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Abstract

We investigate the problem of joint statistical estimation of several parameters
for a stochastic differential equation driven by an additive fractional Brownian
motion. Based on discrete-time observations of the model, we construct an esti-
mator of the Hurst parameter, the diffusion parameter and the drift, which lies
in a parametrised family of coercive drift coefficients. Our procedure is based
on the assumption that the stationary distribution of the SDE and of its incre-
ments permits to identify the parameters of the model. Under this assumption,
we prove consistency results and derive a rate of convergence for the estimator.
Finally, we show that the identifiability assumption is satisfied in the case of a
family of fractional Ornstein-Uhlenbeck processes and illustrate our results with
some numerical experiments.
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1 Introduction

Consider the following R%-valued stochastic differential equation

t
Y, =Y, +/ be, (Ys)ds + 00 By, (1)
0



where B is an R¢fractional Brownian motion (fBm) with Hurst parameter Hy € (0, 1).
The goal in this work is to estimate simultaneously the parameter &j, the diffusion
coefficient og and the Hurst parameter Hy from discrete observations of the process Y.
We will assume that the drift parameter &, lies in a set = of R™ and {b¢(-),£ € E} isa
parametrised family of drift coefficients with be(-) : RY — R9, and oy is an invertible
R?*4 matrix. The unknown parameters are denoted by 6y = (£y, 00, Hg) € RItL,
where ¢ = m + d>.

In the framework of SDEs driven by fBm, many recent works have focused on the
parametric estimation of the drift, mostly assuming that the process Y is observed
continuously and that the parameters H and o are known (see e.g Belfadli et al (2011);
Hu and Nualart (2010); Prakasa Rao (2010); Tudor and Viens (2007); Hu et al (2019)).
These works propose estimators of &y which are strongly consistent, providing a rate
of convergence towards £, and even sometimes a central limit theorem Hu and Nualart
(2010); Hu et al (2019). In these works, the drift function is of the form b¢(y) = —&y,
i.e. a family of Ornstein-Uhlenbeck (OU) processes, or of the form be(y) = £b(y) as in
Tudor and Viens (2007). In addition, the process Y is observed in continuous time. In
practical situations though, we only have access to discrete-time observations. Taking
into account this constraint, two recent papers Panloup et al (2020); Hu and Song
(2013) constructed estimators of £y which were proven to be strongly consistent. Their
rate of convergence is studied and a central limit theorem is also proven in Hu and
Song (2013): while Hu and Song (2013) considers the fractional OU case, Panloup
et al (2020) treats general drift functions which satisfy a coercivity assumption.

The diffusion coeflicient o is usually estimated using the quadratic variations of Y,
which is possible only when the process is either observed continuously or the step-size
goes to zero (i.e high frequency data), see Xiao et al (2011) and Berzin et al (2015). The
Hurst parameter Hy is also estimated using quadratic variations, see e.g. Kubilius and
Mishura (2012), or by a direct access to discrete observations of a fractional Brownian
motion path with a step-size that goes to zero as in Gloter and Hoffmann (2007).

When it comes to estimating all the parameters (&g, 09, Ho), we refer to Brouste and
Tacus (2013) where the observations are assumed to be made continuously, and Haress
and Hu (2021) which is, to the best of our knowledge, the only work which estimates all
the parameters of a fractional Ornstein-Uhlenbeck process in a discrete-time setting.

In this paper, we consider an ergodic setting that allows for (1) to have a station-
ary distribution for any 6, € ©. We work with the assumption that the stationary
distribution of Y identifies the parameters, as initiated in Panloup et al (2020). How-
ever, as illustrated by the authors of Haress and Hu (2021), in the simple case of a
one-dimensional fractional OU process, this claim is false for more than one parameter
to estimate. In fact, the stationary distribution of Y is Gaussian and therefore dis-
tinguished by its mean (which does not depend on the parameters) and its variance.
In this case, the variance itself cannot identify the three parameters. In Haress and
Hu (2021), this issue is circumvented by considering the increments of Y'; the incre-
ments of the stationary solution are also Gaussian but have different variances. Thus,
adding two increments, the authors have access to three functions and show that these
functions are sufficient to estimate the parameters. We propose here to generalise the



approach presented in Haress and Hu (2021). We add ¢ linear transformations of the
original process and assume that they are enough to identify the parameters. There-
fore, our assumption (which is detailed later) will be that the stationary distribution
of Y and its increments identify the parameters (§,0, H).

Assume for simplicity that the observations are of the form (Ykeﬁ)kzo,“.,qu and
consider ¢ linear transformations {Ei(Ykeﬁ, . 7Yk0;f+ih)}k:0,...,n where ¢ € [1, ¢]. Hence,
we now have access to ¢ + 1 paths, which we use to define the path of a higher-
dimensional process X% that we call the augmented process associated to the SDE
(1). With access to a path of X% we construct the estimator of 6 by

—1

N 1%

0, = ind| — ] 2

» = argmin (n > X:27u9> : (2)
k=0

where f1g is the stationary distribution of X?. We prove that 6,, is a strongly consistent

estimator of 6y and obtain a rate of convergence.

In Haress and Hu (2021), the authors provided numerical evidence of the identifia-
bility assumption (i.e the fact that the stationary distribution of Y and its increments
identify the parameters). We prove here that in the setting of Haress and Hu (2021),
i.e. of a fractional OU process, the aforementioned identifiability assumption holds.
Also, as in Panloup et al (2020), we consider two variations of this assumption, a weak
one which we will just call the identifiability assumption and a strong one. Moreover,
to construct an estimator of the drift parameter &, the authors of Panloup et al (2020)
proved beforehand results on the regularity of Y with respect to £. This is a natural
procedure, since the estimation method relies on minimizing a certain functional of
Y, by showing that it has enough regularity so that its minimum is attained at the
true parameter &y. Here, in view of estimating all the parameters, we will will study
the regularity of Y with respect to £, and H.

Since we are interested in ergodic estimators, we need the regularity of Y in all the
parameters to be uniform in time. In particular we need the regularity in H to hold
uniformly in ¢ > 0. To achieve this, the drift will be assumed to be contractive.

Let us mention that the sensitivity in the Hurst parameter has been studied in
various situations and is an important topic in modeling. The fBm is known to be
infinitely differentiable w.r.t its Hurst parameter (see Koch and Neuenkirch (2019)).
In addition, other functionals of the fBm were considered. In Jolis and Viles (2010,
2007), the law of the integral w.r.t the fBm is proven to be continuous in H; in Richard
(2015), the Holder continuity in is obtained for generalised fractional Brownian fields;
and in Giordano et al (2020), the law of stochastic heat and wave equations with
additive fractional noise is proven to be continuous in H. Let us also mention that in
Richard and Talay (2022), the law of functionals of fractional SDEs is proven to be
Lipschitz continuous around its Markovian counterpart (H = 1), including irregular
functionals such as the law of the first hitting time (see also Richard and Talay (2017)

for a numerical approach and applications, in particular in neuroscience).



In this work, new results on the Hurst regularity of fractional models were needed,
and they have been gathered in a separate paper Haress and Richard (2022).

In the formula (2), the stationary distribution pg is generally unknown, except in
some simple cases like for Ornstein-Uhlenbeck processes. This means that the estima-
tor cannot be implemented. This problem can be solved by considering a numerical
approximation of jy via an Euler scheme Y%7 of time-step v > 0. Given N + ¢
simulated points of the form (Yk(?’;v) k=0,...,N+q, We consider as before ¢ linear transfor-

mations {£( k;{'ﬂ S er)};€ 0,...,N, which we use to define a higher-dimensional

process X%7. We then define the estlmator of 6y by

n—1 N-1
0Nn7—argm1nd< 25 907% Z‘SX“)' (3)

= k=0

We prove that éNﬂw is a strongly consistent estimator of 6, and obtain a rate of
convergence.

Organisation of the paper.

In Section 2, we first detail the notations and some assumptions in Section 2.1. Then
in Section 2.2 we explain how to approximate the invariant measure via an Euler
scheme in order to implement the estimator (3). We present the main results for the
estimators (2) and (3) in Section 2.3. In Section 2.4, we show that our results can
be applied to the fractional Ornstein-Uhlenbeck process and to small perturbations
of this process. In Section 3, we prove the strong consistency of the estimator (2)
and its rate of convergence. In Section 4, we prove the strong consistency of the
estimator (3) and its rate of convergence. In Section 5.1 and 5.2, we prove that the
identifiability assumption holds in the case of a fractional Ornstein-Uhlenbeck process
for the estimation of two parameters, and in Section 5.3, we exhibit a more general
family of SDEs that verifies a stronger identifiability assumption for the estimation
of one parameter. We also implement our method and run numerical simulations in
Section 5.4. In the Appendix A, we recall some results from our companion paper
Haress and Richard (2022). In Appendix B, we prove continuity and tightness results
on Y and the solution of the Euler scheme associated to (1). Finally Appendix C is
dedicated to the proof of Proposition 2.4.

2 A general procedure

We first give some general notations. Then we state the assumptions on the coefficients
of (1) and define the estimator. At the end of this section, we give an almost sure
convergence for this estimator result as well as a convergence rate.



2.1 Notation and assumptions

Notations.

Let M;(R%) denote the set of probability measures on R%. For any given p, we will
consider the p-Wasserstein distance, which is defined for every u,v in M;(R?) as
follows:

W (,v) = mf{(EIX — Y[P)¥ ; £(X) = p, L(Y) = v}.

We denote by D, the set of distances dominated by the p-Wasserstein distance. As
in Panloup et al (2020), we will also work with the distance dcp,, € D; defined for
p>(2V1)as

‘ ‘ 1/2
derp(£C0. L) = ([ @O - B PRg00)
where g, is the integrable kernel given by

g(X) = (1 + x| 77, ()

and ¢, = (fpa(1 + [x|*)"Pdx) ! is a normalizing constant.

We denote by N* the set N\{0} and by C a constant that can change from line to
line and that does not depend on time and the parameters &, 0, H. When we want to
make the dependence of C' on some other parameter a explicit, we will write C,.

The R?-fBm will be denoted by B, or by B if we need to emphasize on the Hurst
parameter H of the process. Whenever we compare, on the same probability space,
two fBm with different Hurst parameters Bt and B2, it is assumed that they are
built from the same Brownian motion W by the Mandelbrot-Van Ness formula:

1 H,—1 H,—1
Blei/(t—s T (_g)fh 2)dWs, t>0,i=1,2. (6
t F(Hz—F%) R ( )+ ( )+ ()

Assumptions.

First, we assume that the number of unknown parameters ¢ + 1 is such that ¢ > 1
(we have at least two unknowns), which is decomposed into m parameters for the
drift be,, & € E C R™, d? parameters for o € R¥*4 and the last one which is the
Hurst parameter. The next assumption states the compactness of the spaces where
the parameters lie.

Ayp. = is compactly embedded in R™ for a given m > 1. Hy belongs to H, a compact
subset of (0, 1). The diffusion matrix oy belongs to ¥ a compact set of d x d-invertible
matrices.

Therefore, we have that © = Z x ¥ x H is a compact subset of RIt!. We will also
assume a coercivity assumption on the drift b.



A;. beCHY(RY x Z;R?) and there exist constants 3, K,c > 0 and r € N such that
(i) For every z,y € R? and £ € =, we have

(be(w) = be(y), & —y) < —Ble —y[* and |be(x) —be(y)| < Klw —yl.  (7)
(ii) For every z € R? and &, & € Z, the following growth bound is satisfied:
|bg, () — be, ()| < c(1 + |2]"). (8)

For 0 = (¢,0,H) € O, we denote by Y the unique solution of the following equation
t

Y =Y, +/ be(Y.)ds + o By, (9)
0

where Y, € R? and B is an fBm of Hurst parameter H. Under A, Hairer (2005) (see
also (Panloup et al, 2020, Remark 2.4) and the references therein) gives the existence
and uniqueness of the invariant measure to (9). We denote by Y'? the unique stationary
solution and by vy its marginal distribution. For each i € [1,q], let £ be a linear

transformation from (}Rd)i—s_1 to R
Let us define the following processes for all i € [1, ¢]:

70 = 0(Y?, .Y,
700 — (Y0, Y0
X0 =t 2z, z2%7) (10)
X0 = (70, 209,...., 709). )

Typical linear transformations considered in applications (see the discussion in
Section 2.4) will be the simple increments

e, U,y =U%, ~U", i=1,...q. (12)
Observe that for all € © and i € [1,q], the processes Z“? and X? are stationary.
Denote by jy the law of X?. For simplicity, we will not write the parameter  on the
processes when 6 is the true parameter 6y. The triangle inequality yields the following
inequalities for all 6,0’ € © and p > 0,

q
Xop < cy (z wiihp)

=0
q
X0~ X <G (Z Y0 — Yiim) (13)
=0
q
1X? — X < G,y (Z Vi — YL#) :
=0



where C), 4 is a constant that do not depend on 6 or §'. More precisely, Cy , ~ 2P¢PLP,
where L is the maximum of the Lipschitz constants of the applications ¢ for i €
[1,¢]. This means that upper bounds on X will be obtained by bounding Y, and the
regularity of the process X will be studied through the regularity of the process Y.
As was highlighted previously in the introduction, the estimators are defined by
assuming that pg characterizes 6. This weak identifiability hypothesis reads as follows:

I,,. For any 6 in O,
o = g, <= 0 = b, (14)

where we recall that g is the stationary distribution of X?.

Remark 2.1. A similar assumption is considered in Panloup et al (2020) based on
the stationary distribution of Y : assume that vg = vy, iff 0 = 0y. Assumption I, is
weaker, in the sense that it is satisfied in situations where the assumption from Panloup
et al (2020) is not (because we consider the process X% instead of Y?). Indeed, let
0,00 € © such that pig = pe,. This implies dcr (1o, e,) = 0. Using the definition of
dcr,p, we have

for almost all x4 € R+Dd R [e“X‘“Xteq =FE [e“xq’)_{tg())] ,
which implies that
for almost all x € RY, E [e“X’Yte)} =FE {e“X’Yt%)} .

Hence, if the assumption from Panloup et al (2020) holds, one gets dcr,p(ve, vg,) = 0,
i.e. Vg = vp,, which then implies that 0 = 0y. To see that 1y, s strictly weaker, we
refer the reader to the example of the fractional OU process detailed in Section 2.4:
in dimension 1, the stationary measure is centred Gaussian and the variance, which
depends on the drift coefficient, the diffusion coefficient and H, is mot sufficient to
identify all 3 parameters. However, considering the stationary measure of Y° and its
increments permit to retrieve identifiability, see Proposition 2.11.

2.2 Approximation of the invariant measure py

To approximate pg, we consider the Euler scheme of the stochastic process Y, solution
to (9). For a time-step v > 0, the Euler scheme Y%7 is then defined by YOQ"Y =y € RY
and

0, 0, 0, = =
Y(kll)’y = Yzmw + ’Ybé(kav) + 0 (B(ri1)y — Bry)

(15)
VI =Y =Y for t € [ky, (k+ 1)7),

where ¢, = y[t/v] and B is a simulated fractional Brownian motion, which is a priori
different from the process B in (9), since B is unobserved. In practice, this means that



we will not be able to compare pathwise the observed process and the simulated one.
When necessary, to mark the dependence of Y%7 on B, we write Y.Q’V(B). We will

say that (Y@eﬂ) is a discrete stationary solution to (15) if it is a solution of (15)
>0

satisfying
=0, =0, L (06, =0,
(%lmw-w}inl@ £ (Yt’YYt”) VO <t <o <tn, Vo keN.

By (Panloup et al, 2020, Proposition 3.4), there exists vo > 0 such that for any
v € (0,7%] and § € O, (15) admits a unique stationary solution Y?7. As in Section
2.1, we define the augmented Euler scheme X?7 by

X0 = (Y00, VIV, ey Y. (16)

Similarly, we write X7 (E) to insist on the dependence on B when necessary. We also
define the stationary augmented Euler scheme X% and denote its distribution by u

2.3 Main results

Assume that the solution Y is discretely observed at times {kh;k =1,...,n+¢} for a
fixed time step h > 0. Under Assumption Aq, we have the following lemma (the proof
is postponed to Section 3.2):

Lemma 2.2. For any d € Dy and any 0 € ©, we have

1 t
d(t/o 5X§ds,u9) H—+>000 a.s.,

and
1 n—1
d (n kz_oéxgh,;m) n_>—+>oo 0 a.s.

Remark 2.3. The integral fg 0x.ds is to be understood as the probability measure

which associates to each Borel set A the value fot 0x,(A)ds.

Hence, for some observations Xgo,...,Xf;z_l)h and under the identifiability

assumption I, the previous lemma justifies to use the estimator 0,, defined in (2).

In practice, we want to implement the estimator 9n N,y defined in (3). The following
result, coupled with Proposition 4.2(7) justifies the use of this estimator.
Proposition 2.4. Let (X,f’])kzo be the augmented FEuler scheme with time-step ~y.
Assume that Ag and Ay hold. Then for any distance d € D4, there exists o > 0 such
that for all 0 € © and v € (0,70], we have

1 N-1
: o
J&;H;od@ Zéx:ﬂe) -



The proof is postponed to Appendix C.

The first result (Theorem 2.5) states the strong consistency of the estimator (2)
under the assumptions Ag, A1, Iy (see Section 3.3 for the proof).
Theorem 2.5. Assume that Ao, Ay, I hold. Consider a distance d on M;(R?)

which belongs to Dy. Then (0,,)nen defined in (2) is a strongly consistent estimator of
0o in the following sense:

lim én =0y a.s.
n—oo
We also have strong consistency of the estimator (3) under the same assumptions.
Theorem 2.6. Assume that Ag, Ay, I hold. Consider a distance d on M;(R?)
which belongs to Dy. Assume that the exponent r in the sub-linear growth of be in (8)
satisfies v < 1. Then the family {0, x~, (n,N,v) € N2 x Ry} is a strong consistent
estimator of 0y in the following sense:

lim 6 =0y a.s.
n— oo Ny 0

We will also establish a rate of convergence of the estimators when d = dgr,, for
some p € N* under the strong identifiability assumption:

Is. There exists a constant ¢; > 0 and « > 2, such that for every 6 in O,
dorp(po, poy)* > c1]0 — 0ol

Under this assumption, we obtain a rate of convergence for 6,, and én N,~, which will
be proved in Section 3.4 and Section 4.3.

Theorem 2.7. Assume that Ag and Ay hold, and that Is holds for p > %,
Then limy, o0 On, = 0y a.s. and there exists a constant C' > 0 such that for any n € N*,

E|6, — fo|2 < Cn—o(1—(max(H)V 1),

Theorem 2.8. Assume that Ag and Ay hold and that I holds for p > %.
Assume that the exponent r in the sub-linear growth of be in (8) satisfies r < 1.
Then limy, 00, N— 00,40 én,Nw = 0y a.s. Moreover, for any € € (0,min(H)) and w €
(0,1), there exists positive constants C,~o such that for any v € (0,7] and n,N € N
satisfying Ny > 1, we have

E HnJV”Y 3 90‘2 < C(na(—l-',-max(’H,)V%) 4 Noz(—l—i—max(?—[)\/%) _|_,yo¢(min(?-[)—5)

" (Nv)f#‘fzd)@meax(H)\/l))'

Remark 2.9. We discuss here whether the above rate of convergence can be optimal.
Assume first that H < %, d =1 and a = 2 (that is the case for the fractional Ornstein-
Uhlenbeck (OU) process for example, see (Panloup et al, 2020, Lemma 6.2)). Then by



Theorem 2.8, using that Ny < N, we have for ¢ € (0, %)

(m
The term n~z corresponds to the convergence with respect to the sample size. It
matches the CLT rate and generalises (Haress and Hu, 2021, Theorem 4.5) where, for
the fractional OU process, the authors construct estimators of &, 0 and H based on the

invariant measure and prove a CLT with respect to the sample size. Moreover, taking
N =y~ @min(H)+1) *there s

<E
The term 4™ =< corresponds to the convergence of the Euler scheme defined in (15)
and is known to be optimal optimal for strong errors. So the rate cannot be improved
in this situation.

Beyond the fractional OU process, we generalise the rate obtained in (Panloup et al,
2020, Theorem 2.13) to an estimation of all the parameters. Finally, the CLT obtained
in Haress and Hu (2021) holds for H € (0, 2) while here the rate we obtained is slower
when H > % for o = 2, the first L? error term in the bound of Theorem 2.8 reads
n— 1+max(H) > n*% .

Remark 2.10. The proofs of Theorem 2.7 and Theorem 2.8 rely on an upper bound
of E[d(pg, , poo)]. This involves bounding the quantities in the left-hand side of (13)
with p = a.. In (13) the constant Cy 4 is of order ¢ L, where L is the biggest Lipschitz
constant of the linear transformations. Hence the constant C' in Theorem 2.7 depends
on (0)i=1,..q as C ~ q®TLL®. This can be useful in practice when choosing (€*);=1,. 4.

. 2\ 7 _ 1

) 2 : -1 min(H)—e
en,Nﬁ—eo‘ §C<n 54y )

2.4 Application to fractional Ornstein-Uhlenbeck-type
processes

We first discuss the identifiability assumption for the fractional Ornstein-Uhlenbeck
(OU) process, then for a family of small perturbations of the fractional OU process.

Identifiability assumption.

Consider the family of one-dimensional fractional OU processes given by
dU% = —¢U%t + odB, U = 0. (17)

It is known from the proof of (Hairer, 2005, Proposition 3.12) that the stationary
measure of U? follows the Gaussian distribution

N(0,62HT (2H)¢21), (18)

10



In particular, this distribution alone does not permit to identify simultaneously &, o
and H. Hence the need to consider increments.

Here, ¢ and o are in compact subsets of (0,00) and the linear transformation ¢! takes
the form of an increment

Ul Ul ) = U, U

We suppose here that 6 is of dimension 2, i.e. only two of the three parameters (£, o, H)
are unknown. In the following result, we establish that I, is verified.

Proposition 2.11. Consider the fractional Ornstein-Uhlenbeck model defined by
equation (17) and assume that one of the parameters &, o or H is known. Let p > 1
and let g denote the stationary measure of (U?, Uﬂ_h —U?). Then there exists hy > 0
such that for all h € (0, hg), we have

valv 92 S @7 dCF,p(,uela,uQQ) =0 Zﬁ 01 = 02-
The proof is given in Section 5.1.

Strong tdentifiability assumption.

We show that Assumption Ig holds for some specific examples of (9) and for the
distance d = dcr,. Specifically, we consider a family UM of real-valued processes
defined by

4N = (€02 + A (UM) ) dt + o dB. (19)

Under the assumption that the coefficient b¢ is bounded altogether with its derivatives
with respect to £ and y, one can check that the drift term b(-) = —¢ - +Abg(-) satisfies
A, for A small enough. Therefore, the equation has a unique invariant measure, which
is denoted by ug‘. The process UMY can be seen as a small perturbation of the fractional
Ornstein-Uhlenbeck process, since U%? = U?, where U? is the fractional OU process
defined in (17). For the fractional OU process, we simply write ug for the invariant
measure. We make the following assumption on the parameters:

AVO. Assume that £, o and H are one-dimensional parameters and that

¢ e [mE,ME], with 0 < mz < M= < 00
o € [myg, Ms], with 0 < myg < My < oo
He [mH,MH], with 0 < my < My < 1.

We shall prove that UMY satisfies assumption I when only one parameter is unknown
(so either 8 =&, 8 = o or § = H). When referring to 6, we will write our assumption
above as 0 € [mg, Meg].

The first lemma below states that I is satisfied for U? := U%°.

11



Lemma 2.12. Let 0 represent either &, o or H. Assume that Avo holds and if 0 = H,
assume further that

&> sup

HE[ma, My HE[ma, My]

T(2H) + 2HT'(2H) , T(2H) + 2HT'(2H)
xp ( 2HT(2H) ) §< ety & ( 2HT(2H)
(20)

Let p > 1, then for all 01,05 € [mg, Mg,
dCF:P(/“LQU;U’@z) > 0‘91 - 92|7

where ¢ is a constant that does not depend on 61 or 0.

The previous lemma extends to the solution of Equation (19).
Proposition 2.13. Let UMY be the process defined by (19) where 0 is either £, o
or H, and let p > 3/2. Assume that Ao holds and that be, Oybe, Ocbe are bounded.
Moreover, if 0 = &, assume that |8§)§b5| <1 and if 6 = H, assume that (20) holds.
Then there exists Ao = Ao(me,Me,p) > 0 and cmg Mo,p > 0 such that for any
A€ (0,N) and any 01,02 € [mo, Mg,

dCF@(Ng\lvNSQ) > Cm@,M@,p|91 - 62‘

The proofs of Lemma 2.12 and Proposition 2.13 are given in Section 5.3.

3 Strong consistency and rate of convergence of the
estimator 0,,

To prove the almost sure convergence, we will use (Panloup et al, 2020, Proposition
4.3) that we recall in Proposition 3.1 below for the reader’s convenience. It concerns
the limiting property of a collection of real-valued processes {L,(0)}, indexed by a
generic v which lies in a topological space and converges to a generic vg. In this Section,
we always have v = n € N, and so lim,_,,, is to be understood as lim,,_, . In Section
4, we will take v = (y,n, N) with v — 0 and n, N — oo, and therefore lim,_,,, will
be understood as limy, e, N—00,7—0-

Proposition 3.1 ((Panloup et al, 2020, Proposition 4.3)). Let © be a compact set
and {0 € © — L,(0)}, a family of non-negative stochastic processes. Assume that

(i) Almost surely, lim,_,,, L,(0) = L(0) uniformly in 0.
(ii) 6 — L(0) is deterministic and continuous in 6.
(#11) For any v, the set argmin{L,(0),0 € O} is non-empty.
Let 6, € argmingcg L, (). If A is a limit point of {6,},, then A € argming.g L(9).
In this Section, we always have L,(#) = d(% ZZ;& 0Xun» o), With v = n and
Vg = OQ.
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3.1 Continuity of 6 — d(ug, pe,)

First, we prove two lemmas that state the LP(2)-continuity with respect to € of the
solution to (9), and the exponential convergence of the law of X? (defined in (10))
towards its stationary distribution pg. Then we deduce the continuity of the mapping
0 — d(ug, te,) in Proposition 3.4.

Lemma 3.2. Assume Ag and Ay are satisfied. Let T > 0 and p > 0. Let W be an
R<-Brownian motion and for any H € (0,1), denote by B¥ the fBm with underlying
noise W (i.e. as in (6)). There exists a constant Cp,, > 0 such that for any 01,02 € O,

Y2 = Y2 e < Crplos — 03],

where YO (resp. Y92 ) is the solution to (9) with parameter 6, (resp. 0) and driving
fBm BHr (resp. BH2), and both Y% and Y% start from the same initial condition.

Proof. Without any loss of generality, we assume p > 2. Up to introducing pivot terms,
we can consider three different cases:

1) 61 = (§,0,H1) and 05 = (€, 0, Ha)
2) 91 = (E,O'l,H) and 92 = (f,O’Q,H)
3) 01 = (fl,U,H) and 02 = (fg,O’,H).

In the first case, where only H changes, we get from the definition of Y;el and Yte2
that for any ¢ € [0, T,

t
Yo -y = [0 - be(¥))ds + 0Bl - B)
0
Since b is K-Lipschitz, we get
¢ 2
YV =Y <2 </ K|y - }/;562ds> +2l0*|B{" — B{"* .
0
By Jensen’s inequality, we have
t
Yo YRR <2k [V Y Pds + 2 PlBE - B
0
By Gronwall’s lemma, we deduce that

t
YO YR < 2T [ oP B - Bl PO ds oo | B - Bl
0

13



By Jensen’s inequality, there exists a constant C), such that
t 2
Y P < Gy (20T [ o IB B peRTI ds 4 oI~ B
0

Since BtHl - BtH"‘ is a Gaussian random variable, IE|BtH1 - BtHz|p is proportional to
(E|Bf* — B'2|?)r/2, Using (Haress and Richard, 2022, Proposition 2.1), the fractional
Brownian motion verifies

E[B{" — B[P < C (" v tP12) (log®(t) + 1)P/? |Hy — Ho|P.
Therefore,
E|Y/" = Y27 < Cylof? (20/2KPTPeR* 10 1) (TP v TPH2) (10g?(T) + 1)/ Hy — Ha.
Since o € ¥, we conclude that
IV =¥ |lr < Cpo i (T 4+ 1)(1 4 T (log> (T) +1)/2|Hy — Hy|.

In the second case, since b is K-Lipschitz, using Jensen’s inequality, we have

t 2
v v = (/ e (Y — be (YV%)ds + (o1 — 02>Bt)

2ds + 2|01 — oo 2| B

t
<27 [y
0
By Gronwall’s lemma, we get
t 2
‘Yfl _ }/;92|2 < |0_1 _ 0_2|2 <|Bt2 + 2K2T/ |Bs|262K T(t—s)ds) )
0
Therefore, by Jensen’s inequality, there exists a constant C, such that
t 2
[y — vl p < Cplo1r — o2|? (Bt|p + 2p/2Kpr71/ | B, [Pe’ Tp(ts)ds) )
0

It follows that

2m2
¥ = ¥l < Cyloy = ool T 4+ THHRT?)

< Cyloy — oa|(1 + T (KT 4 1),

Finally, in the third case, we have by (Panloup et al, 2020, Proposition 3.5) that
1Y, = Y2 || 0o < Crplé1 — &, where it appears from the proof of (Panloup et al,
2020, Proposition 3.5) that Cr ), does not depend on H or o. O
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Lemma 3.3. Assume Ag and Ay hold. Let d be a distance in Dy,. Then there exists
a constant C > 0 such that for all § € © and for allt > 0, we have

d(L(X]), pp) < Ce™ T (21)
Proof. Since d € Dy, it comes:

q
d(L(X]), po) <E(X] — X[ |P)7 < C(Z E(1Yeyin — Yﬁm‘h|p)”>-
i=0

Using Al,

d _ _ _ _

Y V=200 = Y be (V) = be(Y))) < 26V = VP
It follows that |V}! — Y12 < |Y¥ — Y |2e=25t. Hence for p > 2,

1YY = Yl < Y5 = Y5 o™ < (I1¥5 2o + Y5 | 20) e, (22)
Moreover, by stationarity and Proposition B.1(7), we have

Y5 | = lim [[Y]|ze < supsup [|V|[zr < oc.
t—o0 t>10€O

This concludes the proof. O

We can now state the main continuity result of this section.
Proposition 3.4. Assume Ag and A hold and let d be a distance in D,. Then the
mapping 0 — d(pe, te,) s continuous on ©.

Proof. Let now 61,602 € ©. Then for ¢ > 0,
d(pa, » p1o,) < CWy(pa, s pro,) < CWp(pta, s LIX{Y)) + CWy (g, L(X72)) + C|IX]" = X72| 1
< QCsqup(ﬁ(Xf),ue) +C|IX = XP2 o
€

Let € > 0. By Lemma 3.3 there exists ¢y such that

20 sup W(L(X?), o) < .
9co 2

Now in view of (13) and Lemma 3.2, there exists a constant Cy, , such that ||Xt901 -
XszLp < Cyplf1 — 02]. Let § > 0 be such that Cy, ,0 < ¢/2. Then for |61 — 62| <4,
we have

d(po,, po,) < €,

and this proves the continuity of 6 — d(ug, fa,)- O
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3.2 Convergence of the contrast: proof of Lemma 2.2

Let § = (§,0,H) € ©. Recall that the Prokhorov distance is defined for any u,v €
M;(R?) as

dp(p,v) =inf{e > 0, p(A) < v(A®)+ ¢ for any Borel set A},

where A® is the e-neighbourhood of A. Convergence in law is equivalent to convergence
with respect to the Prokhorov distance.
We will first prove that almost surely, the random measure % fot dxeds converges in

law to pg. This implies that % fot dxeds converges to pg in the Prokhorov distance. To
extend this result to distances d in Dy (i.e dominated by the 2-Wasserstein distance),
we use the fact that the 2-Wasserstein distance is dominated by the Prokorov distance
dp as follows (see (Gibbs and Su, 2002, Theorem 2)):

1 t
d(/ 5Xsds,,ug>
tJo s
L[ ey 502 I
< Cpsup (max | — [ |X/|%ds, E| X/ ) +1)dp |~ [ Oxeds, g |-
>0 tJo tJo 7¢

By definition of the process X, we have that

(23)

1/t _ q 1t i
max (t/ ‘XgPdS, E|Xt0|2> <, Zmax <t/ |Yse+ih|2d3» E|Yt9ﬂh|2) L (24)
0 =0 0

Therefore, we conclude thanks to Proposition B.1 that in the present case, the conver-
gence in law (i.e. in Prokhorov distance) implies the convergence for the 2-Wasserstein
distance. Let us now prove the convergence in law. The proof of the convergence in
law follows the same steps as (Panloup et al, 2020, Proposition 3.3) and relies on a
tightness argument. While we can show that the family {% fot dxe ds}i>o is tight, it is
not easy to identify the limit points. That is why we consider a family of probability
measures on the set of continuous functions for which the identification of the limit
is easier, namely {r{ = 1 fot ) X0, ds}i>0. The criterion from (Billingsley, 1999, Corol-

lary p.83) ensures that {7¥;¢ > 0} is a.s. tight if for every positive T,n and ¢, there
exists 6 > 0 such that for all ¢y € [0,77],

1 [t1
lim sup — -1 ds < a.s.
P t /0 ) {SuPu€[to,fo+5]|X3+u_Xg+to|Z€} =1

t——+o0
Moreover, the above inequality holds true if there exist some positive r and p such that
VYI'>0,36>0,r>0, p>0 s.t. Vi, €[0,T],

1 t
lim sup f/ sup | X7, — Xf+t0|rds < Copd™P as. (25)
t—00 0 ue[t07to+6]
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For T,r,6 > 0, by definition of X% and (13), there is

. 1 [
lim sup — sup  |XZ,., — X0, |"ds
t—o0 0 wu€[to,to+9]

q ¢
. 1 0 0
< Z lim sup */ sup Y qin — Yooyl ds
. t 0 ue[to,t0+5]

q . t+ih
. t+ih 1 / 0 0
< lim sup - sup |Y. . —Y. "ds
iz:; s oo t t+ ih 0 wltorto] ‘ st+u s+to |

1 t+ih ) )
< C,limsup max - / su Y. -Y "ds
-1 t~>oopi€[[07<ﬂ] t+ih Jo ue[to,gw} | st S+t0|

. 1
< C, limsup */ sup |Y7y, = Y7y, [7ds.
t—00 0 u€lto,to+9]

By (Panloup et al, 2020, Eq A.19), we can further bound the right-hand side above
by C6"~1 + C,.0%". Choosing § < 1 and r > max(2, m), we get (25).

Hence, let (¢,)p>1 be an increasing sequence going to +oo such that
{i fot ) XngvdS}nzl converges (pathwise) to a probability measure 7. As in Appendix

A.2 of (Panloup et al, 2020, Proposition 3.3), we get that v is stationary. Let us now
prove that v is the law of X?. A process z; = (yi, 2}, . .., 2{) has the law of X? if

Y. — Yo — / be (yu)du has the law of 0B where B has Hurst parameter H;
0

: A+ih }
P & </ bg(yu)du,...,/ bg(yu)du> has the law of o¢*(B., ..., B.4i)
0 0
for all ¢ € [1,4].
Let us define
Y. — Yo — Jo be(yu)du
: +h
zh =0 (fo be (Yu)du, f0+ b&(yu)du)
G(z.) =
20 — 4 (fo be (yu)du, .. ., f0+q bg(yu)du)

and

B.=(0B.,...,0l4B.,...,Bgt.)).

Hence we have to prove that v o G~! is the law of B.. This follows the same lines as
the end of Appendix A.2 of Panloup et al (2020) and we omit the details.
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The same analysis presented in this Section still holds if we replace % fot |X?|Pds
by % Z;é | X2, |P. This is mostly due to the fact that in Proposition B.1, we also

proved that the moments + ZZ;& | X7, | are finite uniformly in n, and therefore the
right-hand side in (24) is finite even when the integral is replaced by a discrete sum.

3.3 Proof of Theorem 2.5
Let d be a distance that belongs to D,,. We want to apply Proposition 3.1 to v = n and

n—1
1

In view of Lemma 2.2, we know that for each 6, L,(f) converges a.s. to L(f) =
d(pg,, o). Besides, the continuity of L(6) comes from Proposition 3.4. If we prove the
uniform convergence, then we can finally apply Proposition 3.1 to get that the limit
points of 6, are included in the set argmin{L(0),0 € O}, which under assumption I,
is reduced to {0p}.

Now to prove the uniform convergence, it is sufficient to show that the family

n—1
1
{eHd<nkZ_05X:2,m> n>1, ee@)}

is equicontinuous. Actually, for any 6, and 65 in ©, we have

S d(/J;Ql b ,u92)

n—1 n—1
1 1
d(/n kZQ&xﬁ(}iaM@l) _d<nkzo6ngvu92>

In view of Proposition 3.4, the term on the right-hand side goes to 0 as |#; — 62| — 0.
This proves the equicontinuity and thus the uniform convergence.

3.4 Proof of Theorem 2.7

Since I implies I,y and dcr, € D1 C D, we can apply Theorem 2.5 to obtain the
strong consistency. For the rest of this section, d always refer to the distance dcrp.
We recall that X = X% denotes the observed process with the true parameter 6y. In
view of the strong identifiability assumption I, it suffices to bound Ed(,uén,ugo)a to
obtain a rate of convergence on E|f, — 62

Our strategy is in line with the Section 5 of Panloup et al (2020), with adaptations
due to the estimation of o and H. It is based on the following decomposition: since

§,, minimizes the function 6 — d(L 3170 dx,,, g, ), We have
1 n—1 1 n—1
(g, - o,) < d (n > 6th,u90> +d (n > 6x u@n>
k=0 k=0
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L*(Q2) bound on DV,
)

Following the proof of (Panloup et al, 2020, Section 5.1), we obtain a bound on Dsll .
a+d(g+1)

5 . There exists

Lemma 3.5. Assume that I holds with p and « satisfying p >
a positive constant Cy 4 such that for any n € N,

EHDv(zl)la] <C, . (n—a + n—%(Z—Qmax(H)\/l)) ,
where we recall that q is the number of linear transformations added to construct the

augmented process X%

Proof. Decompose D,(zl) as Dg) < DSLH) + DSQ) where

n—1
1

Dgl) =d <:u90’ n E[(Sxkh]> )
k=0

n—1 n—1

1 1
<TL E[(Sxkh]7nz6xkh> :
k=0

The expectation of the random measure E[dx,] is understood as a deterministic
measure given by E[dx,](f) = E[f(X;)] for any bounded measurable f.

As in the proof of (Panloup et al, 2020, Lemma 5.3), the bound on DY relies
on the pathwise exponential convergence of Y; — Y; towards 0, which implies the
same exponential convergence of X; — X;. For the Lipschitz function f, (z) = etxr)
following the aforementioned proof leads to

n—1 n—1

1 1 _ C
- > By (Xkn) — pog (fi)| < Il > R [|Xkn — Xin|] < ;quxHLz‘p (26)
k=0 k=0
and then
B[ Dy} < S, (27)
na

Let us now bound Dflm). This is a concentration result inspired by (Varvenne, 2019,
Theorem 2.3). Namely, apply (Panloup et al, 2020, Lemma 5.5) to L 37070 £ (Xkn)

to get
E l

[e%

< Ca [ fyllg,, n™ 3 Cmax2H),

LS Aol ~ B (i)
k=0
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for some positive constant C, that depends on a. Using the definition of d¢ g, and
Jensen’s inequality, one gets

E[D{?|"] < / E

Rd(g+1)

] gp(X)dx-

LS ) — (X))
k=0

As || fill iy < X1, there is E[[DS?]0] < Con~ $@maxCHD) [ (x| g, (y)dx, the
integral being finite since p > %. This bound with (27) yield the result. O

4 Strong consistency and rate of convergence of the
estimator 0,, N~

In this section, the results on the estimator ,, v are proven: first, 6, n - is shown
to be strongly consistent (Theorem 2.6), then the rate presented in Theorem 2.8 is
established under the strong identifiability assumption Ig.

4.1 Proof of Theorem 2.6 and Theorem 2.8

First, using intermediary results that we shall prove in Section 4.2 and Section 4.3, we
provide a proof of the strong consistency and a rate of convergence for the estimator

O, N, defined in (3).
Proof of Theorem 2.6. We use again Proposition 3.1 with

1 n—1 1 N-1
Lu(6) = <n 2 Oxi N 2 5x:$> 7

k=0 k=0
this time with v = (n, N,v). We will prove in Section 4.2 that the contrast L, (6)
converges uniformly as (n, N,y) — (00,00,0) to L(0) = d(ug, e, ), by first proving
pointwise convergence and then using an equicontinuity argument. Since L(6) is the
same as in Section 3, we have by Proposition 3.4 that L(6) is continuous. Then we
apply Proposition 3.1 to conclude. O

Proof of Theorem 2.8. Since Ig implies Iy and dcrp, € D1 C Da, we can apply
Theorem 2.6 to obtain the strong consistency. To prove the convergence above, we
proceed similarly to Section 3.4. We decompose the term ]Ed(ﬂén thueo)a slightly
differently. First we use the triangle inequality to get o

1 n—1 1 n—1 1 N-—1
(s 15,,.,) < (’”‘” o 5xza> e (n D Txipy D 5x>
k=0 k=0 k=0 ~ k7Y
1 N—1
+d (N Z 6X57L,Nw” ’ Mén,N,’y) )
°Y

k=0
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. A e . 1 n—1
Now, since 6,, n~ minimizes the function § — d (ﬁ > ko 5X90, ~ Z Xe,vw), we

can further bound d(ueg,, 15, w) as
1 n—1 1 n—1 1 N-1
d (ueo,u@n,w) <d (ueo, ” ;5)(22) +d (n zgang, ¥ > 5Xzo,w>
| Nl
+ supd <N > (SXz;(w,,ug) . (28)
k=0

USC]

To allow pathwise comparison, let us define the following processes. For any 6 € O,
define Y.?7(B), an Euler scheme of Y defined with the same fBm B. Namely, Y.*7(B)
is defined by (15) where B is replaced by B. As in Section 2.1, define X7 (B) by

X09(B) = (YPU(B),C (VP (B),Y(B), .., /(Y (B), ..., Y0,(B)))

We also define Y (B) which is the solution to (9) with the fBm B, and similarly we
define X (B ) Now, we can do pathwise comparison between X? and X%7(B), and
between X%7 and X%(B).

Bounding the second term in (28).
Split the second term in the right-hand side of (28) as follows

n—1 1 N-1 1 n—1 N—
( 25 907N 5X90 ’Y> Sd<nzéxgghu90> <p,90 ﬁ Z 90 W)

= k=0 k=0
- N—
vy oy Lo ).
(29)
Furthermore, split the last term above as

1 N-1 1 N-1 N-1
d (N z;) 5X6.)0’ N 5X:0W> < Z ) 90, N Z X:?{"Y(B)>

k=0

1 N—-1 1 N—-1
td (N > 5x::~<3>vwo> +d <N 5xz:““90> -
k=0 k

=0

Moreover,
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Bounding the third term in (28).
Split the third term in (28) as follows

1 N-1
Supd <N Z 5X£$/7N9>

0€O

k=0
1 N-1 1 N-1

Final bound on d (ugo,uén le) .
Using (30) and (31) in (28), we get

d <,U90, Mé",N,,Y>

1 n—1 1 N-1
<2d <nk205X52’“"°> +2d (N > Oy

0co

1 N-1
+ Supd <N Z (5ng(§),#3>
k=0

(§)>

22

+supd
0co

1 N-1
(% 3 o)
k=0

(31)



The first three terms on the right-hand side can be bounded exactly as the term Dgl)
in the proof of Lemma 3.5, one thus gets

n—1
1 o
d <n 6X297M90> < Ca,q (n—a + n—5(2—2 max('H)\/l)) (33)
k=0
1 N-1
d <N > 6X507u90> < Cayg (N‘a + N‘%@‘?m“(”)“)) (34)
-0 v
1 N-1
d (N 6X:2(B)’M0> S Ca,q (N_a + N_§(2_2max(H)V1)> . (35)
k=0

Remark 4.1. For the term d (% iv:_ol 5X90(§),u90>, notice that we, is also the law
ky

of X%B the stationary augmented process associated to (1) with the fBm B instead
of B, so (26) in the proof of Lemma 3.5 still holds since we compare two solutions
with the same noise, and therefore we know that they converge exponentially to each
other as t — oo by Proposition 3.3.

Let us define

k=0 =0
o) L N1 | V-1
22
Dy(0)=d (N Oxtos 2o 5xgw(3>> (36)
k=0 =0
L V-1
3
D 7)7(9) d (N 5ng(]’3\)7/1'9> .
k=0

In  Section 4.3, we show how to bound the moments of
SUPyco DJ(\?I,Y) (0), supgco Dg\?%y) (#) and supgeg DJ(\?;,)W (0). Namely, we prove that for any
¢ < amin(#) and any w € (0, 1), there exist constants Cy . and Cq ¢ - such that for

any N > 1 and v < 9 with N+ > 1, the following bounds hold:

E sup DE{?Q (9)’ < Cmg,yozmin(?-t)fs (37)
0o
(22) ;o\ |* o min(H)—e
Esup | DN (0)] < Caey (38)
6€O ’
Ezug Dﬁ?v((?) <Coew (’Ya min(H)=e (N’Y)_ﬁ) ) (39)
c6

with 7 = 2(#0;?2@(2 — (2max(H) V 1)). Injecting the bounds (33), (34), (35), (37),
(38) and (39) into the decomposition (32) concludes the proof. O
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4.2 Proof of the uniform convergence of the contrast

In this section, we obtain the uniform convergence of the contrast

1 n—1 1 N-1
(n,N,’Y) —d (n Z 5XZ?1’ N Z 5XZ$>
k=0 k=0

towards d(pe, , i0), that is used in the proof of Theorem 2.6. First we prove that almost
surely, there is convergence as (n, N,v) — (00, 00, 0) for each fixed §. We have already
proven in Section 3.2 that d(+ ZZ;& 800, f1g) converges to d(pig,, pg) as n goes to
kh
infinity. By Proposition 2.4, d(% fCV;Ol d o, tg) converges to 0 as N — oo. Finally,
ky

we prove in Proposition 4.2(i) that d(ug, 1)) converges to 0 as v — 0. Therefore

1

n—1 N—
1 1
d| — ) — 050, — d , o).
<n kZ:O X5 N Z ng) (n,N,v)—=(00,00,0) (o, o)

k=0

We extend the convergence result to a uniform convergence in 6 in the following
Proposition.
Proposition 4.2. Let 0 < p < 2 and d € D,. Under the assumptions Ag, A1 and
Iy, there exists vo > 0 such that for all v € (0,7, the following assertions hold true.

(i) lim sup d(pe, p15) = 0.
1—0geco
| Nl
U )
(i1) Nh_r)r(l)oglelgd (N kz:;) 5X:’J’M9> =0.
—1

N
1 1
d (n ;5X227N Z 5ng> — d(pay, o)

k=0

(i) lim  lim  sup = 0.
Y—=0n,N—oco gco

Proof. Notice that (i) is a simple consequence of the previous statements (¢) and (7).

Proof of (i).
By the triangle inequality,

d(po, 1) < d(pg, LX) + d(ug, LX) + d(LXR), L(XR,)).
Since d is bounded by the 2-Wasserstein distance, for all N > 1 there is

(g, 1g) < Walpe, L(X3,)) + Walug, LIXJD) + Wa(L(XJD), L(XK,))
=W+ w® LW, (40)

As for W we have

_ 1
w — Wg(ue,ﬁ(Xze\m)) < (EIX%, — X?\WP) 2
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By Lemma 3.3, the right-hand side term converges to 0 as N — oo uniformly in 6.
We now look at the second term:

1
W =Wy (g, L(XJT) < (EIXRT — X} 2)2

N

S
MQ

(]E‘YN7+zh N'y+zh| ) (41)
=0

By (Panloup et al, 2020, Equation (4.2)), we have for any k € N,
2 2
0, 0, k|0, 0,
7 -v | < (=284 2K |70 - v (42)

Furthermore, for any ¢ € [0,¢], there exists j € N such that YJ\% i = Yje,y’"’ and

YJ‘\’}J in = Yﬁyy. Therefore, the bound (42) holds for all the terms in (41). We conclude
that there exists vy > 0, such that for v < 7p, the second term goes to 0 uniformly
in # when N — oco. Now for the last term in (40), by definition of the Wasserstein
distance, we have

1
2

W = W (£(XFe,), LX) < (BIXE, — X3(B)1)

Nl=

q
< Cq Z (]E|Y13'y+ih YJ\ef’erzh(B)‘Z)
=0

In (Panloup et al, 2020, Proposition 3.7 (i)), it was proved that there exists positive
constants C' and p that depend only the Lipschitz constant K from A; such that for
any m € N,

|Y7fw — Y;Z’,?(B)F <C Z ¢J (Y0 'Y(B))efp’y(’n'L7j+l)’

where ¢;(2) = v*|be(2)[> + [ |Bjy+t — Bjy|?dt. This pathwise comparison is possible
because the two processes are defined with the same noise B. Since b is uniformly
sub-linear, it follows that

m—1 ~
Yo, - YauB)I <C ( +YEBP) + / |Bm+t—BM|2dt) emrm=i+),
Jj=
(43)
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Now for i € [0,¢] and k € N, since the process Y%7 is constant over intervals of size

7, recalling the notation t, = ’YL%L we can always write

0 0, _ 0 0 0 6,
}%%M_Y%L“B)_(KMHMﬁﬂJ_Y@HMM)+<KMHM7_KQQMJBD’

(44)
where
€ki =ky+ih — (ky+ih)y <.
For the first term in (44), using the sub-linear growth of b, we write
|Yv(?c'y+ih)ﬂ,+€k)i - Yv(?c’y+ih)ﬂ,|
(ky+ih),+ ,
<C / (L + IYJ[")ds + | Bkytin), +exs — Blryiny, | | -
(ky+ih)~
It follows from Jensen’s inequality that
0 0 2
|YJ’(k’Y+ih)w+6k,7t - Y(k’Y+ih)w‘
(45)

(ky+ih)y+er,i 02 )
<C 5k,i/ (14 [YJ[*")ds + | Bryrin), +erns — Bry+iny, | ] -
(ky+ih)~

The second term in (44) can be bounded using (43) with m = M Combining
this and (45) in (44), we get that for any k € N,

q

0,
Z |Yk0'y+ih - Yk'ylih(B) ?

=0

q i €k.i

(ky+ih)y+ek,i 012 5

<C> vy (L + [YS1™)ds + [Brytiny, +er; — Birytin), |
i=0 Y (ky+ih)y

k i b
g LBy

2l )
97 _ _ ky+ih | -
+CZ Z (72(14_')”7(3”27«)_#7 1/0 |ij+t—ij|2dt>7€ PULEETI=a+),
i=0  j=0

(46)

n

Taking the expectation, using lim supvz e Pt < 4o and r < 1, we get
n—>%o =0
Y =

a 2
. _ X 0,
sup  limsup~y~2max(H) Z E ‘Y]€77+ih - YN"yY+ih(B)‘
0€0©,7€(0,70) k—o0 i=0

<C|(1+ sup 1imsupE\Yk9W’7(B)|2T + sup limsup E|Y/|*" | .
0€0,v€(0,70) k—oo 0cO® t—oo
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Using Proposition B.2(i) and Proposition B.1(), it follows that there exists vy such
that for v < =g, the right-hand side is finite. This concludes the proof of (7).

Proof of (ii).

We already know that the convergence is true for fixed 6. In order to extend the result

to uniform convergence, we show that the family {6 — d(% Zszo Oxoms g )i N >
ky

1;6 € O} is equicontinuous for a fixed v € (0, 7o]. For some 6; and 65 in ©, there is

1 N—-1 1 N-1
(s En) ()
<)+ (% 3 bz Sz ).

Decompose the second term to get

| Nl | N2 2 | N2 | Nl 2
d (N D Oxman g D 6X52,7> < CW; (N O D Ox )

)
k
k=0 k=0 k=0 k=0
1 N—-1
<O= |X91"Y X92,’Y|2
=YN E kv
k=0
q 1 N-1
01,y 02,y |2
< Cq § :N |Yk'y+zh Y +7,h|
=0 k=0

Let w € (0,1) and p > 1. By Proposition B.3, there exists a random variable C with
finite moments of order p such that for all 6,0, € ©,

N—
1
5 2 Vi T = YE TP < CUAL6 - 62[7).
k=0

—

These results still hold when replacmg YOV by Yk since we compare two

’Y-Hh’
piecewise constant processes. Thus d(N 5 X017 N Zk o Ls xe2: +) goes to 0 as

|#1 —62| — 0 uniformly in N. The same goes for d(,ug1 , M92) by taking the limit N — oo.
This concludes the proof of the equicontinuity and therefore the proof of (i7). O

4.3 Proof of the bounds (37), (38) and (39)

We prove here the bounds (37), (38) and (39) on Dﬁ)lw), DJ(\?%{) and DSL that were
defined in (36). In this section, d always refer to the distance dop,p. /

Proposition 4.3. Recall that « is the exponent in the strong identifiability assumption
Is. Assume that the exponent r in the sub-linear growth of be in (8) satisfies r < 1.

For any ¢ € (0,amin(H)) and any w € (0,1), there exist constants Co . > 0 and
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Coeow > 0 such that for all v € (0,70] and N > 1 satisfying Ny > 1, the inequalities
(37), (38) and (39) hold.

Proof. First, observe that for both D( ) and DEV 7) we compare a solution of an SDE

with its respective Euler scheme, Wlth both processes defined with the same noise B.

This allows to do a pathwise comparison. We only detail the bound on Dﬁlv), the

bound on D](\?QA/) can be obtained similarly. Since d¢r,, is an element of Dy, there is

N-1

ey 1 0.
sup Dy (0) < — sup | X? - X (B
sup DI < 7 3 sup XL, = X0 ()
a4 Nl .-
< E — E Y/ -Y, B
>~ Cq v N i 225 | kvy—+ih k’y+zh( )|

Recall that > 2 in I5. Hence, an application of Jensen’s inequality gives

q N-1

1
E sup Dg\?lw)(ﬂ) < Cyqa ZE sup

0 0,y
‘Yk'y+ih Y,
6cO

k'y—i-zh(B)‘a

Define
I Z;gg N Z Yiysin = Vi (B
We will first provide a bound on Z. Usmg (46),

q

0 0,
E Yertin — kalih(B)F
i=0

(ky+ih)y+ek,qi oo )
<C ’Y/ (1 + [YJ[*")ds + | Bry+in), +er.; — Bry+in), |
=0 (ky+ih)y

R

Lk'y+7hJ 1

r _ v _ ky+ih | _ .
+CZ< 2 (a+ B+ / Byt = By dt) ye (15 “*“)

q
=:C Y (Tan(i) + Lo (i) + Tsp(i) + Zan(i) . (47)
i=0
q 1 N-1
Hence there is T < C, supz Z (Th,,£(3) + T2 (3) + Z3 1 (2) + Z4 1 (7). Let us pro-
€0 | o

vide uniform bounds in 6 on the sum over k of the terms Z; 1,(7), Zo.x (%), Zg.5 (%), Za.5 (7).
First we have

1 ¥ 1 [NaFih),

-~ Ilk()S*

027
¥ s [ A s
(th)y
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N~+ih 02 ’Y ih 0o
<2 (1 EPrds+ 3 [ v prds
N/ih N Jny,
72 N 2 2 1 " 012
< — 1 "d 2v41; — 1 YZ1"M)ds | .
e A o ) AR et
(48)
For Z3 1 (i), write
| V-l v [~ -1
. 0,y 2r
N I3 k(i) < v sup Z (1+ Y, (B)[™)
k=0 k=0
~y (Nv+ih)y—y 0
< C’—Sup/ (14 Y27 (B )de
N gco K
v Ny—~ ’V ih
<C— sup/ (1+\Yte’lh(B)Fr)dt—i-C]l#o—sup/ (1+|Yt9’V(B)|2T)dt
N gco ) N gco 0 v
’Y 0 2 ’YQ 1 " 0 2
—_ (1 Y’7 B)|"")dt + C-—1,; — 14+ |V, (B)]*")dt
o7 [, @ T ey & [T )
(49)

For 7, 1, (i) we have

L N’y‘:»ih J 1

pe 1
Ly S0 [ B o

k=0
Ny—&-zh'y
Bs s dt
N/ (/' # = Bol )
N~
A N T O

| /\

| /\

(50)
Therefore, using (48), (49), (50) in (47), it comes
q N~ 1 ih
I<cC Z sup — (14 Y2 07" )ds + 210 sup 72,—/ (1+|Y2)?)ds
= oco N oco  ih Jy

N~y 2 ih
7 0,y 2r Y 0,y 2r
+ s / A+ 1Y00, (Bt + O tigasun oo [+ 2 )

1 ih 1 Yy 9 N~ 1 ¥ )
+ / <’7 / sup |Bsa,+t - Bsa,| dt) ds + 7/ (’)’ / sup ‘Bsﬂ,+zh+t BsA,—i-ih‘ dt) ds
N~ 0 6eo N~ Jo 0

0co
lNl
+ = Sup | B(ky+in . = Bloyriny, I |-
~ kzzoae@| (kr=vin)-+ers ~ Bliin, |
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Since Ny > 1 and €;; < 7, using Jensen’s inequality (/2 > 1) and taking the
expectation, we get by applying (Haress and Richard, 2022, Proposition 3.5) that for
€ (0, amin(H)),

a/2

Ny
sup 1+ a7")ds
sup = [ W) ]

L i /2
sup / (14 |VF[2)ds
I=C) ih 0

1 Ny a/2
——su 1+ |y2 Tyt
o [, P

E[Z%/%] < C, Z(

=0

+ 272]11¢0]E

+Cy’E

1
Q

~

%)

1 ih
+ Oy 1isoE | sup — / (1+ Y27 (B)2r)dt
pco th Jy v

4 1 [N . 1 :
_'_,Yozmm(’H)fe + 7\/ ,ya min(H)—e ds + ,yocmm(’H)fe )
N~ Jo

It follows that
/2 - 1 M 0 |2 o
E[Z*/%] < C, E sup—/ Y. " ds
[ ] q zz:; 96 ]\]'/y 0 | + h,|
1 it /2
sup - [ [vIrds
oco th Jo

1 Noy a/2
+ OB | s [V, (B

+ 27%1,40E

Y oeo Jo
a/2

+ ’Ya + ,yoz min(’H)s) )

O L [sup o [V (B
peo th Jo 7
By Proposition B.1(iii), Proposition B.2(i7) and since r < 1, we have that

1 Ny a/2 1 Ny a/2
sup—/ |Y59|2Tds] and E N—sup/ Y,ﬁ’v(B)|2rdt]

E
gco Nv Y oco Jo

are bounded uniformly in N and . One can check that the result still holds when
the process is shifted by ih since the shifted process is still solution of an SDE that
satisfies the necessary assumptions. Therefore, for € € (0, a max(H)),

E[IQ/Z} < C,ya min(H)—el
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We conclude by observing that by Jensen’s inequality

—_

q N—-1 2
> Z <5up Z |Yk'y+1h kv+zh(B)|>
i k=0
q N— ?
> C (Z 2‘61 Z Yk’y+2h k'y—i—zh(B)') .

Hence

Esup DGV (0)" < CE[Z/?] < Cpomin(h—e, (51)
sco 7

Consider now DS\?;’)W(Q), which was defined in (36). Since g is also the stationary

law of the process X° (B’), we drop the dependence on B for the rest of the proof. We
first start with the following decomposition:

sup DE?) (9) < sup Dg\‘,ﬂg (0) 4 sup D(‘Q)(G),
6€O ’ 0€0© ’ 6ce

where, noticing that 4 S " oxo = + fOT dxo dt for T = N7,
2y ¥

T
-t [[108)
D2 () < / Oxadt, /0 5vadt>.

Bound on supycg Dg\?? (9).
Similar arguments as before lead to

32 «@
E zug D( ) * < Cqa E / SUP |Y;5+zh Yt(i+ih| dt.
€

We will show how to bound the quantity above for i = 0. The same arguments can

be used for any value of i. Since Y7 is a solution of (9), it follows from using Jensen’s
inequality and integrating over ¢ that

1 T T
T/ VY =Y |*dt <2071t / / |be (YO)|* ds dt + 207 |o|* — / |By — By, |*dt.
0 0
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By Fubini’s theorem, we get that

1 T 0 6 1 1 T 6 1 1 4
7wy a <t s e 2 o g [ 15— By

The drift term above is bounded thanks to the sublinear growth of b¢ given by (8) and
the uniform bounds on the L7 moments of Y;? given in Proposition B.1 (ii). As for the
term |B; — By |, we have thanks to (Haress and Richard, 2022, Proposition 3.5) that
for all € > 0,

E <sup |B; — Btw|“) <CH” min(H)—e
HeH

Hence, the two previous inequalities yield

1T .
E (sup T / |Y;9 _ thé; |adt> < C,ya mm(?—[)—el
0cO 0

Bound on Dj(\‘,o’l,y) ).

The quantity DJ(\?;lw) (0) can be handled the same way as DSS) in the proof of Lemma

3.5. Namely, we get that

EDE\?’W) (e)a <C, (T—a + T—%(Z—max(Qmax(H),l))) ) (52)

Bound on supycg DJ(\?’)IV) 9).

Let ©(0) = d(po, fOT dxpdt). Let € > 0 and 0 .= {956) [1<i< ME} such that
0 C Uij\fl B (955),&“) for some points 955) in ©. Then, as in (Panloup et al, 2020, Eq.
(5.27)-(5.28)) and using (52), one gets

E sup ()0(9)04 <C, <E sup |(P(9) N ¢(9€)|a + M. (T—Oc + T—§(2—max(2max(ﬂ)7l))> ;
[USC) fece

where 0, := argmin |0’ — 0|. Now |¢(0) — p(0:)| < d(pe, po.) + d (% fOT dxodt, x OT J oe dt).
0re{0(*)} ' !
Since d belongs to Dy, the second term in the right-hand side yields

17 I ~1 [T 0
.2
d T/o 5detvf/0 (5Xtegdt SC’qu/O Yivin = Yol dt.
=0
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For w € (0, 1), Proposition B.3 gives the existence of a random variable C with finite
moments such that

1 /T -
[ vipa< ol -6,
0

This bound still holds if Y; is replaced by Y;4p since

1 T|Y9 o |2dt<T+ih 1 Toih
T J, "t TRl = o in ),

Overall, we get

Y7 =Y Pt

1 T 1 T -
— < — 2,
d(T/O 6det,T/0 5ngdt> <C,Cl0— 6,

Hence we have obtained that

E sup @(9)(1 < Coyqw (5% + M. (T_a + T35 (2-max(2 maX(H)’l)))) .
6co

Choosing M, < g% and € = T~X for some x > 0, it comes that

Esup o(0)* < Co g, (T_XO‘% + 5 (2-max(2 max(H)’l)de) .

(ISC)
Finally optimize over x to get Esupgeg ¢(0)* < Ca,q,oT ", for i = 2(#’%(2 —
(2max(H) Vv 1)). O

5 Application to fractional Ornstein-Uhlenbeck
processes

In this section, we prove the results of Section 2.4 and provide numerical experiments
to illustrate the convergence of the estimators in the case of fractional Ornstein-
Uhlenbeck processes. We first prove the identifiability assumption for the fractional
Ornstein-Uhlenbeck (OU) process in Section 5.1 and Section 5.2, then for a family of
small perturbations of the fractional OU process in Section 5.3 and finally, in Section
5.4, we provide numerical results.

5.1 Identifiability assumption: proof of Proposition 2.11

The proof of Proposition 2.11 is based on the injectivity of a specific function, as
stated in the following Lemma (the proof is given in Section 5.2).
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Lemma 5.1. Assume one of the three cases 8 = (£, H), 0 = (§,0) or 0 = (0,H), then
there exists hg > 0 such that for h € (0, hg), the function f defined by
y o2 HT(2H)¢~2H -
P20 p2rom 4+ 1) (2% cos(ha)2i-rda (53)

15 one-to-one.

For the fractional OU process, recall that the stationary measure follows the Gaus-
sian distribution given by (18). Furthermore, the processes U’ are also Gaussian
with the same law. The correlation between these processes is given by (see (Cheridito
et al, 2003, Eq (2.2))):

_ I'(2H 4 1)sin(rH) [ . pl—2H
E(UTL, ;) = o . /0 cos(zhm)mdx. (54)

Now for 61,605 in ©, there is

) =01 701 701 ) =00 05 0o 2
<Eez<x,<vt T =0) _ it (072,0/2,-0; )>) 9o (x)dx.

dorp(po,, pe,)” = /

R2

Since the process (U@, Uﬂh — Ue) is Gaussian and stationary, it comes:

; _ B0 = B(U)?
CF,;D(:U’GUM%) =0 i E (Ug1(Ug1 _ Ugl)) - <U092 (Ug2 _ UgQ))

which thus reads

d e -Eopy
CFvP(lu’Gup’gz) =Vl E (Ug1 0'21) —F (082022) :

In view of (18) and (54), assumption I, becomes equivalent to the injectivity of the
function f defined in (53), which is therefore given by Lemma 5.1.

Remark 5.2. In Haress and Hu (2021), the authors studied fractional OU processes
and proposed a similar estimator for (§,0, H) simultaneously. Similarly to our case,
for a consistency argument to hold, they are left to study the injectivity of

o2 HT(2H)¢—2H
sin(mH oo L1—2H
Ji(& o H) o> | 0T RH 4+ 1) % cos(ha) grrrda | (55)
O'QF(QH + 1)@ fooo COS(th)zz_,’_iﬂdx

The injectivity was not proven but numerical arguments were provided to support this
claim.
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5.2 Injectivity of f: proof of Lemma 5.1

The case 6 = (0, H).
Let (a,b) be in the range of f. We will show that the equation

a=o?HT(2H)¢2H

o, sin(mH) oy /°° ‘ g1—2H (56)
b=0c‘T(2H + 1)77r 13 ; cos(fhx)il T

has a unique solution in o, H. First, thanks to the first equation, notice that we can

H
write 02 = #ZQH) Injecting this in the second equation we get

1-2H

: o x
br = a51n(7rH)/0 cos(ﬁhx)m dz = ag(H).

We will show that the function g is injective. Since g is continuously differentiable, it
suffices to show that ¢’(H) > 0 for all H € H. We have

1-2H 1-2H

g (H) = mcos(mH) /000 cos(§hx)glc+7x2dx — 2sin(wH) /000 cos(&hx) log(x)glc_'_ixzdx.

(57)
By (18) and (54), we have

E(UTU) =0 de = E(U?)? = ¢>HT(2H)¢ 21,

5 T(2H + 1) sin(rH) /oo pl-2H
o &

T + 22

Using I'(2H + 1) = 2HT'(2H) and the change of variables y = z/¢ yields

oo L 1-2H T
in(rH ——dr=—.
sin(m )/0 a5

By differentiating with respect to H, we get

oo L 1-2H oo p1-2H
Subtracting this term to ¢’'(H) in (57), we get
oo xl*ZH
o (H) = / (1 cos(€ha) (2sin(xH) log(w) — 7 cos(H)) |
O x
7 cos(mH)
Let By = eZsn=M | Then
BH p1—2H
g (H) = / (1 = cos(&hx))(2sin(mH) log(z) — WCOS(WH))WCI.%‘
0
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o :L,172H
+ / (1~ cos(gha)) (2sin(rH) log(x) — mcos(wH)) -

For x € (0, By, 2sin(wH)log(z) — mcos(mH) < 0. In addition, using 1 — cos(x) < 7”2—2
in the first integral and the change of variables y = hx in the second integral, we get

/ ep2 [ pi—2H
g'(H) > 5 /0 x*(2sin(rH) log(z) — WCOS(WH))WCM
+h2H / " (1 = cos(€x)) 2sin(rH) log(x) — 2sin(wH) log(h)
o L12H
— ﬂCOS(FH))mdx~

For « > Bph, we have 2sin(mH) log(z) — 2sin(mH) log(h) — wcos(mH) > 0. Assuming
h <1, it thus follows that

1-2H

Bu
& /O 22 (2sin(m H) log(x) — 7 cos(wH)) *— dx

/H>
g(H) = 1+

+ p2 /800(1 — cos(&x))(2sin(mH) log(x) — 2sin(rH ) log(h)

H

pl—2H
— T COS(T('H)) Wdl’
x
€2h2 B pl—2H
> N /0 22(2sin(wH) log(z) — wcos(wH))mdx
9] xl—ZH
+ p2 / (1 = cos(éx))(2sin(mH) log(w) — mcos(mH)) ———dx

+ 2h2H |log(h)| sin(r H) Oc(l—cos(gx))ﬂdx
g i h2 T ],‘2 .

Since H € H and £ € =, we deduce that there exists C7,C5,C5 > 0 such that
g (H) > C1h*"|log(h)| + Coh*H — C3h?.
Therefore, there exists C' > 0 and hy > 0 such that for h € (0, hg), we have
g'(H) > Ch*™|log(h)| > 0. (58)

We have thus proved that f is one-to-one.
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The case 0 = (£, H).

Let (a,b) be in the range of f. We prove that the following equation has a unique
solution in (&, H):

a= HI'(2H)¢ 21
1-2H

e
b= 2HF(2H)§‘2H% /O cos({“hm)%

dzx
x2

which is equivalent to solving

For the rest of this section, we will focus on the function

o0 a s p1-2H
H) =sin(rH S .
ga(H) = sin(m )/0 cos (HF(QH)> hx 1+1’2d$

We will show that for all possible values of a, g, is a bijection and therefore there
exists a unique H such that g,(H) = g—ab For this H, £ is then uniquely determined

1

by the equality £ = (m)_*
We plan to differentiate g,. For H > 1/2, the derivative in the H variable of the
function x +— cos((ﬁ)’ﬁhx)% is integrable and we get

/ oo a —5m pl—2H
H) = H [ — o
g, (H) = mcos(nH) /o cos (HI‘(2H)> hx T2 dx

— sin(rH) |:H»—> (HF?ZH) —fH} h/oocxsm(< ?2H))_21H hx) % x

00 *%
*QSin(ﬂH)/ cos ( hz | log(z dx
o < HT( 2H

=: 9:1,1(H) + 9;,2(H) + 9(/1,3(H>~
(59)

Unfortunately when H < 1/2, the integral that appears in g, ,(H) is not defined in
Lebesgue’s sense. However, we have for any A > 1 that

—2H

A 2 2H A —oH 4 v
/1 sm(C’JS)mda::/l sin(Cx)z dx—/l sm(ox)mdm
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The first integral in the right-hand side converges in Riemann’s sense as A — oo
and the second one converges as a classical Lebesgue’s integral. Thus we get that
9o (H) + goo(H) + g, 3(H) is well-defined even for H € (0,1/2], and then that the
equality (59) also holds for H < 1/2.

Now notice that g, , (H)+g,, 3(H) is exactly the term ¢g'(H) handled in the previous
case 0 = (o, H) with £ = (m)_ﬁ We have shown in (58) that there exists
Cy > 0 and hg > 0 such that for h € (0, hy),

Gaa(H) + g 5(H) > C1h*" |log(h)]. (60)

We now prove an upper bound on the absolute value of gQ7Q(H ). Using the change of
variable y = hx, we have

9, (o1
. R o< a -5y p2—2H
<sin(nH) | |:H — (m) 2H:| (H) h2H /0 sin ((I‘IF(QI‘[)) x) md(t .
(62)

Let us show that the integral J = | [i sin((zg T H))—ﬁ )h2+ " dz| is bounded
uniformly in A € (0,hg). Using that |sin(z)| < z fo
om( 27 that

r x > 0 we have for ag =

oo a - 22—2H
/aH St <HI‘(2H)) & el

HF?QH))

1
aH a ~3%H 1,372H
< [ — —d
‘7—/0 (HF(?H)) 22ttt
1
o a T om
< d
—/0 )
-5 g2-2H  2-2H
(HF v <h2+x2_ x? )dac
_ 1
/ (Caetam) =)
sin x|z x| .
HT(2H)
oy

Hence bounding the sine function by 1 in the second integral and using the change of
variables y = (HF(QH)) 2i 7 in the third, we get

o0 a ~om p—2H
(a4 L
/aH s (HF(QH)> il IR

+
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)|
-

< a T g 12 /OO —2-2H ;. | a £ /OO sin(x)d
=\ mr2H) 2 2H o *T\HT(2H) L. x2H T

a e 1 ofl 2H a S| oo sin(x)
< | — +h2 A + / dz| .
HT(2H) 9—9oH ' 1+2H ' \HT(2H) T

Writing |, O: S;I;(ﬁf dz as the sum of positive terms

(2k+1)m (2k+2)7 _:
—oH sin(x sin(x)
dx = g d d
/27r sin(w o / z2H +/( a?H ‘

2k+1)m

s (2k+1)m 1 1
= kZ_O/Qkﬂ— Sln(.’l})(ﬁ — m)dl‘ (63)

< 3 _T 1 ;
= — (2km)2H (1+k-1)2H )”

we get that the last sum can be bounded uniformly for H € H. Thus, J can be
bounded uniformly for H € H by a constant Cy > 0. From (61), we thus get

()] < Cal® sinGe) [ - ().

Since the mapping H — (m)*ﬁ is smooth on (0,+0c0) and H is a compact
subset of (0,1), we deduce that there exists a constant Cy > 0 such that
|9a2(H)| < Coh?M.
Combining this with (60), we conclude that for any h € (0, ho),
g;,l(H) + QQ,Q(H) + 9;73(H) > C1h*|log(h)| — oM

Hence, there exists C, hy > 0 such that for any h € (0, k1), we have

Gan(H) + goo(H) + g, 5(H) > Ch*"[log(h)| > 0.
This proves that g, is a bijection.

The case 0 = (£,0).

As before, for (a,b) in the range of f, we need to show that (56) has a unique solution
in &, 0, for a given H. Notice that (56) is equivalent to

a=o?HT(2H)¢2H

sin(mH) pl—2H sin(mH)

b= GT/O cos(&hx) 22 dx =: aTg(f).
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Thus, it is enough to show that §’'(£) < 0 for all £&. We have
2-2H

gl(g) = h/o Sln(fhﬁ)ﬁdl‘

Let C be a constant that may depend only on © and may change from line to line.
We decompose §'(£) as

= —h/ sin fhx h/ sin fhx

Using |sin(z)| < z in the first integral, we get

/ , o0 p2—2H
e < _ : .
g (&) <Ch h/l sm({hx) 2 dx

—2H

= Ch? —|—h/ sin fhx) h/ sin(¢ha)z A dx.

Since ¢ is in a compact, we use in the first integral that |sin(€hz)| < Chz. As for the
second integral, we use the change of variables y = £hx to get

1-2H

7€) < Ch? + Ch? / z
1

do — 2 -1p2H / sin(x)z 2" dx
1 —+ $2 ¢h

&h oo
< Ch? + 2 -1p2H / sin(z)z " 2Hdx — 2 -1p2H / sin(z)z =2 dz.
0 0

Using the inequality |sin(x)] < =z and the fact that £ is in a compact,
we have |¢2H-1p2H fsh sin(z)z~2Hdx| < Ch2. As for the last term, we write

Jo sin(z)e " dy = f sin(z)z=?#dx + [, sin(z)z~2"dz. The second term is
positive by (63), therefore

0 2m ™ 2m
/ sin(z)z2Hdx > / sin(z)z 2" dx = / sin(z)z 2" dx —|—/ sin(z)z 2" da
0 0 0 ™
T 1 1
= A Sln(l')(ﬁ — m)dl‘ > 0.

Since  the last integral is continuous in H, it follows that
infgee £ [ sin(z)z = dx > ¢ > 0 and we get

7€) < Ch? —ch?f.

It follows that there exists hg > 0 such that for any h < hg, we have ¢’(£) < 0.

40



5.3 Strong identifiability assumption: proof of Lemma 2.12
and Lemma 2.13

In this section, we prove Lemma 2.12 and Lemma 2.13, that is the strong identifiability
assumption for the fractional Ornstein-Uhlenbeck process and small perturbations of
this process.

Proof of Lemma 2.12. The condition p > 1 ensures that dc g is well-defined in dimen-
sion d = 1. When 6 = ¢, this lemma was proved in (Panloup et al, 2020, Lemma
6.2).

Let us deal with the case § = H. We have already seen that pg =
N (O, UzHF(QH)E*QH). Taking into account the expression of dor,, in (4) yields

o2H,T'(2H o2 H,T'(2H 2
<exp (—21522211)772) —exp (—222,2222)772)) gp(m)dn.

Let g(H,n) = exp(—%nz)7 then we have

dCF1P(/1‘91 ) :u92)2 = /]R

Ho 2
(H 8Hg(H,n)dH> gp(n)dn. (64)

dCpr(:u‘% ’ /L92)2 = /

R

We will show that 0gg(H,n) is bounded away from 0. We have

2,2 2
Oug (1) = Gty exv (T gy P ) (C2H) + 2HT(2H) ~ 2HT(H) og(€).

Under (20), we have |T'(2H)+2HT(2H) —2HT'(2H) log(&)| > 0 for all H € H. Hence,
there exists two positive constants ¢, C' that depend only on © such that, we have

|Oug(H,n)| > Cn? exp(fcvf) for all H € [my, My].

Using this in (64), it follows that

dorp(po,, poy)* > C?|Hy — Ho? / n? exp(—2cn*)gp(n)dn.
R

A similar analysis can be done when 6 = ¢. In this case, one needs to show that

the derivative of g(o) = exp(f%ﬁ) is bounded away from 0. Since there is

20HT(2H 2HT(2H
g/(g)zf 02525'{ i X (0 252(}1 )772)7

and all the parameters live in compact sets that do not contain 0, there exists positive
constants C, ¢ such that all o € [mx, Mx], we have ¢'(0) < —Cn? exp(—én?). Hence
we can conclude as in the previous case. O
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Proof of Lemma 2.13. The case 6 = £ was considered in (Panloup et al, 2020, Propo-
sition 6.4) under the same assumptions. Our proof for § = H or § = o will be very
similar. More specifically, we decompose dCI:JD(,ug‘1 , ué\Q) as

1/2 12 112 41/2
dCF,p(Mé\lalié\z) > 13/ - (12/ "‘111/ + 112/ ) ) (65)

L = / (Elexp(in0;"*)) ~ Elexp(inU;""))) gpln)dn. 5 =1.2
I, = /]R (]E[exp(inUf"al)] — E[exp(inUtO’el) - E[GXP(iUUtA’GQ)] + ]E[exp(inUto’ez)])zgp(n)dn’
Iy = /R (H*J[eXlo(i??Ut0 )] — Elexp(inUy ’92)])29p(n)dn-

In the above definition of I;;, I and I3, t is an arbitrary large time to be determined
later. Our goal is to bound I3 from below and bound I, and I;; from above.

Lower bound for Is.

We bound I3 from below as follows:
1 . 770,04 . 770,04 2
B> g [ (Blexp(inUf )] = Blesp(inl)]) g, (n)ay
_ 2
- ( / (Elexp(in0;* )] = Elexp(inU;"")]) " gp(n)dn
. 770,605 . 0,602 2
+ [ (Blexp(int2 )] ~ Elesp(in? ™)) gy(a)an

Now, by Lemma 2.12, there exists a constant ¢; such that the first term is bounded
from below by ci|6; — 62]?. In view of Proposition 3.3, the other terms are bounded
by Ce~t. Choosing t large enough, we can thus bound I3 from below by

C
I > §1|91 — 052

Upper bound for I;.

The term I7; also represents a distance between the solution of (19) and its stationary
version. Under the assumption that be, O:be and O9yb¢ are bounded and A is small
enough, the drift —§. + \b¢(.) satisfies assumption A. Theorefore by Proposition 3.3
we have I;; < Ce™“". Setting t large enough we get that

C1
I; < E\al — 0,]°.
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Upper bound for I,.
It was shown in (Panloup et al, 2020, Equation (6.17)) under p > 3/2 that

I, <CE

)

(1022 = U+ 1ar @) (1037 = U] +1AR(U)]) +1AR(UL))

where A (U,) are the rectangular increments defined by
Anl¥) =02 U U P

But Ag(U;) = 0 when § = H or 6 = 0. So I, < N2CE(|U>% — UX% [2|o\UM0|12,).
It was also proved in (Panloup et al, 2020, equation (6.18) and thereafter) that when
be and 9,be are both bounded and A < mz=(1 — €), there is |0 UM?||% < cme e e-
Hence we deduce that

I < Cpz iz NE[UP" — UP 2,

Now if § = H, we get from the same computation as from the stationary case (see
(Haress and Richard, 2022, Lemma A.1)) that

2
B[0P —up | < clo, - 0n 7,

where C' does not depend on t. When 6 = o,

2 t
=K (/ (92 — 01)6t+udBu)
0

< C(0 — 01)>.

2
0,02 0,04
E’1/t7 - bt’

Thus our bound on Iy becomes Iy < Ciz piz,cA?|02 — 61]2. Finally, choose A small
enough so that

C1 2
I, < —16; — 05]°.
2 < 16| 1 2]
To finish the proof, combine the bounds obtained for Iy;, I> and I3 into (65). O

5.4 Numerical results

In this section, we provide numerical examples to illustrate the main results of this
paper. We only deal with the 1d OU model defined in (17) that starts from 0, as it
already raises numerous questions about the numerical implementation. We explain
at the end how one might extend our approach to more general SDEs of the form (1).
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Simulated data.

The fractional OU process cannot be simulated exactly. Therefore, we have chosen to
approximate it by the Euler scheme with very small time-step h (namely h = 1073).
Recall that the L?-distance between the true SDE and the Euler scheme is of order
hH when both are defined with the same fBm. This result holds independently of the
time horizon when the drift is contractive, see e.g. (Panloup et al, 2020, Proposition
3.7 (i)). Recall also that the fBm can be simulated through the Davies-Harte method.
Therefore, up to the approximation of the true SDE, we now assume that we are
given a sequence (Ugp)k>0, where (Uy);>0 is a solution to (17) with a given 6y. Then
we create from this path a subsequence of augmented observations (Xy, )x=1..n as
defined in (10). Here we consider the linear transformation to be the simple increments
as in (12). Furthermore, we consider the time-steps tj, to be of the form ¢, = kh, which
means in particular that we assume h to be of the form koh with kg € N, (namely
ko = 100). Moreover, to compare the estimators (2) and (3), for v = 0.1, we simulate
N of the Euler approximation U%7 defined in (15) with bg(z) = —6x. Then we create
from this path a subsequence of augmented Euler approximations (Xg;?)kzly___, N as
defined in (16) taking again the linear transformations as simple increments. For the
rest of this section, we will use the following terminology:

® One-dimensional case: This is when we only use the first component of X% (i.e. U%)
as observations. This means that we are only interested in estimating one parameter
(either the drift, the diffusion or the Hurst parameter) and we assume the other two
are known. There are thus three choices to consider.

® Two-dimensional case: This is when we want to estimate two parameters and there-
fore take the first two components of X% as observations. There are also three
choices to consider.

® Three-dimensional case: This is when we want to estimate all the parameters and
therefore consider all the components included in X bo, N

® In the simulations, we shall refer to the ,, as the oracle and 6,, x4 as the estimate.

Computation of the distance between the empirical measures.

In practice, to implement the estimator (2), one needs to compute the distance d € D,
between the average of Dirac measures and the stationary distribution. If the observed
process is R-valued, and d is given by the Wasserstein distance, an explicit computation
is possible. However, as we explained in the introduction, using the observations of
U% only allows us to estimate one parameter. If we want to estimate more, we need to
add increments of the process into the observations. Unfortunately, the computation
of the Wasserstein distance in higher dimension requires approximation/optimization
methods that are highly expensive in terms of complexity and are not discussed in
this paper. In this context and as in Panloup et al (2020), it is simple to consider
an approximation of the distance dcp, defined in (4), which we also worked with to
obtain the rate of convergence. More specifically, we want a discretisation technique
for the integral that appears in (4).
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Minimization of the distance with respect to 6.

To implement the estimators, we see the problem of computing the argmin in (2) as an
optimization problem. More specifically, in the Ornstein-Uhlenbeck case, we already
have an expression of the stationary distribution (18). Furthermore, we also know
how to express the covariance between the process and its increments (54). Since the
stationary distribution is gy ~ N(0,Xy), we have all the information that is needed

~

to simulate it. In this case, to compute 6,, defined in (2) we want to minimise

n—1

F:@*—)d(%ZﬁX%,ug). (66)

We adapt the technique described in (Panloup et al, 2020, Equations (7.5)-(7.6)).
Taking d = dcF,p, the idea is to write the functional F as

F(0) = derp(p, o) = Ellu(fo) — po(fe)l’]- (67)

where = 13707
k

density (see (5)). Writing F' like this allows to perform a gradient descent algorithm.

In fact, an approximation of the gradient VF' is formally obtained as

ééxfo , fo(z) = €®?) and & is random variable that has g, as

R
= 1
VF = — A(B, @7
R; (7 )7

where (®7),=1, g is a sequence of i.i.d random variables with law g, and

=2 (i > cos((p, X)) — e—WM) v (em20750)
n—1
=- <; > cos({g, X10)) — eWW’> e 3RO (67 549) .

Hence the gradient algorithm reads

R
1 T
vt e{0,...,T}, 041 =0; — "y ;A(et"btﬂ)a (68)

where (1), is a sequence of positive steps and at each gradient step ¢, (®});, is a
sequence of i.i.d random variables with law g,. Moreover, to compute 0,, n,, defined
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in (3), we want to minimise

F:91—>d( nz:l(s eo,

Mf

by ).

In this case, write F(0) = E[|u(fe) — & Zg 01 X “®)|2]. The gradient A can be
written as in (Panloup et al, 2020, Eq (7.6)):

k:O

A(0,9) = 2(po — p) cos((9, ) po(—sin(
+ 2(po — 1) sin((9, .)) po(cos(

;)
?,.)),
where for any function g : R — R, each component of pg(g({(¢,.))) reads:

pol((6, )" = ({6, XE5)) (6, 00: X1,

Therefore, the question is how to simulate paths of the process dy: X %7 In Panloup
et al (2020) the authors handle the case when #° is the drift parameter ¢ and explain
how the process can be simulated recursively as

DU 1y, = DeULT + (Debe (U) + Vbe(UOULT )

The same technique can be used when #? is the diffusion parameter o:

8 U(k—i—l)fy

0, Uy +1Vbe(U )0, U + (B, — Biy) -

Finally, in order to compute (8HU;€A,);C:0,M ~ in the same way, one needs to compute
Oy B, which is not an obvious task. For instance, using the Mandelbrot-Van Ness rep-
resentation (6), one cannot simply differentiate the integrand with respect to H to get
Op B. In Koch and Neuenkirch (2019), it is shown that for all ¢ > 0, B; is almost surely
infinitely differentiable with respect to H. But since we consider ergodic increments,
we need a result that states: almost surely, for all ¢ > 0, By is infinitely differentiable
with respect to H. In Haress and Richard (2022), it is shown that the solution to (9) is
(1 —e)-Holder continuous in H. So in this case, one simply approximates the gradient
of 8 — F(0) by a finite difference with step § = 0.1. Denoting this approximation by

K(Q, ®), the gradient algorithm reads as in (68) with K(Gt, ®7) in place of A(6, @F).

Simulation of the variable ®.

Since g, has a spherical form, ® can be simulated using the spherical coordinates and
the inverse transform sampling method in any dimension (see e.g. (Panloup et al, 2020,
Section 7) for d = 2).
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Numerical tllustrations.

Recall that we consider the process U given by (17) and we assume 6 to be in a
compact interval. The assumptions Ag and A; are clearly satisfied, where I, follows
from Proposition 2.11. Moreover, Lemma 2.12 proves that I is satisfied when we are
only interested in estimating one parameter. Using the strategy described before, we
get a discretely observed path of X and an Euler approximation X?%7. We set the
following parameters:

0o = (&0, 00, Hy) = (2,0.5,0.7)
h=10"% ¢=3, h=10""

n = 1000, N = 10000, v = 107"
R =100, T =100, p = 2.

Let us start with the one-dimensional case (Figure 1). We perform the gradient
descents described above over 100 realisations of the observations (X gz) k=1,..,n and
plot a histogram highlighting the empirical mean obtained and the empirical vari-
ance. More precisely, we denote the empirical variance when estimating &y, 0o and
Hy respectively by Varg, Var, and Vary. We use the same algorithm in the two-
dimensional case (Figures 2, 3 and 4) and the three-dimensional case (Figure 5)
and plot histograms for all the parameters we are interested in estimating. Take
V= (¢°=1,0" =1, H° = 0.5) as the initial point in the gradient descents.

4.0

3.5

3.0

Drift estimation

estimate-mean
— - oracle-mean
== oracle

estimate

Diffusion estimation

estimate-mean
— - oracle-mean
= oracle
estimate

o H N W A& U oo N ®

025 050 075 100 125 150 175 200

Hurst estimation

10 estimate-mean

— - oracle-mean

= oracle
estimate

Fig. 1 Histograms for the estimation of each parameter separately. The filled vertical lines are for
the true parameters. The dash lines represent the empirical mean of c9n and the dash-dotted lines
the empirical mean of 6, N,~- Left: Varg( n) ~ 0.1, Varg (Gn N,y) ~ 0.1. Right: Varg(en) ~ 0.01,

Varg(Gn,Nﬁ) ~ 0.01. Bottom: Varg (6y,) ~ 0.01, VarH(Gn,Nﬁ) ~ 0.01.
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Drift & Diffusion estimation (Drift) Drift & Diffusion estimation (Diffusion)
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Fig. 2 Histograms for the estimation of the drift and the diffusion. The filled vertical lines are for
the true parameters. The dash lines represent the empirical mean of Gn and the dash-dotted lines
the empirical mean of On N, Left: Varg(en) ~ 0.1, Varg (Qn N,y) ~ 0.1. Right: Vara(Gn) ~ 0.01,

Var, (Gn,Nﬁ) ~ 0.01.

Drift & Hurst estimation (Drift) Drift & Hurst estimation (Hurst)
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Fig. 3 Histograms for the estimation of the drift and the Hurst parameter. The filled vertical lines
are for the true parameters. The dash lines represent the empirical mean of On and the dash-dotted
lines the empirical mean of Gn N, Left: Varg (6,) ~ 0.1, Varg(en N,y) ~ 0.1. Right: Varg (6 n) ~0.01,

VarH (9,17]\],7) ~ 0.01.

Diffusion & Hurst estimation (Diffusion) Diffusion & Hurst estimation (Hurst)
- T
3.0 ~ estimate-mean 4.01 —. estimate-mean
— - oracle-mean — - oracle-oracle
== oracle 3571 mm oracle

[ estimate 7] estimate
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Fig. 4 Histograms for the estimation of the diffusion and the Hurst parameter. The filled vertical
lines are for the true parameters. The dash lines represent the empirical mean of Hn and the dash-
dotted lines the empirical mean of Gn N, Left: Varg( n) ~ 0.01, Varg(Hn N,y) ~ 0.01. Right:

VarH(On) ~ 0.01, VarH(é)n,Nﬁ) ~ 0.01.

Discussion.

In the 1d case, we get accurate estimators of the parameters (see Figure 1). In the 2d
case, one observes a decrease in the accuracy of the estimates (see the left histogram
on Figure 3 and Figure 4 for instance), which is due to a higher bias, as the variances
of the estimators stay the same as in the 1d case. In the 3d case, one observes an
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Fig. 5 Histograms for the estimation of all the parameters. The filled vertical lines are for the true
parameters. The dash lines represent the empirical mean of 0, and the dash-dotted lines the empirical
mean of 0, N,~- Left: Varg(en) ~ 0.1, Varg(On N,y) ~ 0.1. Right: Varg(en) ~ 0.01, VarJ(On Nyy) ~

0.01. Bottom: VarH(Gn) ~ 0.01, VarH(Hn’N,,y) ~ 0.01.

increase in both the bias and the variances of the estimators (specially in the estimation
of the drift). Furthermore, observe that for N = 10000 and v = 0.1, the estimator
Gn N, behaves qualitatively like 0 While Gn N,y is slow to compute, this ensures
that the error generated by replacing 6 — fig by its approximation is not significant.
Finally, note that in practice in the 3d case, the oracle 0,, is slow to compute. In
fact, computing 6 — gy requires computing the integrals appearing in the right-hand
side of (55) which are slow to converge. Moreover, the error when approximating
these integrals can be significant as shown in Figure 4. Thus, even when the invariant
measure is known, it can be more efficient to compute 6,, v, than the oracle in higher
dimensions. In general, further exploration and in-depth analysis would be necessary to
enhance the integration of our statistical procedure with gradient descent algorithms.
In particular, going beyond the fractional Ornstein-Uhlenbeck model requires looking
into derivative-free methods to approximate VA(0, ¢) (e.g Flaxman et al (2005)) and
faster methods to compute the approximation of 6 — pgy. This aspect remains open
for future investigation.
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Appendix A Regularity in the Hurst parameter

In this section, we recall and adapt some results from our companion paper (Haress
and Richard, 2022, Sections 4 and 5) that state the regularity in the Hurst parameter
of continuous and discrete ergodic means. Recall that the fractional OU process is
defined by (17), and let us denote by U(%H) the stationary fractional OU process
with drift £ = 1, diffusion matrix ¢ and Hurst parameter H.
In the whole Appendix, let H be a compact subset of (0,1), E be a compact
subset of R™, ¥ a compact subset of the space of d x d invertible matrices and denote
==Zx X XH.
Lemma A.1. Let @ € (0,1) and p > 1. Let W be an R%-Brownian motion and for
any H € (0,1), denote by BY the fBm with underlying noise W (i.e. as in (6)). There
exists a random variable C with a finite moment of order p such that almost surely,
foranyt >0, any 01 = (§,0,H1) € © and 03 = (£,0,Hs) € O,

1 t+1

— Y2 — VP | ds < C|Hy — Hy|7
t+1/, : :

3

where Y% (resp. Y%2) is the solution to (9) with parameter 01 (resp. 02), a drift be
satisfying Ay and driving fBm Bt (resp. BH2), and Y9 and Y% start from the same
initial condition.

Proof. For i = 1,2, the process 0~ 1Y% is solution to the SDE
t ~
oY =0 Yo + / be(o™'Y{")ds + By",
0

with be(z) = o~ 'be(c-). We have b € CUH(R? x E,R%) and since o lives in the
compact set X, be still satisfies (7) and (8). We choose the stationary fractional OU
U H1) with the same noise BH1 as Y (similarly for US(I’Id’HQ)). As in the proof

of (Haress and Richard, 2022, Theorem 4.5), a comparison between Y1 — Y2 and
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U1 H) _ (LIdH2) giyeg

1 t+1

1 | T =y ds < oot - gt
t+1/,

1 t+1
GG (L1d Ha) 2
t+1 /)

We can now apply (Haress and Richard, 2022, Proposition 4.2) with ¢ = ¢t = 0 and
(Haress and Richard, 2022, Proposition 4.4) with H' = K = K’ and t' =t to get that
there exists a random variable C; (independent of £ and o) with a finite moment of
order p such that

1 t+1

-1 6 022 w
E— [ Yo —-Y?”2 ds < Cq{|Hy — H
1 0 | ( s s )| §= 1| 1 2|

Since |0 (Y = Y2)| > |07 |(Y{* — YP2)|, dividing by |07!| and taking the
supremum over %, we get the desired result by setting C = |~ !|71C;. O

Lemma A.2. Let H be a compact subset of (0,1), w € (0,1), and p > 1. There
exists vo > 0 such that for v € (0,7), there exists a random variable C, with a finite
moment of order p such that almost surely, for all t,t' > 0 and all Hy,Hy € H,

1 t+1 -
t+1 GG — g MR 2ds < C, | Hy — Hal®,
0

where s, denotes the leftmost point in a time-discretisation of step .

Proof. Apply (Haress and Richard, 2022, Proposition 5.1), with ' =t and H' = K' =
K to get that

1 t+1 _ _ _ _
|U<1,Id,H1) _ U§1’1d7H2)|2d$ S C |H1 _ H2|w 4 C«]E‘U(LICLHI) _ U(l,Id,Hz)‘Z.
t+1 0 S~ S~ Y 0 0

Now apply (Haress and Richard, 2022, Proposition 4.2) with t = ¢’ = 0 to get the
desired result. O

Lemma A.3. Let H be a compact subset of (0,1). Let w € (0,1) and p > 1. There
exists yo > 0 such that for v € (0,70], there exists a random variable C., with a finite
moment of order p such that almost surely, for any N € N*, any 0 = (¢,0, Hy) and
any 05 = (§,0,Hs) € O,

N

1 2

N > :‘Yke';”y ~Y27| < C,H - Hol7,
k=1

where Y927 and Y%7 are Euler schemes (15) with the same initial condition and
driven by fBm with the same underlying noise (see (6)).
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Proof. For any 6 € O, the process o=1Y"" is solution to the SDE
t ~
TP =0 ok [ belo ' YI)ds 4 B
0

with be(x) = 0~ be(0-). We have be € C1(R? x Z, R?) and since o lives in the compact
set ¥, one can check that be still satisfies (7) and (8). As in the proof of (Haress and
Richard, 2022, Eq. (5.5)), a comparison with the stationary fractional OU process U
gives

1 —1lry oy 02,71
NH’U (7 =¥

N
1 ~(11d,Hy) (1,1, Hs)|?
SC(}\/‘Z)UM ' _Ujv o+
k=0

2
ds |.

The regularity of the second term in the right-hand side is given by (Haress and
Richard, 2022, Proposition 4.2) and the regularity of the third term is given by (Haress
and Richard, 2022, Theorem 4.5). To bound the first term, we apply Lemma A.2. To
conclude the proof, we notice that |o’1(Yk9;’ﬂ’ - Y:j’7)| > |or’1|\(Y,f1 YG"‘)\ divide

by |o~!| and take the supremum over . O

2

‘Uél,ld,Hl) _ UO(1,1d,H2)

1 N G1am)  rr(LId Hs)
- U ) s 411 _U 3 s 412
+N’7/0 ‘ S S

Appendix B Continuity and Tightness results

In Proposition B.1 and Proposition B.2, we prove that the solutions Y? and Y%7 to
(9) and (15) and their ergodic means have finite moments uniformly in time and 6.
Finally, in Proposition B.3, we state a result on the regularity of the ergodic means
in 6.

Proposition B.1. Assume Ag and Ay. Let Y be the unique solution of (9). Let
p > 1. Then the following inequalities hold true:

(i) supsupIE\Y0|p < 00.

>0 0
(i) E (supsup / hd ds) < 0.
>0 6co
1
(iii) E | sup sup — Z V22| < oo
neN- 9e0 N 1=

Proof. Throughout the proof, C' will denote a constant that do not depend on 6 or
t and that may change from line to line. Observe that when the supremum is taken
only over ¢, the proof is already done in (Panloup et al, 2020, Proposition A.1). The
proofs of all three items are based on a comparison with fractional OU processes (17).
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For the proof of (i), by (Hairer, 2005, p.725), a comparison with the stationary
fractional OU process U17H) yields that there exist constants ¢1, ¢z > 0 independent
of £ such that,

t
‘Yt . Ut(LU,H)‘p < 67261t|Y0|p + 02/ 672C2(t75)(1 + |US(1’G’H)|p)dS.
0

Moreover, since U1 is a Gaussian process, for any t > 1, we have E|Ut(1’U’H)|p S
(]E|Ut(1’U’H)|2)p/2. By (18), we know that IE|U§1’U’H)|2 = 02HT'(2H). Therefore

sup sup E[Y?[P < C(1 + sup sup E\Ut(l’a’H) |P) < 0.
>0 6€0 >0 0€O

For the proof of (ii), we follow the steps of the proof of Proposition A.1 in Panloup
et al (2020) (see equation (A.6) and what follows), to get that for all ¢ > 0,

1/t 1/t 1/t
supy [ WPas<Copy [tPas<e swp o [ outiam s
geo t Jo veo t Jo 9=(1,0,H)co t Jo

It follows that

I I
supf/ [Y?|2ds < C sup f/ U1 H) 2 g
see t Jo Hen t Jo

t t
S C sup 1/ |US(1,Id,H) _ Us(l,Id,l/Q)‘QdS + 1/ |U‘S(1,Id,1/2)|2d8 .
Hen t Jo t Jo

Moreover, by Lemma A.1 applied to Y? = U®14H) we have that for any w € (0,1),
there exists a random variable C with a finite moment of order p such that for any
t>1,

1 [ 1 1
f/ sup |Y?2ds < C| Csup |H — =|7 + f/ |UB1d1/2) 125 )
t Jo 6co HeH 2 t Jo

The ergodicity of U114:1/2) implies that %fg |U§1’Id’1/2)\2ds converges as t — oo. It
follows that

1 t p
E (sup sup — / |}1302d8> < o0.
t>00eo t Jo

The proof of (iii) can be done in the exact same way by transcribing all the integrals
to discrete sums and using Lemma A.2. O

Proposition B.2. Assume Ag and Ay. Let Y be the Euler scheme (15). Then
there exists g > 0 such that for any p > 1, there is
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p
< 00.

. : 0,
(i) sup limsupE ’YNJ
0€0,7€(0,70) N—o0

N-1 p
(ii) For v € (0,7], E <sup sup % Z |Y,fj|2> < 0.
oco N>1 NV =7
Proof. Note that the same results are proven in (Panloup et al, 2020, Proposition
A.4) when © only represents the range of the parameter £. With this in mind, as in
Proposition B.1, the proof of (i) is based on comparisons with the discrete Ornstein-
Uhlenbeck process, which has finite moments uniformly in . The proof (i7) is the
same as the proof of (ii) in Proposition B.1 and is based on a comparison with the
discrete OU process and Lemma A.3. O

Proposition B.3. Let the assumptions Ag and A1 hold. Assume also that the expo-
nent v in the sub-linear growth of be in (8) satisfies r < 1. Let p > 1 and w € (0,1),
then there exists a positive random variable C that has a finite moment of order p,
such that almost surely for all 61,02 € © and for allt > 1,

1 t
¢ [ = vpras < cip - 6=, (B1)
0

where Y9 and Y% are solutions to (9) with the same initial condition and driven by
an fBm with the same underlying noise (see (6)). Furthermore, there exists vy such
that for any v € (0,7, there exists a positive random variable C., that has a finite
moment of order p, such that almost surely, for any 01,02 € © and any N > 1,

N

1

~ ST v Pds < Cy 61 — 0. (B2)
k=0

Proof. In the proof, we denote by C' a constant independent of time and 6 that may
change from line to line. Similarly, C will denote a positive random variable that has
a finite moment of order p, that does not depend on 6 and may change from line to
line. Let us first focus on on the proof of (B1). Up to introducing pivot terms, we can
consider three different cases:

(1) 91 = (51,0’,H),92 - (5230—,H)
(2) b1 = (faaa Hl)’ b2 = (5707 HQ)
(3) 91:(570—17}1)7 02:(570—27'[{)'

In the first case, we have by (Panloup et al, 2020, Eq. (5.32)) that

1 t 1 t
L —vepas < cla - e (1esmg [ pepas).
t 0 0co t 0

o4



where 7 is the exponent in the sub-linear growth assumption on be. Since r < 1,

1 [t 1 [t
/’Yﬁsf2msscm1@2(1+wp/|xﬂwﬁ. (B3)
tJo sco t Jo

It follows from the uniform bound on the moments of Y in Proposition B.1(ii) that
there exists a random variable C with finite moment of order p such that

I ‘
i [ e vepas < cle - e
0

The second case (2) is directly the result of Lemma A.1.

As for the third case (3), the idea is to compare the process Y with the fractional
OU processes U171:H) and U192:H) defined by (17) with the same initial condition
and the same driving fBm. For s > 1, it comes

0
gmel B Ysez _ (US(LUI,H) _ US(1,027H)) |2

_ 2<Y—501 _ Y502 _ (Us(l,ol,H) _ Ugl,az,H)) 7b(Ysel) _ b(y;@g) + (Us(l,al,H) _ U§(1,02,H))>

< _Cl‘}/;el _ }/892‘2 _ C2|US(1,U1,H) _ Us(l,cm,H)|2 + C3|}/891 _ 31502||US(1,01,H) _ Us(l,aQ,H)l7

where the last inequality follows from A;. Next, apply Young’s inequality to get

%'}/'891 _ }/;92 _ (Us(l’al’H) . U§1,027H)> |2
< —Cl|Y'891 _ }/;92‘2 — CQ|US(17U1,H) _ U§(1,az,H)|2 + C3|US(1,<71,H) _ Us(l,UQ,H)|2

< *61|Y;91 _ Y*s«92 _ (U§1,01,H) o US(I,UQ,H)> ‘2 +02|U5(1,o'1,H) _ Us(l,gz,H)|2.
We can now apply Gronwall’s lemma to get
o — v - <U8(1,01,H) _ U§1,02,H)) 2 < O/ e (mw|yLon ) _ ltos )12y,
0
Jensen’s inequality yields that
o — vl - (U&(LJLH) _ U§1,02,H)) 2 < C/ e~ (mw |y Lo ) _ ltos )2y,
0
Then, using Fubini’s theorem, it comes that
1 t C t t
;/ Y9 —v022ds < ?/ ju{tert - US’”%H)F/ 1y qe” " dsdu
0 0 u

C t
n ?/0 o ) _ g en ) 24
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t
< % / (ultonH) _ gllezt)2gy, (B4)
0

Now, observe that Us(l’ol’H) — Us(l’”’H) = (01 —Jz)Us(l’Id’H). Since UM hag finite
moments uniformly in 6 (recall (18) and that U*1%H) is a Gaussian process), it follows
that

1 t
¢ [ = v < Ol - oo,
0

where C has a finite moment of order p. This concludes the proof of (B1).

The proof of (B2) is obtained using discrete analogues of the previous arguments.
More precisely, in the first case (1), similarly to (B3), we have from (Panloup et al,
2020, Proposition 3.8 (ii)) that

N N
1 0 0 1 0
= VY2 <Ol &P [ T+sup— Y (VTP
NkZ:O|k’y kv | | | eeeNkZZO|k'y

While the dependence of the RHS on ¢ and H in Panloup et al (2020) is not explicit,
one can show that the upper bound they obtain in the continuous setting (i.e. (Panloup
et al, 2020, Eq. (5.32))) still holds if the integrals are replaced by discrete sums. Then
conclude using the uniform bound on the moments of Y%7 in Proposition B.2(ii).

The second case (2) is directly the result of Lemma A.3. In the third case (3),
similarly to (B4), via a comparison with the discrete fractional OU process U?7 (that
solves (15) with bg(-) = —&-), one can show that

N N
1 Sy 0272 - C 3 (1,01,H), (1,02,H),72
N ‘Yk';ﬁ’_yki’Yl SN |Uk701 ’Y_Ukﬂytm ’Y| .
k=0 k=0

Then we use the linearity of U1:7H):7 in ¢ to conclude. O

Appendix C Proof of Proposition 2.4

The proof follows the same steps as the proof of Lemma 2.2. Let = (§,0,H) € O.
We will first prove that almost surely, the random measure % f(f é Xg,yds converges in
law to pg as t — co. This implies that } fot dyo.~ds converges to fip in the Prokhorov
distance. To extend this result to distances d in Dy (i.e dominated by the 2-Wasserstein
distance), we use the fact that the 2-Wasserstein distance is dominated by the Prokorov
distance dp as in (23):

1 [t 1t
d (/ 5Xe,7ds,,ug> < Cpsup (max (/ | X6
tfy Xe >0 tJo

2ds, E|Xf”|2> + 1)

o6



1 t
X dp (/ 5X9=7d3;/10> .

By definition of the process X7, we have that

1t . - 1
max (t/ | X0 2ds, E|Xf’”|2) < Cy ) max (t/ Y2, [2ds, E|Y, +m2>
0 i=0 0

Therefore, we conclude thanks to Proposition B.2 that in the present case, the con-
vergence in law is equivalent to the convergence for the 2-Wasserstein distance.
Similarly to Section 3.2, we consider a family of probability measures on the set
of cadlag functions for which the identification of the limit will be easier, namely

{nny = % g;ol dyo.r fn>0. We first prove that the family is tight and then identify
ky+. -

the limit as the stationary law of the augmented process X?7. Tightness in D(R,R?),
the space of functions that are right-continuous and have limits from the left is equiva-
lent to tightness in D([0, T], R%) for every T' > 0. Thus by (Billingsley, 1999, Theorem
13.2), tightness is equivalent to the following two points that must hold for any T > 0:

(i) lim limsupmy (x: sup |z > a) =0.
a0 N_yo00 t€[0,7)

(ii) Denote wi(z,d) = infrsy {maxigr SUDg settigr) 1Tt — x9|} Then for any n > 0,
almost surely,

limsuplimsup 7y (z : wp(z,d) > n) = limsup limsup — 1 0, =0,
§—0 N-—+oo ( T( ) 77) 550 No+oo IV Z {“’T Xl )Z”}

where the infimum runs over finite sets {t;},_, ., € N*, satisfying

,,,,,

O=tg<t1 <---<t.=T and igf(ti_ti—l)z&
i<r

Since the process has only jumps at times ny with n € N, w/, (X9’7,5) = 0 when
d < 7, which implies that the second condition (ii) holds.

The first condition (i) is equivalent to tightness in the space of probability measures
on R of the sequence (u ) yen+ defined by

N—-1

1
- N Z 6{Supte[0,T]|XzYw’y+t|}.
k=0
Recall that by definition of X we have |X,f,’;’|2 < Gyl v WP <

> ky+i >
Cy$UDje[o,q] |Yk7+lh| Hence, for V(z) = |x|? and

N—

Z buPte 0,T+qh] | lc'wrf‘}

k:
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we deduce that p (V) < Cy i (V). From the last equation in the proof of (Cohen
and Panloup, 2011, Proposition 2), one has sup y~; iif¥ (V') < +o0 almost surely, which
implies that (u&)n>1 is a.s. tight on R (see e.g. (Duflo, 1997, Proposition 2.1.6)).

Now let (t,,)n>1 be an increasing sequence going to +oo and {% ZL:BI 5)(2’1 Fn>1
be a (pathwise) sequence with limiting distribution p. As in Appendix A.2 of (Pzanloup
et al, 2020, Proposition 3.3), we get that 7 is stationary. Let us now prove that p is
the law of X7,

A process x; = (Y4, 2}, - - ., #{) has the law of X7 if 2, = xy, for t € [kv, (k+1)7],
and

Y. — Yo — /0 be (3o )du has the law of a 0 B. where B has Hurst parameter H;

. . y (++ih)y )
2l =0 / be(yu)du, . .. 7/ be(yu)du | has the law of ol*(B._, ..., B(.4in).)
0 0
for all ¢ € [[1, ¢],

where for all t > 0, t, = v|t/v]. Now one can proceed as in the end of Section 3.2 to
deduce that p is the law of X%7.
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