by

AU = (€U + Ao (U)M) dt + odB,. (5:6)

The quantity A is a small enough parameter which is assumed to be known. The process UM can
be seen as a small perturbation of the fractional Ornstein-Uhlenbeck process, since U%¢ = UY,
where U? is the fractional OU process defined in (5.1). We also assume that &, o and H are one
dimensional parameters and:

¢ e [mE,ME], with 0 < mg < M= < 00
o € [my, Ms], with 0 < my < My < o0
H e [mH,MH], with 0 < my < My < 1.
We shall prove that Y satisfies assumption Iy when only one parameter is unknown (so either
0=¢&, 0 =0orf=H). When referring to 0, we will write our assumption above as 6 € [mg, Mg].
Let us start with the process U? := Y% that is the fractional OU itself. In this case, assump-
tion I, is satisfied as shown in the following lemma.
Lemma 5.4. Consider the fractional Ornstein-Uhlenbeck process U?. We call pg its stationary
distribution, where 6 represents either H, o or £. Moreover, if 0 = H, assume that

T/ (2H+1) T/ (2H+1)

mz > sup  eZTCEHEFD or Mg < inf eTCH+) (5.7)
HG[TI’L’H,MH] HE[mH,]WH]
Then for all 61,05 € [me, Me],
dorp(fe, s po,) > ¢l — b2l (5.8)

where ¢ is a constant that does not depend on 61 or 0.

Proof. When 6 = &, this lemma has already been proved in [24, Lemma 6.2]. The fact that £ is
bounded away from 0 is crucial in their proof.

Let us now deal with the case § = H. We have already seen that pg = N (0,02HT(2H)¢2H).
Taking into account the expression of dcp, in (2.1), this yields:

o?H,T(2H o2 HoT(2H. 2
A& p (1o, s 1o,) = /R (exp(—;gg,({ll)nZ) - eXP(-Wﬁ)) gp(n)dn.
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Therefore, it is sufficient to show that the derivative of g(H) = exp(—%rﬁ) is bounded
away from O.

o2HT(2H)

§—2H
“n? n°) (T'(2H + 1) = T'(2H + 1) log(¢)) -

!
9'(H) = o >——exp(~ Se2

Therefore, under (5.7), we either have ¢'(H) < 0 for all H € [my, My], or ¢'(H) > 0 for all
H € [my, My].
A similar analyblb can be done when 6§ = o. In this case, one needs to show that the derivative

of g(o) = exp(— %Z,(}?H) %) is bounded away from 0. Since there is
20 HT(2H) o2 HT(2H)
g'(o) = —WWQ eXP(—WUQL

and all the parameters live in compact sets that do not contain 0, it is clear that for all o €
[mx, Mx], we have ¢'(c) < 0. O

We now wish to extend Lemma 5.4 to the model given by equation (5.6). We will prove the
following proposition.

Proposition 5.5. Let Y be the process defined by (5.6) where 0 is either H, o or &, and
consider p > 3/2. We assume 0 € [mg, Me) as in Lemma 5.4 and X € (0, Ag) with a small enough
Ao = Xo(me, Me,p). Also, assume without loss of generality that be, Oybe, O¢be, 811 ¢be are all
bounded by 1. Moreover, if 6 = H, assume that (5.7) holds. Then the following lower bound holds
true for any 01,62 € [me, Mg|:

dCF,P(/j‘GM/J/@z) > Cm(—):M(—),p|91 — 92|

Remark 5.6. In Proposition 5.5, the assumption that Ogbe and 8§’yb5 are both bounded by 1 is
only needed when 6 = &, that is, the case already handled by [2/, Proposition 6.4).

Proof. Again, the case § = ¢ has already been handled in [24, Proposition 6.4]. Our proof for the
general case will be very similar. More specifically, we decompose dc g p (10, to,) as

derp (o, po,) > 13° — (121/2 +I2 11/2) : (5.9)

where
L = /R (E[exp(infff’ej)] - E[exp(inU?’g")]fgp(n)dm i=12,
Iy = /R (]E[exp(inUtO’ol)] —E[exp(inUf""z)])zgp(n)dm
I = /R (Elexp(inU;")] - Elexp(inUy**) — Elexp(inU;>*)] + Elexp(inU; 792)])2 gp(n)dn.

In our definition above, t is an arbitrary large time to be determined later. Our goal now is to
bound I3 from below and bound I and I;; from above.

Lower bound for I3. We bound I3 from below as follows:
. 770,01 . 770,02 2
B> [ (Blesp(inU? ")) = Elexp(inUs ) gy (n)dr
_ 2
- ( | (Blesp@np ) = Blespint 1) gy ()
. 770,05 . 0,62 2
[ (Blexp(ing") - Elesp(in0?)]) " gyt

30



Now, by Lemma 5.4, there exists a constant c¢; such that the first term is bounded from below by
1|61 — 62]%. In view of Proposition 3.3, the other terms are upper bounded by Ce~¢*. Choosing t
large enough, we can thus bound I3 from below by

C
I > 51\01 — 6,

Upper bound for I;;. The term I;; also represents a distance between the solution of (5.6)
and its stationary version, so we want to use Proposition 3.3 again. For that, we need the drift
—&. 4+ Abe(.) to verify assumption Aq. It was already checked in [24] that this is the case when b,
Oxbe are bounded by 1, and A is small enough (A < meg(1 — €) for some € > 0). So we clearly have
I;; < Ce . Setting ¢ large enough we get that

C1
I; < T6|91 — 0)°.

Upper bound for I,. We refer here to the upper bound for I from the proof of Proposition
6.4 in [24]. Namely, it was shown that (see equation (6.17) in [24]) that

I, <CE

)

(102 = P+ 18R@)]) (10 = UL |+ |ARUD]) + 1 ART:)]

where Agr(U,) are the rectangular increments defined by
AR(Yt) _ Ut/\ﬁl _ Uf’ol _ Ut>\792 + Ut0792'

Notice that when § = H or § = o, we have Ar(U;) = 0. So we get
I, < NCE (|07 = P PloU?|% )

It was shown in [24] that [0 U%||%, < cme,m=.c When be and 9zbe are both bounded by 1 and
A <mz=(1—¢). We end up with

2 0,6 0,01 |2
-[2 S C’ITLEJ\/IE,EA E|Ut 7 — Ut 1| .

Now if & = H, the increments of the stationary Ornstein-Uhlenbeck process are shown to be
bounded in [14, Lemma A.1]. Via a similar analysis for the non-stationary Ornstein-Uhlenbeck
process, one can show that

2

E ]U;)’OZ Ut < 1, — 6,2,

where C does not depend on ¢t. When 6 = o, we have

2 t
_E < / (05 — Gl)e”“dBu)
0

< C(hy — 61)2

2
]E‘l)t’2_l)t’l

So, finally, our bound on I becomes
Iy < Crpe iz N2 |02 — 012
Finally, we choose A small enough so that:
C1 2
I < =161 — 05]°.
2 < 14101 — 6

To finish the proof, it remains to combine the bounds we obtained for Is,l> and I;; into (5.9). O
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5.3 Numerical results

In this section, we provide numerical examples to illustrate our main results. We only deal with
the one-dimensional Ornstein-Uhlenbeck model defined in (5.1) that starts from 0, as we think it
already raises numerous questions about the numerical implementation. We explain at the end
how one might extend our approach to more general SDEs of the form (1.1).

Simulated data. The fractional Ornstein-Uhlenbeck process can not be simulated exactly. There-
fore, we have chosen a discretization procedure thanks to a simple first order Euler scheme with
very small time-step v (namely v = 1073) in order to get a good approximation of the process.

Let us recall that in the setting of equation (1.1), the simple Euler scheme converges strongly
to the true SDE. The same is tue for the augmented process X%, since we have:

q
X - X <O i, YR,
i=0
and the right hand side is bounded from above thanks to [24, Proposition 3.7 (i)]. Furthermore,
taking the expectation in the previous result leads to a marginal control of the L?-distance between
the Euler scheme and the true SDE (with same fBm) of order v (independently of the horizon).
This confirms that our approximation of the observations is reasonable when H is not too small.
Let us also recall that the fractional Brownian motion can be simulated through the Davies-
Harte method. Therefore, up to the approximation of the true SDE, we now assume that we are
given a sequence (Yi)r>0, where (¥7);>0 is a solution to (1.1) with a given 6y. Then we create
from this path a subsequence of observations (X;, )}_; as defined in (2.6). Here we take ¢ = 2 and
consider the linear transformation to be the simple increments:

e, LY =Y%, —vh =12

Furthermore, we consider the time-steps t; to be of the form ¢, = kv, which means in particular
that we assume 7y to be of the form kgy with ky € N, (namely kg = 100). Recall that the

observations (kaD)Z:1 contain three observed paths (2.6).

For the rest of this section, we will use the following terminology:

e One-dimensional case: This is when we only use the first path of X% (i.e Y%) as observations.
This means that we are only interested in estimating one parameter (either the drift, the
diffusion or the hurst parameter) and we assume the other two known in advance. There are
thus three choices to consider.

e Two-dimensional case: This when we want to estimate two parameters and therefore take
the first two paths of X% as observations. There are also three choices to consider.

e Three-dimensional case: This when we want to estimate all the parameters and therefore
consider all the paths included in X% . Here, there is only one setting to consider.

Computation of the distance between the empirical measures. The theoretical construc-
tion of an estimator like (2.10) involves in practice the computation of the distance d between the
empirical measures of the observed process and the stationary distribution, for a distance d € D,,.
We describe how to compute this kind of distance.

Whenever d is the Wasserstein distance, an explicit computation of the distance is possible if
the observed process is 1-dimensional. However, as we explained in Section 1, using the obser-
vations of Y% only allows us to estimate one parameter. If we want to estimate more, we need
to add increments of the process into the observations. This gives birth to a augmented process
X% that lives in a higher dimension. Unfortunately, in higher dimensions, the computation of
the Wasserstein distance requires approximation/optimization methods that are highly expensive
complexity-wise and are out of the scope of this paper. In this context and as in [24], it seems to be
numerically simpler to work with an approximation of the distance dc ), (defined in (2.1)), which
is also used for our analysis of the rate of convergence. Such an approximation can be obtained by
a standard discretization of the integral which appears in (2.1).
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Minimization of the distance with respect to 6. Eventually the implementation of our
estimation procedure relies on an optimization problem in order to compute the argmin in (2.10).
More specifically, in the Ornstein-Uhlenbeck case, we already have an expression of the stationary
distribution (5.3). Furthermore, we also know how to express the covariance between the process
and its increments (5.4). Since the stationary distribution is Gaussian pug ~ N(0, %), we thus
have all the information we need to simulate it.

In this case, we want to minimize:

n—1
1
F:G%d(ﬁkz_oéxf:,ug). (5.10)

In the one-dimensional case, the computation of F' is quite fast, so we simply use the Python
library scipy.optimize to minimize F'.

In higher dimensions, when we use more than one path of X, we adapt the same technique as
[24] described mainly in Equation (7.6). Taking d = dcop,p, the idea is to write the functional F
as:

F(0) = dorp(n, ne) = Ellu(fe) — no(fa)l?). (5.11)

ééxeg , fo(x) = €™ and ® is random variable that has g, as density (see
Tk

where p = 13777
(2.2)).

Writing F' this way allows us to perform a stochastic gradient descent algorithm. In fact, the
gradient VF' is formally obtained as:

VF = EA(0, ®), (5.12)

where

n—1
=~ (:L > cos((g, X70)) - eé¢TEe¢> (e72™200) ¥ (67500)

Thus, our gradient algorithm reads:
6n+1 =0, — nnA(env ‘I)n-i-l)a (513)

where (7,), is a sequence of positive steps and (Z,), is a sequence of i.i.d random variables with
common distribution g,.

Simulation of the variable ®. To perform a stochastic gradient descent, we want to replace
the expression of the gradient above by simply A(f, ®) where we recall that ® has density

9(9) = (1 + [*) "

Since g, has a spherical form, ® can be simulated using the spherical coordinates and the inversion
method. More specifically, the simulation of ® can be reduced to simulating independent one-
dimensional variables that either have a uniform distribution or if not, can be simulated through
the inverse method.

The two-dimensional case (i.e when we use the first two paths of X% as observations) is
described in [24, Section 7|, basically ® can be simulated as (Rcos(©), Rsin(©)) where R has
= % and © has a uniform distribution on [0, 27]. The reader can check that their
approach can be generalized to any dimension. For instance, in the three-dimensional case, ® can
be simulated as [R cos(U) sin(V'), Rsin(U) sin(V'), Rcos(V)] where R has density g, (r) =

V has density ¢?(v) = csin(v) on [0, 7] and U has uniform density on [0, 27].

density g, ()

T
SR
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Numerical Illustrations. Let us now turn to some numerical tests. We consider the process Y
given by (1.1) where the drift b¢(.) = —§. (i.e the OU process). We assume 6 to sit in a compact
interval. The assumptions Ag and A; are clearly satisfied, where I, follows from Proposition 5.1.
Moreover, Lemma 5.4 proves that I is satisfied when we are only interested in estimating one
parameter. Using the strategy described before, we get a discretely observed path of X with the
following parameters:

0o = (&0, Ho,00) = (2,0.5,0.7)

v= 1073
y=10""1
n = 10000
q=3.

We start with the one-dimensional case (Figure 1). In this case, we can use the Wasserstein distance
as its implementation is quite fast. We compute the functional F' defined in (5.10) and minimize it
using the Python function minimize (from the scipy.optimize library). We compute the minimum
of F' over many trials, which allows us to plot statistics like the mean and the variance.

We then move on to estimating two parameters, assuming the last one is known (Figure 2). In
this case, we implement the stochastic descent described above. We let our gradient descent run
until it reaches 1000 iterations. Since the parameters £, H and o are not comparable, we decided
to plot the loss function

|91 Z
Loss(6 Z |901 01 ,

where 6° denotes the initial point in our algorithm and @' is the i-th coordinate of 6.
Finally, we estimate all the parameters. In all experiments, we take 0 = [£y = 2, Hy = 0.7, 00 =
0.5]. And in the last one, we test another initial point 69 = [1,0.5,0.6].

Diffusion estimation Hurst estimation

s

150

125

o
0475 0480 0485 0490 0495 0500 0505 0510 0515

Diffusion estimation

0l
0475 0480 0485 0490 049%5 0500 0505 0510 0515

Figure 1: Histograms for the estimation of each parameter separately. The true parameters are
highlighted in red and the empirical mean of the estimators in black. Left: estimation of o, the
empirical variance is ~ 107°. Right: estimation of H, the empirical variance is ~ 1073, Bottom:
estimation of ¢, the empirical variance is ~ 1073,
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—— Hurst and diffusion estimation —— Drift and hurst estimation

0 200 400 600 800 1000 0 200 400 600 800 1000

—— Drift and diffusion estimation

0 200 400 600 800 1000

Figure 2: The evolution of the loss function with respect to the number of iterations in the gradient
descent, the size of the sample is fixed to 10000. The true parameters are £ =2, H = 0.7, 0 = 0.5.
Left: the estimated parameters are H = 0.678, ¢ = 0.57. Right: the estimated parameters are
¢ =1.82, H=0.72. Bottom: the estimated parameters are £ = 1.838,0 = 0.529.

25 —— Estimation of all parameters

Figure 3: The evolution of the loss function with respect to the number of iterations in the gradient
descent, the size of the sample is fixed to 10000. The true parameters are { =2, H = 0.7, ¢ = 0.5.
The estimated parameters are £ = 1.5, H = 0.8, 0 = 0.4.

Discussion. In the one-dimensional case (see Figure 1), we manage to get reasonably accurate
estimators of the parameters. While the drift estimator seems to suffer from a slight bias, the mean
and variance of all the estimators over the hundred trials are satisfying. Notice that we always
have “aance < ().01.

In the two-dimensional case (Figure 2), we used a mini-batch procedure. That is, in equation
(5.13), we replace the random simulated term A(6,,, ®,1) by an average over m = 100 simulations.
The mini-batch procedure is known to reduce the randomness of the algorithm. The results
displayed in Figure 2 show that our approach yields a good convergence of the estimate to the
true parameter . However, our simulations also reveal that the gradient gets flat near the true
parameter. Therefore the algorithm moves very slowly after a large number of iterations. This is
the reason why we decided to stop the algorithm after 1000 iterations. Also, we noticed that the
partial derivatives A(#, @) have different magnitudes and decided to adapt our steps 7, accordingly.

In the three-dimensional case (Figure 3), the gradient gets flat very soon and the algorithm
moves very slowly after a few iterations. Here, we stopped the algorithm after 100 iterations as
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the three-dimensional case is quite expensive complexity-wise.

Overall, these attempts to combine our statistical procedure with gradient descent algorithms
would certainly need to be enriched with deeper considerations. So this task is deferred to a
subsequent paper for the sake of conciseness.

Beyond the OU model. When the stationary distribution is unknown, one can approximate
po(fe) in (5.11) by + Zgz_ol f(XZ;]) for some large N and small 4 as we explained in Section 4.
In this case, we can write the gradient A as in [24, Eq (7.6)]:

A(67 (b) = 2(”0 - /1*) COS(<¢7 >) p9(_ Sin<¢7 >)
+2(po — ) sin((9, .)) po(cos(@, .)), (5.14)

where for any function g : R — R, each component of pg(g({¢,.))) reads:
i 1
po(9((6, )" = 79((6. X)) (0, 06 X17).

Therefore, the question is how to simulate paths of the process i X %7 In [24] the authors handle
the case when 60" is the drift parameter £ and explain how the process can be simulated recursively
as

0, 0y | - 0, 9, 0,
OeY (1 1yy = DV + 7 (ebe(Viy?) + Vabe()0Y )

The same technique can be used when 6’ is the diffusion parameter o:

0, 0, - =0, o,
05V (1 hy5 = 0o Y2 + Ve (YY" )06 Y2 + (Birsryy — Bra) -
Finally, in order to compute gy Z. in the same way, one needs to compute dg B. which is not an
obvious task. For instance, using the representation of the fBm on an interval [23, Equation 5.8]

t
B, — / Ku(t, $)dW,,
0

one cannot simply differentiate the kernel Kp with respect to H to get dg B.. In [20], it is shown
that for all ¢ > 0, B; is almost surely infinitely differentiable with respect to H. But since we
consider ergodic increments, we need a result that states: almost surely, for all ¢ > 0, B; is
infinitely differentiable with respect to H. So maybe in this case, one should look into derivative-
free methods for optimization (e.g [8]), where one can perform a gradient descent without having
to compute the gradient. Or maybe the dor, distance is not appropriate and we should consider
other distances. This opens new potential problems when considering models beyond the fractional
Ornstein-Uhlenbeck, which we leave for future investigation.

A Regularity in the Hurst parameter

In this section, we borrow some results from our companion paper [14, Section 4 and Section 5]
that state the regularity in the Hurst parameters of continuous and discrete ergodic means. Recall
that the fractional OU process is defined by (5.1), and let us denote by U? the stationary fractional
OU process.

Lemma A.1. Let H be a compact subset of (0,1). For each H € H, let Y be the solution of
(2.5) with the drift b satisfying A1. Let w € (0,1) and p > 1. There exists a random variable C,

independent of & and o, with a finite moment of order p such that almost surely, for any t > 0 and
any 01 = (§,H1,0),02 = (§,Ha,0) € H,

1 t+1

— YO —y% | ds < C|H, — Hy|™.
t+10’5 2" ds < C|Hy — Ha|
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Proof. For any 6 € O, the process 0~ 1Y% is solution to the SDE
t
o Y =07y, —|—/ be(o1Y?)ds + By,
0

with be () = 0 be(0-). We have be € C1(R? x E,R?) and since ¢ lives in the compact set ¥, on
can check that be still satisfies (2.3) and (2.4). Looking through the proof of [14, Theorem 4.5], a
comparison with the stationary OU process U gives

I

1
o |071(Y891 _ 3262)|2 ds < O|U(§1,H1Jd) _ Uél,Hz,Id)F

1 t+1

t+1

We can now apply [14, Proposition 4.2] with ¢ = ¢ = 0 and [14, Proposition 4.4] with H' = K = K’
and t' = t to get that there exists a random variable C; (independent of ¢ and &) with a finite
moment of order p such that

T LHLID L H L) 12

1 t+1 p 0 9
m |O'71(Y31—}/s2)| dSSC1‘H1—H2|w
Since ‘O’ (YO —v8)| > o7t |(YI - }/5‘92)|7 dividing by |o~!| and taking the supremum over 3,
we get the desured result by setting C = |0~ !|~1C;. O

Lemma A.2. Let H be a compact subset of (0,1), @ € (0,1), and p > 1. There exists v > 0
such that for v € (0,v), there exists a random variable C with a finite moment of order p such
that almost surely, for all t,t' >0 and all Hy, Hy € H,

1 t+1 -
1) Us(i’Hl’Id) _ Us(i’H2’Id)|2d5 < C|H, — H,|%,
where s, denotes the leftmost point in a time-discretisation of step 7.

Proof. Apply [14, Proposition 5.1], with ¢’ =t and H' = K’ = K to get that

1 t+1 B B B B
T ‘ULg(}{,Hl,Id) _ Us(i’H2’Id)|2d8 < C|H1 _ H2|w + CE|U(§1,H1,Id) . U(()l,Hz,Id)|2.
Now apply [14, Proposition 4.2] with ¢ =¢' = 0 to get the desired result. O

Lemma A.3. Let H be a compact subset of (0,1). Let w € (0,1) and p > 1. There exists vo > 0
such that for v € (0,70], there exists a random variable C with a finite moment of order p such
that almost surely, for any N € N* and any 0 = (£, Hy,0), 62 = (§,Hs,0) € O,

2
N Z ’Ygl Ty 7‘ < C|H: — Ho|”.

Proof. For any 6 € ©, the process o~1Y"7 is solution to the SDE
t
oY =07y + / be(o™ 'Y )ds + B!
0

with be(z) = 0~ be(0-). We have be € CHH(R? x Z,R?) and since o lives in the compact set 3,
one can check that be still satisfies (2.3) and (2.4). Looking through the proof of [14, Eq (5.5)], a
comparison with the stationary OU process U gives

N

1
N

N
2 1 ~ - 2
’O.—l(ylfvlf‘/ _ Ykei/)’)‘ < C<N § : ’U](}/’Hl’ld) _ U]g,HmId)‘
k=0 k=0

) A L N 1, Hy,1d) |
+‘U0,1, _UO,27 ‘_,’_7/ ‘Us(yh )_U§72, )’ ds |.
N~ Jo
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The regularity of the second term in the right-hand side is given by [14, Proposition 4.2] and the
regularity of the third term is given by [14, Theorem 4.5]. To bound the first term, we apply
Lemma A.2. To conclude the proof, we notice that |0_1(Yk0,;’7 — Y,fj’v)| > |a_1||(Yk9,; — Yke,j)|,

divide by |o~!| and take the supremum over .

B Continuity and Tightness results

In Proposition B.1 and Proposition B.2, we prove that the solutions Y? and Y%7 to (2.5) and (4.1)
and their ergodic means have finite moments uniformly in time and 6. Finally, in Proposition B.3,
we state a result on the the regularity of the ergodic means in 6.

Proposition B.1. Assume Ag and Ay. Let Y be the unique solution of (2.5). Let p > 1. Then
the following inequalities hold true:

(i) supsupE (Y7 F] < oco.
>0 6

1/t ?
(i) E (supsupt/ |Y502ds> < 00.
0

>0 06
1 n—1 p
(1ii) E supsup—Z|Y,fh|2ds < 0.
t>0 00 N o

Proof. Throughout the proof, C' will denote a constant that do not depend on 6 or ¢ and that
may change from line to line. Observe that when the supremum is taken only over £, the proof
is already done in [24, Proposition A.1]. The proofs of all three items are based on a comparison
with fractional OU processes defined in (5.1).

For the proof of (i), by [12, p 725], a comparison with the stationary fractional OU process
ULH9) yields that there exist constants c1, ¢z > 0 independent of & such that,

t
|Y;t . Ut(l,H,a)|p < e—2c1t‘YO|p+02/ 6—202(t—s)(1+ ‘Us(l,H,U)|p)ds
0

Moreover, since U(1:#:9) is a Gaussian process, for any ¢ > 1, we have ]E|Ut(1’H’J) [P < (IE|Ut(1’H’U) |2)p/2.

By (5.3), we know that E|U""7)|2 = ¢2HT(2H). Therefore

supsup E[Y?|P < C(1 + sup sup E|U§1’H’U)\p) < 00
>0 0cO >0 6€0

For the proof of (i%), we follow the steps of the proof of Proposition A.1 in [24] (see equation (A.6)
and what follows), to get that for all ¢ > 0,

1 t
f/ sup |V ?ds < C= / sup  |UY%ds
tJo vco 9=(1,H,0)cO

1
< C’f/ sup o] |ULHAD |2,
t Jo 6=(1,H,0)cO

It follows that

1 1
f/ sup |V |2ds < C’f/ sup |UMHAD 124
tJo o tJo Hen

(sup / U HTd) /2 2ge 1 / (12 1d) 2 ds)
Hen t
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Moreover, by Lemma A.1 (applied for Y? = ULHI4) for any B € (0,1), there exists a random

variable C with a finite moment of order p such that for any ¢ > 1

1/t 1 1t
f/ sup [YO2ds < O Csup |H — =|Pds+ = [ |ULY2ID 1205 1],
tJo o HeH 2 tJo

We also know by [22, Section 1.3.2.2] that %fot 82D 1245 converges to E|TSYHD 12 =
02HT(2H) as t goes to co. It follows that

1 t 0o P
E(sup- [ sup|Y/|°ds) < oo.
>0t Jo o

The proof of (i) can be done in the exact same way by transcribing all the integrals to discrete
sums and using Lemma A.2. O

Proposition B.2. Assume Ag and Ay. Let Y7 be the unique solution of (4.1). Then there
exists yg > 0 such that for any p > 1 we have

P
(i) sup  limsupE ‘YX};" < 0.
0€0,v€(0,70) N—oo

p

N-1
1
(ii) For ~ € (0,70], E { sup sup — Z |Ykev"y|2ds < 0.
pcon>1 N Pt

Proof. Note that the same results are proven in [24, Proposition A.4] when O only represents the
range of the parameter £. With this in mind, as in Proposition B.1, the proof of (i) is based on
comparisons with the discrete Ornstein-Uhlenbeck process, which has finite moments uniformly in
6. The proof (ii) is the same as the proof of (i7) in Proposition B.1 and is based on a comparison
with the discrete OU process and Lemma A.3. O

Proposition B.3. Let 0, and 05 in ©, consider the respective solutions {Y'}, and {Y}??}, of
(2.5). Assume hypothesis Ao and A1 are satisfied. And assume that the exponent r in the sub-
linear growth of be in (2.4) satisfiesr < 2. Letp > 1, and w € (0,1), there exists a positive random
variable C that has a finite p-moment, such that almost surely for all 01,02 € © and for allt > 1,

1 t
: / Y Y2 ds < C (LA |6 — 0s]7). (B.1)
0

Furthermore, there exists vy such that for v € (0, o] similar results hold for the occupation measures
of the Buler approzimation MY, that is almost surely, for any 01,0, € © and any N > 1,

N

1 =

~ N VAT — Y2 2ds < C (1A [0 — 0] ) . (B.2)
0

Proof. In the proof, we denote by C' a constant independent of time and 6 that may change from
line to line. Similarly, C will denote a positive random variable that has a finite p-moment and
that do not depend on # and may change from line to line.

We will focus on the proof of (B.1). The proof of (B.2) can be obtained using the same tools,
plus some discrete computations and the discrete analogue of the results we borrow from [24] and
[14]. Up to introducing pivot terms, we can consider three different cases,

1) 01 = (ElaHa 0—)792 = (E27H70)
2) 01 :(65H1a0)7 02:(57]_]230')
3) 91 = (é-aHa 01); 92 = (f,H, U2)~
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In the first case, we have by [24, Equation 5.32] that

1/t 1/t
*/ Y9 — P2 2ds < Cl&; — & (Sup f/ YfIQTdS> :
t 0 Ge@t 0

where 7 is the exponent in the sub-linear growth assumption on b¢. Since r < 1, we have
I I
7/ |Y991 - Y902|2d5 < C|§1 - §2|2 1+ sup 7/ |}/99|2dS 3
tJo - ’ veo t Jo =

It follows from the uniform bound on the moments of Y,? in Proposition B.1(ii) that there exists
a random variable C with finite moment of order p such that

1 t
o[ vepas < cle - el (B.3)
0

In the second case, let w € (0,1). By Lemma A.1, we get

1 t
Z/ Y9 — v 2ds < C|H, — Hy|™. (B.4)
0

In the third case, the idea here is to compare the process Y with the fractional OU processes
ULHo1) and U1-H:92) defined by (5.1). For s > 1, we have

glygl _ Y02 _ (U(l,H,a'l) _ U(l,H,o'Q)) |2

9s s s s s
_ 2<YSO1 _ }/892 _ (U§1,H761) _ U3(1,H,62)> ’b(Ysﬁ) _ b(}/s92) + (US(LH,Jl) _ Us(l,H,o2))>
< —01\Y391 _ Y'592|2 _ 02|US(1,H,<71) _ US(I,H,UQ)|2 + 63|YVS€1 _ Y;GZHUS(LH’JI) _ U—S(l,H,az)l7

where the last inequality follows from A;. Next, we apply Young’s inequality to get
0

ailysel vyt (Us(l,H,ol) _ Us(l,H,ag)) k
s

< _cl|Y891 _ }/892‘2 _ C2|US(1,H,01) _ Us(l,H,az)IQ + C3|US(1,H,01) o US(17H,02)|2

< —alyh — v - (Usu,H,m) _ U§1’H’“2)) 2 4 eo|UHon) _ gtHo)2,
We can now apply Gronwall’s lemma to get
Yo —yo - (U§1,H,al) _ U§1,H,ag)) 2 < O/O e~ (s (LHo) (L ) 2,
Jensen’s inequality yields that:
|Y591 _ 3/592 _ (Us(l,H,Ul) _ US(LH,o-z)) |2 S C/S e_(s_u)|U£1,H,01) _ U£17H702)|2du,
0
and therefore
|Ys91 _ y502|2 < C<|US(1’H"”) _ US(I’H"’2)\2 + /S e*(S*u)|Ul(Ll,H,01) _ Uél’H’02)|2dU>.
0
Then, using Fubini’s theorem, it comes that

1 t C t t
- / YO =Y Pds < — / uihhen) — ybHhez) 2 / 1jo,e” " dsdu
0 0 u
1 t
+ 2/ ‘Us(l,H,a'l) _ US(LH,GQ)|2dS
0

c [t
< 7/ U He) _ (LHo2) 2y,
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Now, observe that

Ugl,H,ﬂl) _ Ugl,H,Jg) — (0,1 _ 0_2)U(1,H,Id).

Since UMY has finite moments uniformly in 6 (recall (5.3) and that ULH14) is a Gaussian
process), it follows that

1 t
Z/ Y9 — Y92 |2ds < Cloy — oo ?
0

where C has a finite moment of order p.

C Proof of Proposition 4.1

The proof follows the same steps as the proof of Lemma 2.2. Let § = (§,H,0) € ©. We will
first prove that almost surely, the random measure % fg dyo.~ds converges in law to pg as t — oo.

This implies that % fot dy0.~ds converges to pp in the Prokhorov distance. To extend this result
to distances d in Dy (i.e dominated by the 2-Wasserstein distance), we use the fact that the 2-
Wasserstein distance is dominated by the Prokorov distance dp as follows (see [9, Theorem 2]):

t

1 1 v 1
/ dyorvds, o) < Cpsup max(f/ X0 2ds VE|XP?) + 1 dp(*/ dyords, fig)
o ° t>0 tJo tJo °°

d(;

By definition of the process X%, we have that

1t 9 ~ (1 (" o0
(5 [ werpasvexiop) <o,y (3 [ winpasvaviae) e
=0

Therefore, we conclude thanks to Proposition B.2 that in the present case, the convergence in
law is equivalent to the convergence for the 2-Wasserstein distance. Similarly to Section 3.2, we

consider a family of probability measures on the set of cadlag functions for which the identification
of the limit will be easier, namely {m, = % kN;Ol dxo }e>0. We first prove that the family is
ky+.7 T

tight and then identify the limit as the discretely stationary law of the augmented process X%7.
For tightness, we have to prove the following two points (see e.g [3, Theorem 13.2]

1. VT > 0, (™) defined by

| N1
il D DLICETEN:
is a.s. a tight sequence.
2. For every n > 0,
| N1
HI;lj(l)lp l:lrgilig) ~ kZ:O 6{“"}()(;31,1.’5)277} =0 as.
with
wip(z,0) = inf {max sup |z — xs|}

{ti} | <7 steltitiv)

where the infimum extends over finite sets {¢;} satisfying:

O=to<t1 <---<t.=T and 11’<1f(tz—t271)2(5
i<r
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Since the process has only jumps at times ny with n € N, w/, (XOW, 5) = 0 when § < . It follows

that the second point is obvious. Then, let us prove the first point. By definition of X ,for k> N,
we get

q
6, 6,
|kayry|2 S Cq Z |Yk'y’—yi-zh‘2'

i=0
In the proof of [24, Proposition 2], we have
N+[T/v]-1
~ 0 . .
sup Y, 7+t|2 sup Vi |? < |YN;Y|2 +C |1+ Z |B(s1y, — Biy?
te[0,T] EE{N,...N+[T/~]} I=N

Thus, if V(x) = |z|?, we deduce that
N-1k+[T/y]-1

A . .
uy (V) < Co | =D I3 21140 N D Z 1By, — Biy|?
k=0 k=0

L, T ntlT/rl-1 )
< Cq EZ‘Y]C’;’Y 2+1+ L;J Sli]fl)ﬁ Z ‘B(k—'rl)'y _Bk'y|2
k= "= k=0

Using Proposition B.2 and [24, Eq (15)], we conclude that supys; /L%N)(V) < 400 a.s, which

implies that (g (N ))N>1 is a.s. tight on R (see e.g. [7, Proposition 2.1. 6])
Now, let (n)n>1, be an increasing sequence going to +oo and { Zt . dyor tn>1 be a
ky+- -

(pathwise) sequence with limiting distribution p. We first show that p is the law of a stationary
process. Let M > 1, (uq,...,up) € RM and f: RM@+H)) 5 R then for all T > 1

. o

= Y 0,y _ 0,y 0,y

tn Z ( (Xu1+k'y’ o XuM+k'y) f (XuM+k'y+T'y’ T 7XuM+k'y+T'y))
k=0

1 T-1 tn+T—1
0, 0, 0, o,
= a (Z(f (Xullk’Y’.' Xuzxz+k’y> - Z (f (Xu17—&-k’y"‘ XUJ\Z“F]C’)’)) )
k=0

k=ty,

The last term converges to 0 when ¢, — oo a.s since f is bounded. Therefore, p is the law of a
stationary process. Let us now prove that p is the law of X 0,
A process z; = (Y1, 2}, .., 2{) has the law of X7 if 2, = z., for t € [k, (k+ 1)7], and

Y. — Yo — / be (yu)du has the law of a 0 B. where B has Hurst parameter H;

(-+ih)~ .
P </ be (yu)d ..,/ bg(yu)du> has the law of of"(B. ..., B(.yin),) for all i € [1, 4],

where for all ¢t > 0, t, = v|t/v]. Let us define

Y. —yo — [y be(yu)du
h
2b = 0 (7 beladdu, J3 7 be(ya)du)

N (fO.AY bg(yu)du, ) f0(<+qh)w bi(yu)du)
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and
B.=(oB.,,...,0l'(B.,..., B(.Jrqh)w)) )
In other words, we have to prove that
~vo G;l is the law of B,

Since G, is continuous for the u.s.c topology, we have
tn
-1 _ 7
yo Gy = lim — 6Gw(Xfﬂ)d8'

n—oo t, 0

Let T > 0 and F : C([0,T],RUe+D) s R be a bounded measurable function. We want to show
that

tn
lim i/ F (G%Xﬁﬂ)) ds = EF(B.).
0

n—oo n

It is sufficient to check the convergence for the finite dimensional distributions. For any N > 1,
{uy,...,un} € RY and measurable and bounded f : RAa+DN 3y R we want to show that

b [ RGO s = B (B B,
By construction, we have
o(B(ur, — Ba)
ol (B(st), = Bsys Bistnt, = Bs,)
Gy (X)) = '

qu(B(S+.)’Y — BS’Y’ ey B(s+qh+-).y — BSFY)
Therefore, we can write
0, 0, ;
f(G’Y(Xs—&:Yul)7 R G’y(Xs-&:yuN)) = f ({B(s—&-ul—i-ih)W - Bs,Y }i:O,...,qa ceey {B(s—i-uI\/—',-ih)W - lgs,Y }i:O,...,q)
f (Bu1 seces BuN) = f ({B(ul-‘rih)W }i:O,...,qa ceey {B(uN-&-ih)ﬂ, }i:O,...,q) 5

where f = f o X for some linear transformation A, so f is still a bounded measurable function. By
the ergodicity of the increments of the fractional Brownian motion ([6, Eq 5]), we have

. 1 b 0,y 0,y

lim — FGH (X0 )s Gy (X0, ))ds

=300 tn o s+uy stun

.1
= lim — /0 f ({B(SJrulﬂ-h)7 — Bs}iz0,..q5 -+ {B(S+UN+ih)»y - Bsw}i:O,...,q) ds

n—oo ty,

=Ef ({Buy+in), Yiz0,....qs - - -+ {Blun +ih), yi=0,...g) = Ef(Buy, ..., Buy).
Hence, po G! has the law of B.

D Proof of Lemma 5.2 when 0 = (¢, H)

D.1 The case H > 1/2

We will prove that f : © x H — Im(f) is bijective for h smaller than a theoretical hg. Let (a,b)
be a vector belonging to Im(f). We will show that the following equation has a unique solution
in (6,H):

a= HI(2H)¢ 21
1-2H

B _opsin(nH) [ x
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which is equivalent to solving:
a

&= (HF(QH)

sin(nH) [* a a2
b=2a———= —_— hr)——=d
T /0 cos(( gy ) T

For the rest of this section, we will focus on the function

_ 1
) SH

a . 1-2H

go(H) = sin(rH) /000 Cos((m)—ﬁhx)h

and we will show that for all possible values of a, g, is bijective and therefore there exists a unique
. . . . . 1
H such that g,(H) = 22, which implies the uniqueness of ¢ by the equation 6 = ( ﬁ)_ﬁ

2a°

Now let us differentiate g,. For all H > 1/2

dx,

a 1 1’172H

gi(H) = mcos(mH) /000 cos((m)*ﬁhm)

::gé,l(H)

1522 dx

—sin(rH)[(=—=——

HF(QH))QlH]/h/O vsin((Gram

-‘711,2(H)

1-2H

—2sin(wH) /OOO cos((m)_ﬁhx) log(x)hdx.

g;,s(H)

Remark D.1. In the expression above of g, we see that we need H > 1/2 for the integral
I zsin((m)fﬁhx)%dx to be absolutely convergent. For the case H < 1/2, we need to

check the convergence of [~ =% for 1 < a <1 if we want to differentiate gq.

We will show that for any H > 1/2, ¢/, (H) > 0 which proves that g, is bijective since it is
continuous. Let us first handle the term g, ,. Notice that H — (m)_ﬁ is C1(#,R) and
therefore is bounded and has a bounded derivative. So we can bound g , in absolute value by a
Cyh.

Let us now handle the term g, 5, we first split the integral between [0, 1] and [1, c0).

l 1 a . $172H
H) = —2sin(rH (7)1 ha) 1
9os(H) sin(w )/0 COb((HI‘(2H)) hx) 0g(a:)1+x2 da
. 0o a L (El_2H
_ 2Sln(7TH)‘/1 COS((M) 2H hx) log({E) 1T Jj2 dx.

Notice that for h small enough, the first term in g, 5 is positive. In fact, we will rely on this
term to compensate all the negative terms in our lower-bound of ¢/,. For all €, there exists hy such
that for A < hy, we have:

/ . 1 p1—2H

Gu3(H) > =2 sm(ﬂ'H)/O (1—e 10%(55)14_7;326&

o “ ) p1—2H
_ QSjn(WH)/l cos((m)—ﬁhx) log(x)mdx.

Since H € H, a compact set, we can further lower bound g;, 5 by
1 p1—2H

G 3(H) > —eCy — QSiH(WH)/O log(x)mdm

o a ) p1—2H
_ QSin(WH)[ cos((m)_ﬁhx) log(x)mdx.
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For the moment, the lower-bound we have on g/, is composed of the following terms

9o(H) > —hCy — €Cy + gg 4

1 p1—2H
=:g4,(H)
0o a . pl—2H
—9 Sin(ﬂ'H)/l cos((m)_ﬁhx) log(x)l e dx .
::9:1.32(H)

The idea is to show that the sum of the terms g3;,g;, 30 and g, ; is positive so that we can
choose hg such that the sum of all terms stays positive. For all H € H with H > 1/2, we have

- a ) p1-2H o0 xi—2H
|_Sin(wH)/1 COS((m)—ﬁhx) log(z) Tz ] <sin(7rH)/1 log(z) {7 d,
and
oo a ) pl—2H o p1-2H
\WCOS(WH)/O cos((m)_ﬁhx)mdﬂ < —WCOS(WH)/O mdx.

Therefore, the sum of the terms g3, g, 3o and g, ; is strictly lower-bounded by

gél(H) —+ 9:1732(H) -+ g;,l(H) > *hCl — ECQ + =2 sin(?TH) /01 ]og(gj)ifl;zz dx
&S] xl—QH
— 2sin(wH) /1 log(x)mdx (D.2)
0 x172H
+ mcos(mH) /0 52 dz.

Recall that HT(2H)¢ 20 = 2HF(2H)SiII(+H)§_2H [z 2T de. Thus we have [°2 _ldr =

0 14=z? 0 1+4z2?
Tem(er and IS —2log() “"1:;:1 dr = ggrf((:g{;) (by differentiating). Therefore, the lower bound
in (D.2) is actually equal to 0.

In conclusion, we have shown that for all H € H satisfying H > 1/2,

9o(H) > —hCy — eCy + Cs, (D.3)

where C1,C5,C3 > 0. Choose h and € small enough such that —hC; — eCy + C3 > 0 to conclude
the proof.

D.2 The case H < 1/2

Using the Laplace transform, one can show that [ Si;ﬁﬁ dr = F(a/22)FF((i;a/2) for a € (0,2). So
we can now differentiate g, even for H < 1/2.

The arguments used to obtain the lower-bound (D.1) on g, are still valid even when H < 1/2.
The difference here is that the term “cos(7H)” in gy, ; is positive and therefore we want to bounde

gy from below.
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For H € H with H < 1/2, we write as in Section D.1:

\(H m [ : ha) T
— . " \—s5= -
g, (H) = mcos(m )/0 COS((HI‘(2H)) x)1+x2 T
=g, (H)
. a o, 0o ) a e .’171_2H
sm(wH)[(iHF(QH)) 2 h/o ZCSIH((iHF(2H)) 2Hhx)71+z2dx
=igq,2(H)
m [ ¢ ¥ he) log () ——d
25 SN T dr.
sin(m )/0 COS((HF(QH)) x) og(x)1_|_x2 x
::.‘7,’1,3(H)

As in Section D.1, we have g , > —hC. But now, we need different bounds on g, ; and g;, 3. We
split the two integrals in g, ; and g, 5 between (0,1) and (1,00). Notice that on (0,1), the term
cos((m)’ﬁhx) goes to 1 as h — 0 uniformly in z. So for € € (0,1), there exists hy such that
for h < hy, we have

2H

11— 1-2H
G (H) + 6, (H) + g 5(H) = ~hC = =C 4 meos(ell) |
0

dx

1
x
— 2sin(rH 1
e dx — 2sin(m )/O og(x)

1422

e} a L ml—QH
+7TCOS(7TH)/1 COS((m)_ﬁhx)mdfﬂ
a 1-2H

— 2sin(rH) /100 cos((m)fﬁhx) log(x):f_i_iﬁdx.

Recall that fOOO e 27 =

s
1422 2sin(mH
Therefore, we can simplify the previous bound as

A1—2H

o —772 S( 7T
y and Jo —2log(a) prdr = 2(sirf(()ﬂ§{)l){2)

(by differentiating).

S x172H
ST 7 | fea—

Ghn () + g o(H) + gl a(H) = =hC = £C + m cos(rH) /IOO[COS((HF(QH)

— 2sin(7H) /1oo[cos((HF?2H))_2thx) —1] log(m)hdw.

Moving all the terms inside the integrals, we are left with:

a

HT(2H) )7 ha)
1-2H

G (H) + 6, () + g 5(H) = ~hC —=C'+ [ (1= cos((
1

x [2log(z)sin(nH) — 7 COS(WH)]de.

We split the integral by the sign of 2log(z)sin(nH) — wcos(mH) as follows:
Go 1 (H) + goo(H) + g 3(H)

e u ) p1-2H
> —hC — 1-— —) 2H° 21 in(rH) — H)|——
> —hC —eC+ /1 [ COS((HF(QH)> 27 h)|[2 log(x) sin(wH) — 7 cos(mH)] T2

dx

o0 a e _ p1—2H
+ /ﬁ;ﬁfé:};’? [1-— cos((m) 2 h)|[2 log(x) sin(mH) — WCOS(WH)]de’.
Since H lives in a compact set, we can choose h small enough so that the first integral (the
integral on a bounded interval) is as small as we want it to be. The second term is clearly positive.
Altogether, we have shown that for all € > 0, there exists hy such that for all h < hs, for all
H € H satisfying H < 1/2, we have

gg(H) > —h(C7 — eCy + Cs, (D4)

where C1, Cs, C3 > 0. This proves the existence of hg, such that for all A < hg, we have g/ (H) > 0,
and thus concludes on the injectivity of f when H < 1/2.
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