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On pressure-driven Poiseuille flow with nonmonotonic rheology1

L. Talon∗ and D. Salin†2

Université Paris-Saclay, CNRS, FAST, 91405, Orsay, France.3

Shear thickening fluids are liquids that stiffen as the applied stress increases. If many of these
types of fluids follow a monotonic rheological curve, some experimental and numerical studies sug-
gest that certain fluids, like cornstarch, may exhibit a non-monotonic, S-shaped rheology. Such
non-monotonic behaviour has however proved very difficult to observe experimentally in classical
rheometer. To explain such difficulties, the possible presence of vorticity banding in the rheometer
has been considered. To prevent such instabilities, we use a capillary rheometer, which is a cylin-
drical tube, measuring the flow rate versus the applied pressure drop. With this set up, we indeed
observe a non-monotonic behavior: the flow rate increases monotonically at low pressure drops up
to a maximum, after which it abruptly decreases to an almost constant flow rate regardless of fur-
ther increases in pressure drop. This maximum-jump-plateau behavior occurs over a wide range
of concentrations and is reproducible without hysteresis, which is in agreement with an S-shaped
rheology. However, the obtained flow versus pressure difference function Q(∆P ) does not agree with
the classical Wyart-Cates rheological model, which predicts an S-shaped non-monotonic function,
but with neither a jump nor a plateau. To understand this jump-plateau behaviour, we remark that
any rheological model would establish a relationship between the flow rate and the local pressure
gradient, but not the total pressure drop. We thus discuss and analyze the implications of having
an S-shaped non-monotonic flow rate-pressure gradient in Poiseuille flow. In particular, we discuss
the possibility of a non-uniform pressure gradient in the direction of the flow, i.e. a kind of stream-
wise banding. The key issue is then the selection of the gradient pressure distribution along the
tube. One solution could arise from an analogy of this problem with the spinodal decomposition.
It, however, leads to an increase in flow rate with ∂xP up to a plateau between two values of ∂xP
as determined by the Maxwell construction. To account for the bump-jump behavior, we have im-
plemented a simple dynamical stochastic version of the Wyart-Cates model, where the thickening
occurs with a characteristic time. As a result, with increasing the total pressure drop, the flow rate
increases monotonically up to a maximum value. Beyond this point, the flow rate drops abruptly
to a lower value, forming a slowly decreasing plateau. This behavior is likely to account for the
maximum-jump-plateau observed in the experiments. We also show that in such a system, the final
state is quite sensitive to the initial state of the fluid, especially its homogeneity. Our results then
demonstrate that the mere presence of a non-monotonic rheological curve is sufficient to predict
the occurrence of stress banding in the streamwise direction and a plateau flow rate, even if the
suspension remains homogeneous.

I. INTRODUCTION4

Newtonian liquids, such as water, glycerin, or honey,5

are characterized by a linear relationship between shear6

stress and shear rate, which allows for the definition of a7

constant viscosity, η. In contrast, many complex fluids,8

such as particulate suspensions, surfactant solutions, or9

cornstarch, are following the so-called generalized New-10

tonian rheology, where the viscosity is a function of the11

shear-rate (or the shear-stress). When dealing with such12

fluids, applying a shear rate results in a specific shear13

stress. It then leads to the determination of the rela-14

tionship between the shear stress and the shear rate,15

τ(γ̇), known as the flow curve. This also allows to de-16

fine a viscosity function of the shear rate: τ(γ̇) = η(γ̇)γ̇.17

Depending on whether the viscosity is increasing or de-18

creasing with γ̇, characterized shear thinning or shear19

thickening fluids respectively. Similarly, by imposing20

the shear stress τ , we can define a relationship between21
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the shear rate and the shear stress γ̇(τ), and a viscos-22

ity dependent on shear stress η(τ). Shear thickening23

fluids, where viscosity increases with shear stress, have24

attracted a lot of attention due to their remarkable prop-25

erties. In particular, some fluids exhibit a very abrupt26

increase in viscosity for a given shear stress. This prop-27

erty is usually referred to as discontinuous shear thick-28

ening (DST) [1–3], in contrast to the classical continu-29

ous shear thickening (CST) [1, 4]. Many different fluids30

displays DST, but one very famous example is the corn-31

starch suspension that allows to run on its surface [4].32

The physical origin of DST has been the subject of many33

different studies [2–5]. While the dilatancy [4, 6, 7] or34

the hydroclustering [8] has been invoked, the most re-35

cent convincing explanation invokes the combination of36

repulsive interactions and frictional contact between the37

particles [3, 9–11]. Because suspensions with frictional38

and frictionless (lubricated) contacts have different vis-39

cosity branches [12], repulsive forces control the tran-40

sition from one branch to the other. When the stress41

is low, the contacts are mainly frictionless, but when42

the stress exceeds the repulsive force, it allows frictional43

contacts between the particles, leading to a drastic in-44

crease in viscosity. This is, for instance, the essence of45
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Figure 1. Sketch of shear banding (top left) and vorticity
banding (top right) as proposed by [18]. For shear band-
ing, the rheological curve τ(γ̇)) is single valued but non-
monotonic (bottom left). For vortex banding it is the γ̇(τ)
curve which is single valued and non-monotonic (bottom
right).

the model proposed by Wyart and Cates [10] that will46

be discussed later.47

Even more interesting is the prediction that the48

flow curve might display an S-shaped curve, where49

dγ̇(τ)/dτ < 0 for a range of stresses and concentra-50

tions, distinguishing continuous shear thickening (CST)51

from discontinuous shear thickening (DST). This type52

of curve is interesting because while the curve γ̇(τ) is53

single-valued, imposing the shear rate γ̇ leads to three54

possible shear stresses. Moreover, in such conditions,55

homogeneous flow is expected to be mechanically un-56

stable [3, 13]. This is the reason why the S-shaped flow57

curve has been mainly reported theoretically and nu-58

merically [14, 15], but experimental evidences are quite59

rare [13, 16].60

One particular particular mechanical instability is the61

potential occurrence of ”vorticity banding,” [17] where62

the regions of the fluids pile up (on the right of Figure 1)63

along the vorticity direction in the rheometer, i.e. per-64

pendicular to the flow direction (vertical in the sketch).65

In each layer, the shear rate is the same but with dif-66

ferent shear stresses. This kind of banding needs to be67

distinguished from the shear (or gradient) banding that68

occurs in S-shaped shear thinning fluids [18, 19], where69

a specific stress can result in different shear rates. Along70

the shear direction, i.e. radial, the fluid segregates be-71

tween high shear rate and low shear rate regions (left of72

Figure 1). It should also be noted that shear banding73

can be caused by mechanisms other than rheology. For74

example, shear banding has been reported due to par-75

ticle migration inducing density inhomogeneities. This76

particle migration can be due to shear induced migra-77

tion or due to gravitational effects . This density inho-78

mogeneity may thus responsible for an apparent non-79

linear rheology (shear-thining, shear-thickening, yield80

stress, etc.) in the rheometer (see [1, 2, 20]).81

Vorticity banding has been analyzed numerically and82

experimentally by [18, 21]. It has been reported that83

such banded flows are inherently unstable, leading to84

time-dependent flows characterized by fluctuating shear85

stresses and rates. These unsteady flows range from86

relatively simple oscillations to fully developed chaos.87

Shear-band-like features may or may not remain stable.88

Therefore, it is experimentally rather difficult to ascer-89

tain the S-shaped rheological curve [16, 22–24].90

In order to avoid vorticity banding and instabilities91

that occur in classical viscometer (Figure 1, right), we92

choose to use a Poiseuille flow configuration, the capil-93

lary rheometer as proposed for instance, by [25]. The94

set-up consists of a cylindrical tube with a circular cross-95

section of radius R and length L, and measuring the vol-96

ume flow rate Q versus the pressure drop ∆P across the97

length. The axisymmetry of the cylindrical geometry is98

likely to suppress the formation of vorticity banding.99

The so-called Weißenberg-Rabinowitsch (WR) equation100

[26] leads to the relationship between the shear rate γ̇w101

and the shear stress at the wall (τw = ∆PR/(2L)):102

γ̇w(τw) =
Q(τw)

πR3
(3 + n) with n =

dLogQ(τw)

dLog(τw),
(1)

leading to the flow curve γ̇(τ). Newtonian fluids corre-103

spond to n = 1 leading to the Weißenberg-Rabinowitsch104

correction [26] which should be only used for the term105

(3 + n)/4. Several comments should be made about106

this expression. First, its derivation is based on the lu-107

brication approximation, which assumes that the local108

pressure gradient, G = ∂xP is aligned with the stream-109

wise direction, is constant, and equals G = ∆P/L. It is110

also worth noting that discarding the n term, the shear111

rate is almost proportional to the flow rate. It is thus112

expected that the curve Q(∆P ) exhibits the same vari-113

ations as γ̇(τ). In particular, if γ̇(τ) is non-monotonic,114

then the relationship between flow rate and pressure115

drop, Q(∆P ) will also not be monotonic.116

The purpose of this paper is to evaluate the use of117

a Poiseuille flow configuration to track the S-shaped118

curve of the flow. In particular, we will show that if119

the flow rate-pressure gradient is non-monotonic, one120

can expect a different type of banding in the flow di-121

rection. We can note several works on suspension flows122

in Poiseuille configuration. Isa et al. [27] performed123

concentrated colloidal suspension flow in microchannel.124

For small enough channel gap, they observed fluctuat-125

ing flow rate and velocity profile, which where confirmed126

by numerical simulations [28]. Since our gap is rela-127

tively larger, we didn’t observe such velocity fluctua-128

tions in the present case. In a very recent experiment,129

Bouguoin et al. [29] analyzed a gravity-driven flow of130

cornstarch in an inclined tube. In particular, they ob-131

serve the presence of a ”frictional soliton” propagating132

upstream caused by the density change (dilation) of the133

trapped state. Since the configuration is quite close to134

the present study, a more detailed discussion will be135

given in the Discussion/Conclusions section.136

The article is structured as follows. First, we present137

the rheological model of Wyart and Cates [10] which138
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enables the determination of the relationship between139

flow rate and the overall applied pressure. Then, we140

will present experimental results of cornstarch suspen-141

sion in Poiseuille flow in a cylindrical tube. We will142

demonstrate that the flow curve - pressure drop is non-143

monotonic. However, it does not align with the predic-144

tions of the rheological model by Wyart and Cates, as145

it displays a bump followed by a prolonged plateau. In146

the following section, we will present a potential solu-147

tion based on minimizing the energy of Poiseuille flow,148

which enables the prediction of a plateau but not a non-149

monotonic behavior. We will then present a dynamic150

toy model that allows us to reproduce the plateau and151

the non-monotonic bump. Finally, we will discuss our152

results and draw conclusions.153

II. WYART AND CATES RHEOLOGICAL154

MODEL155

In this section, we briefly recall the shear thicken-156

ing rheology proposed by Wyart and Cates [10] to de-157

scribe the shear thickening behavior and the S-shaped158

flow curve. It is based on two types of particle inter-159

actions: frictionless (lubricated) contacts and frictional160

contacts. Frictionless contacts occur when the applied161

stress is below the repulsive force between the particles,162

while frictional contacts occur when the applied stress163

exceeds it. The fraction of frictional contact, f is ex-164

pected to increase with the stress f = 1 − exp(−τ/τ∗),165

where τ∗ is a characteristic stress value. The main idea166

is that the increase in the fraction of frictional contacts167

decreases the volume fraction φ at which the viscosity168

diverges. It results that if φ is held constant, the vis-169

cosity η(f) increases with f and consequently, with the170

applied stress. Without going into the details, they pro-171

posed a relationship in the form:172

η(f) =
[
fη−1/αr + (1− f)η−1/αs

]−α
, (2)

where α = 2 and ηs and ηr are respectively the viscosity173

of the suspension when there are only frictionless con-174

tacts (f = 0) and only frictional contact (f = 1). ηr175

and ηs depend on the volume fraction φ according to176

ηr,s = η0(φr,s − φ)−2, where φr,s are the volume frac-177

tions of viscosity divergence for frictional and friction-178

less modes respectively (see [12]). It is worth mentioning179

that since we are working at a fixed volume fraction, one180

could also simply use ηr and ηs as parameters.181

A very interesting feature of this model is that it pre-182

dicts non-monotonous rheology for some parameter sets.183

Figure 2 [left] displays the flow curve with the param-184

eters found in [16]. It exhibits different behaviors. As185

expected, for low stress τ <∼ τ∗, the rheology is Newto-186

nian. A change in viscosity occurs when τ ' τ∗. For187

small φ, the change is relatively smooth, indicating a188

CST. For higher volume fraction φ ' 0.40, the increase189

in viscosity is much sharper, which is a characteristic190

of DST. For φ >∼ 0.41, the flow curve displays an S-191

shape, with Newtonian behavior at low and high shear192

stress. For a higher volume fraction, when the viscosity193

of frictional contact becomes infinite φ > 0.43, the flow194

curve drops to zero without increasing again at high τ .195

Interestingly, this rheological model has been success-196

fully used to fit numerical data [30], or experimental197

data [16], but with a different dependence of the num-198

ber of frictional contacts with stress: f = exp(−τ∗/τ)199

(see [9, 31]).200

From the curve γ̇(τ) = τ/η(τ), obtained with this201

rheological model, it is then possible to determine the202

total flow rate as a function of the applied pressure drop203

using the Weißenberg-Rabinowitsch formulation [26]:204

Q(∆P ) = πR3 1

τ3w

∫ τw

0

γ̇(τ)τ2dτ. (3)

Note that eq. (1) is obtained by deriving eq. (3). The205

flow rate Q as a function of the pressure drop is plotted206

in Figure 2 [Right], using the same parameters as the207

ones in the left figure. As mentioned above, the flow208

rate Q(∆P ) follows the same trend as γ̇(τ). One should,209

therefore, expect a non-monotonic variation in the flow210

rate with the pressure drop when the rheology exhibits211

an S-shaped flow curve.212

III. EXPERIMENT213

We use density-matched solvent and particles to elim-214

inate shear thinning effects and migration [20]. We215

use cornstarch particles (Sigma-Aldrich, CAS 9005-25-8216

S426), in a density-matched solvent composed of a mix-217

ture of 40 % water, 60 % glycerin, and cesium chloride218

(CsCl) [24]. The concentration of CsCl is adjusted us-219

ing a densimeter (Anton Paar DMA 35) to achieve den-220

sity matching with the cornstarch. This is achieved for221

a concentration close to 55 wt% leading to a solvent of222

density, ρ = 1650 Kgm−3 and a viscosity 10.8 mPa.s;223

note that because we use matched density suspensions,224

the weight and volume concentrations are identical. The225

cornstarch concentration, φ, varies in the range 36 % to226

42 %. The solutions are prepared the day before and227

mixed again for one hour before use. The cylindrical228

tube is L = 100 mm long with a radius of R = 1.2 mm.229

The differential pressure with the atmospheric pressure230

is measured at the inlet with a 1 Pa accuracy. The231

outlet is at atmospheric pressure, allowing for the de-232

termination of the pressure drop ∆P across the cylin-233

drical tube. The inlet pressure is increased step by step234

using a flow controller (ELVEFLOW OB1 MK4). At235

each step, the outlet flow rate converges after a few236

seconds. The recording time is typically 2 min. The237

mass flow rate Qm is measured using a balance (accu-238

racy 0.1mg). The overall accuracy is mainly due to the239

size of the drops forming at the outlet (typical weight240

of 10 mg). The corresponding volume flow rate Q in-241

volved in eq. (1) is Q = Qm/ρ. The left of Figure 3242
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Figure 2.

Left: Shear rate as a function of the shear stress for different particle volume fraction following the Wyart and Cates model
with Mari et al.[9] function of contacts f = exp(−τ∗/τ). Here, we use φr = 0.43 and φs = 0.52. Right: Corresponding flow

rate as function of the pressure drop using the RW equation eq. (3).

displays a zoomed-in view of the relationship between243

the flow rate, Q, and the pressure drop, ∆P across the244

tube for a Φ = 39 % suspension. The plot on the right245

shows the deduced relationship between shear rate and246

shear stress using eq. (1). The logarithmic derivative247

of the flow rate, n, involved in eq. (1)) is determined248

through a numerical fit to the data. The left side of249

Figure 4 shows a Log-Log plot of the flow curve, γ̇(τ),250

for a series of concentrations ranging from φ = 36% at251

the top to φ = 42% at the bottom. For all these con-252

centrations, except at 36%, increasing the shear stress253

τ from low values, the shear rate (γ̇) increases mono-254

tonically up to a maximum, at which point it abruptly255

drops to a value typically half of its maximum value.256

For much larger shear stress, the shear rate value re-257

mains almost the same, forming a plateau. To test the258

reproducibility of the maximum-jump-plateau behavior,259

we investigate its vicinity by successively increasing and260

decreasing the pressure drop. The right-hand side of261

Figure 4 shows the robustness of this behavior. In Ap-262

pendix A we report a complementary measurement ob-263

tained by measuring the pressure drop at a given flow264

rate, ∆P (Q), using our capillary rheometer. The green265

square data in Figure 11, is a plot of ∆P versus the con-266

trolled flow rate Q. Increasing the flow rate from low267

values, the pressure drop, i.e. τ increases monotonously268

up to a flow rate value at which the pressure increases269

drastically to the maximum measurable with our device,270

while the flow rate remains constant. In order to reduce271

the pressure, we need to decrease the flow rate. There-272

fore, in this flow rate-controlled experiment, we observe273

a ∆P (Q) curve that is monotonically increasing up to a274

maximum flow rate QM at which the pressure increases275

almost infinitely. This monotonous trend is evidently276

in line with the values acquired in the experiments uti-277

lizing the pressure-controlled device (Q(τ)) up to the278

maximum flow rate. Hence, with a controlled flow rate,279

we can only access the continuous shear thickening part280

of the curve and are unable to access the jump-plateau281

part of the flow curve. Therefore, this jump-plateau be-282

havior is likely specific to our pressure-controlled pro-283

cedure and has not, to our knowledge, been previously284

reported in classical rheometry.285

IV. SOLUTIONS OF NON-MONOTONIC286

POISEUILLE FLOW287

Our experimental data do not correspond to any288

rheological curve reported in the literature (experi-289

mental or numerical) when assuming the Weißenberg-290

Rabinowitsch equation. [32] Besides, the WR equation291

is based on the reasonable assumptions of lubrication,292

which include stationary, non-inertial, and parallel flow.293

In the following, we will try to understand the possible294

origin of discrepancies in the experimental data, assum-295

ing that both the rheological model and the lubrication296

approximation are valid. There is indeed a major caveat297

in the RW equation eq. (1) which is the assumption298

that the stress at the wall is homogeneous along the299

flow direction. Indeed, if the lubrication approximation300

leads to a uniform pressure gradient in the transverse301

direction, this is not necessarily true along the flow x−302

direction.303

The lubrication approach leads to an expression of304

the local flow rate as a function of the local pressure305

gradient G = ∂xP :306

Q = −q(|G(x)|) G(x)

|G(x)| , (4)

where q(y) is a function given by eq (3) and that may307

be non-monotonic.308

A solution of the problem consists in the determina-309

tion of the pressure distribution P (x) and the total flow310
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Figure 3. Experimental results for cornstarch with a concentration φ = 39 %. Left : Flow rate (Q) versus pressure drop
(∆P ). Right: Corresponding shear rate γ̇ versus shear stress τ using eq. 1
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Figure 4. Left: Log-Log plot of the shear rate, γ̇ (s−1), versus shear stress τ(Pa) for concentrations varying from top to
bottom, ranging from φ = 36 % to φ = 42 % . Right: Zoom around the maximum-jump zone for φ = 40 %. The red circles
correspond to a step-by-step increase in the pressure drop over a wide range of values, as shown in the left figure; the blue
and green circles represent two successive increases followed by a decrease around the maximum jump; the different symbols
in the same color correspond to the increase and the decrease.

rate Q, satisfying eq. (4), the conservation of mass, and311

the imposed pressure at the boundary. For an S-shaped312

rheological curve, the solution is not uniquely defined313

because for a range of ∆P , a given Q corresponds to314

three admissible pressure gradients. In contrast to the315

Newtonian case, there are therefore many admissible316

pressure distributions, but also flow rate values that are317

solutions of eq. (4). Many solutions might present dif-318

ferent pressure gradients as shown in Fig 5 in the form319

of streamwise bands. The question that arises at this320

point is which solution the system selects.321

A. Functional minimization322

The first natural idea to determine a solution is the323

analogy with thermodynamics, specifically the spin-324

odal decomposition, where the derivative of free energy325

Q
G-

ΔP

x
G+ G- G+

x

P
•

•

∆P

Figure 5. Sketch of a plausible streamwise banding config-
uration in the flow direction. While the total pressure drop
is imposed as ∆P , the pressure gradient can be inhomoge-
neous, dividing into regions of high viscosity (G+) and low
viscosity (G−).
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(chemical potential) is a non-monotonic function of the326

concentration of a species [33]. In this framework, the327

minimization of the total free energy leads to a phase328

transition, where some regions are in one phase while329

other regions are in another phase. In the present case,330

we cannot really define a free energy; however, we can331

use a variational principle. Since the work of Korteweg332

[34], it is known that the solution of Stokes’ equations333

minimizes the viscous dissipation, and this has been gen-334

eralized to non-Newtonian fluids by Bird [35]. A similar335

principle can be generalized to the non-linear Darcy’s336

equation, such as the Poiseuille flow eq. (4) (see [36]),337

which can be expressed as follows: If the function q(y)338

is monotonically increasing (i.e q′(y) > 0) then the so-339

lution of eq. (4) with an imposed pressure drop ∆P , is340

also the minimum of the function:341

{P} = arg min
{P}

∫ L

0

ϕ(|G(x)|)dx, (5)

with342

ϕ(|G|) =

∫ |G|
0

q(y)dy. (6)

This principle is valid when q(y) is increasing, i.e ϕ(y)343

is convex. For a non-monotonic function q(x), this prin-344

ciple must be modified slightly. It can be shown that345

the solution of eq. (4) is a local minimum wherever346

q′(G) > 0 and a local maximum wherever q′(G) < 0. It347

follows that the decreasing part of the S-shaped curve348

is an unstable equilibrium point.349

In this section, we thus assume that this minimization350

principle is valid, and show that it allows to uniquely351

define the pressure distribution and the flow rate of the352

plateau.353

In the Poiseuille configuration, all positions along the354

x-axis should have the same flow rate. Therefore, no355

more than two pressure gradients are admissible, de-356

noted as G1 and G2, which need to be determined. Fig-357

ure 5 illustrates a potential streamwise banding configu-358

ration. We can also define l as the total length with the359

gradient G1, and thus L− l represents the total length360

with gradient G2. The solution is then determined by361

three unknown variables G1, G2, and l, with the con-362

straint ∆P =
∫ L
0
Gdx = lG1 + (L− l)G2.363

The minimization of the functional eq. (5) can thus be364

found using the Lagrangian multiplier (λ here) method:365

(G1, G2, l, λ) = arg max
λ

min
l,G1,G2

[lϕ(G1) + (L− l)ϕ(G2)]− λ(lG1 + (L− l)G2 −∆P )]

It follows the three equalities:366

λ =
ϕ(G1)− ϕ(G2)

G1 −G2
= ϕ′(G1) = ϕ′(G2)=̂q̂ (7)

and367

l =
∆P − LG2

G1 −G2
. (8)

Unsurprisingly, the solution is very similar to spinodal368

decomposition, where two phases can coexist only for369

an average pressure drop ∆P/L between two specific370

pressure gradients G1 and G2 that satisfy equation (7),371

and the flow rate is imposed by q̂ = ϕ′(G1) = ϕ′(G2).372

The proportion of each phase follows the Maxwell con-373

struction rule eq. (8). It is worth mentioning that in374

this system, each x locations are almost independent375

and related only by the total flow rate. Moreover, every376

positions are interchangeable, one cannot predict where377

each phase are located, only their total length.378

From the function φ(y), the two values G1 and G2379

and q̂ can be determined using the chord method or380

the Legendre transform. An example of the relation-381

ship between flow rate - pressure drop is illustrated in382

Figure 6 for a concentration of φ = 0.425. If this ap-383

proach indeed predicts a long plateau with a constant384

flow rate, it fails to capture the non-monotonic ”bump”385

observed experimentally. The reason behind this may386

lie in the fact that this solution is a global minimum of387

the functional, while any solution for which q′(G) > 0388

for all x, is a local minimum of the total energy. Once389

such solution is reached, one would thus need to over-390

come energy barriers to reach the global minimum, with391

thermal energy fluctuations for instance.392

B. Dynamical model393

In the absence of thermal fluctuations, the final solu-394

tion will be the first stable one reached. Therefore, it395

is important to describe the time evolution of the flow396

leading to a non-monotonic Poiseuille flow. To illus-397

trate this, we can write a simple dynamical model whose398

steady state exhibits an S-shaped relationship between399

flow rate and pressure gradient. For this purpose, we400

introduce a dynamical stochastic version of the Wyart-401

Cates rheological model, inspired by the model intro-402

duced by [21].403

Here, we simply assume that the total number of404

bonds is fixed and that the probability per unit of time405

(frequency) to create a ”frictional” bond from a ”fric-406

tionless” one is proportional to the applied stress with407

certain characteristic frequency. On another hand, ”fric-408

tional” contacts can be destroyed and become ”friction-409
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Figure 6. Flow curve as a function of the mean pressure
gradient ∆P/L for a fluid with S-shaped rheology according
to the minimum dissipation principle. The flow rate follows
the RW equation until it reaches the pressure gradient G1

and a flow rate q̂. Between the gradients G1 and G2, the
system segregates between regions with gradient G1 and re-
gions with gradient G2 following the Maxwell construction
(see sketch in Figure 5)

less” one with another frequency.410

The second approximation we make is to assume that411

the fraction of ”frictional” contacts and thus the vis-412

cosity is homogeneous in the gap, which then allows to413

identify the flow rate to the shear rate, and the stress414

to an average pressure gradient. This approximation is415

similar to neglecting the n term in the WR equation eq.416

(1).417

This allows to write a dynamical equation for f in the418

form:419

df(x)

dt
=

1

t1

G

G∗
(1− f(x))− 1

t2
f(x), (9)

where G∗ is a characteristic pressure gradient that char-420

acterizes the typical stress for making ”frictional” con-421

tact. t1 and t2 are characteristic times (the inverse fre-422

quency) for frictional contact formation and destruc-423

tion, respectively. In principle, these two times are ex-424

pected to be inversely proportional to the shear rate, so425

they are parameterized as t1 = δ1/q, t2 = δ2/q. This426

requires the use of a variable time step in the numeri-427

cal scheme described later. Note, however, that q is the428

same for each x, so one could have fixed these two times429

without changing the final state.430

We also note that the equilibrium state of equation431

eq. (9) is:432

feq =
G/G∗

t1/t2 +G/G∗
, (10)

which is slightly different from the exponential relation-433

ship proposed by Wyart and Cates [10] or the one by434

Mari et al.[9]. An alternative approach could be to435

impose the equilibrium state in the dynamic equation436

[30, 31], but this would lead to the loss of the simple437

phenomenological description of eq. (9).438

The averaged viscosity is then a function of f accord-439

ing to eq. (2). For the sake of simplicity, we use ηr and440

ηs as parameters instead of φ. The simulation consists441

of the following steps. First, we initialize the f field by442

randomly drawing according to a uniform distribution443

with mean f0 and standard deviation σf . The pressure444

field is then calculated using eq. (4), which with the445

above hypothesis leads to Q = πR4

8η(f)G(x), with the vis-446

cosity field derived from eq. (2) and imposing the total447

pressure drop ∆P =
∫ L
0
Gdx. From the pressure gra-448

dient field, the f field is then updated using eq.(9) to449

advance in time. The procedure is then repeated un-450

til the flow rate converges. Note that in this system of451

equation, we neglect the advection assuming that the452

relaxation time is shorter than the advection time. In453

principle, the f field should be advected with q.454

For the numerical parameters, the number of dis-455

cretization points is 201, the characteristic pressure gra-456

dient is G∗ = 10, and δ1 = δ2, the time step is variable457

such that dt = 1e−4δ1/q.458

This system of equations corresponds to a dynamical459

system with three equilibrium points for each x location:460

two stable and one unstable (from an energy point of461

view). Interestingly, each dynamical system is linked462

by the constraint ∆P =
∫ L
0
Gdx. For example, if a463

region has a higher viscosity, the pressure gradient will464

be higher, which will reduce the pressure gradient (and465

thus the stress) in other regions, and vice versa.466

Figure 7 [left] illustrates this dynamic behavior. In467

this figure, we plot the time evolution of the pressure468

gradient ∂xP = G, as function of the flow rate Q for469

each location. Note that the flow rate is the same at470

each location at each time. So the intersection with471

any horizontal line corresponds to all states at a given472

time. Here we initialize the system with a mean value473

of f0 = 0.5 and σf = 0.2. For this pressure drop and474

initial conditions, the total flow rate initially decreases475

as f (and hence the viscosity) increases for each loca-476

tion. However, we see that the G distribution becomes477

broader in this case. This is because the viscosity in-478

crease is greater at some locations than at others: it will479

thus raise the pressure gradient at these locations, but480

lower it at others.481

As a result, the trajectories separate and some loca-482

tions converge to the high-gradient stable solution, G+,483

while others converge to the low-gradient solution, G−.484

Interestingly, some locations initially seem to converge485

to the high gradient solution, but then turn back to the486

other.487

From this figure we can see how important the initial488

state is, as it is the highest initial value of f that will489

reach the highest gradient solution and force the other490

locations to reach the other stable point. This is also491

illustrated in Figure 7 (right), where we choose a very492

homogeneous initial state (low σf ). All locations are493

therefore almost identical and follow the same trajec-494



8

100 101 102

1
G∗
∂xP

10−1

2× 10−1

3× 10−1

4× 10−1

6× 10−1

Q
8µ

1

π
R

4
G
∗

f0 = 0.5, σf = 0.2

100 101 102

1
G∗
∂xP

10−1

2× 10−1

3× 10−1

4× 10−1

6× 10−1

Q
8µ

1

π
R

4
G
∗

f0 = 0.5, σf = 0.001

Figure 7. Temporal evolution of the system for two different initial conditions. Each x-location is represented by a
trajectory (Q(t), ∂xP (t)). Initially, the flow rate is high. The dispersion of the pressure gradient is a consequence of the
initial distribution of f (and thus of the viscosity). With time, the flow rate decreases and the different pressure gradients
diverge. Some locations converge to a low gradient in the q(G) curve, while others converge to a higher pressure gradient.
Left: The initial distribution is quite heterogeneous f0 = 0.5 and σf = 0.2. Right: The initial distribution is much more
homogeneous (f0 = 0.5 and σf = 0.01), with ηr/ηs = 300. In the latter case, all the trajectories are similar until the function
q(G) is reached, at which point they start to diverge.

tory. The viscosity thus decreases homogeneously until495

the trajectories reach the unstable equilibrium point.496

Since this state is unstable, all trajectories eventually497

diverge from it and move towards one of the two stable498

solutions. Again, we see that some points make a U-turn499

when other locations reach very high viscosity values.500

Another observation is that the final flow rates for these501

two cases are quite close, although the time evolution is502

significantly different. This figure shows that there are503

two stable states (low G− and high G+ gradient states)504

and an intermediate unstable state. Furthermore, in505

Appendix B and Figure 10 we report initial conditions506

where all trajectories converge to either the low gradi-507

ent state (left), the high gradient state (right) or both508

(middle).509

Figure 8 (left) shows the final flow rate Qf averaged510

over ten different initial conditions as a function of the511

applied pressure drop. For a low value of ∆P/L, Q512

follows the function q(G) as expected (as shown on513

the left of Figure 10). After reaching the local maxi-514

mum of q(G), the flow drops abruptly to a lower value.515

The flow rate then no longer follows q(G) but a very516

slowly decreasing plateau. This plateau corresponds to517

the streamwise phase banding sketched in Figure 5 and518

is likely to account for the maximum-jump-plateau ob-519

served in the experiments. This can be quantified by520

measuring the relative length of the high gradient re-521

gions: 1 − l/L as shown in Figure 8 (right). The total522

length of the high viscous band is thus increasing with523

the pressure drop[37]. We also note that the flow value is524

relatively close to the minimum energy dissipation (hor-525

izontal dashed line), although G− 6= G1 and G+ 6= G2.526

However, the flow curve in the banding region appears527

to be relatively sensitive to the initial conditions. As528

shown in Figure 8, it is sensitive to the mean value of529

the fraction of frictional contact f0. But this sensitiv-530

ity is much stronger with the homogeneity of the initial531

condition, as shown in Figure 9. For a low value of532

σf , the plateau decays slowly to the local minimum of533

q(G). For a higher value of σf (>∼ 0.2) the banding534

transition occurs before the local maximum of q(G) is535

reached. A constant value is then observed for a range536

of pressure drops, but the flow rate starts to increase at537

an intermediate pressure drop before reaching the high538

viscosity stable branch. We conclude that the initial539

state, namely the pre-stress, but also its homogeneity,540

can have a significant influence on the banding regime.541

This is confirmed in Appendix B (Figure 10), which542

shows that by choosing the initial conditions, all tra-543

jectories can converge to either the low gradient state544

(left), i.e. the homogeneous gradient (l = L) mono-545

tonic part of the curve up to its maximum (CST), the546

high gradient homogeneous state (l = 0, right), or the547

streamwise banding state (0 < l < L, middle).548

V. DISCUSSION AND CONCLUSION549

In this work, we have used the Poiseuille capillary550

flow configuration to assess the S-shape rheology of corn551

starch solution. The advantage of this geometry is that552

it is likely to prevent vorticity banding, which has been553

reported in the literature to explain the difficulty in ob-554

serving the S-shape flow curve in a classical rheometer.555

Experimentally, we have observed that the flow rate as556

a function of pressure drop is indeed non-monotonic,557

which could confirm an S-shaped rheology. However,558

the curve does not follow the shape expected from the559

classical Wyart and Cates model. As the pressure drop560

increases, the flow rate first increases monotonically up561
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to a maximum, where the flow rate drops abruptly, and562

then remains almost constant over a wide range of pres-563

sure drops. To account for this discrepancy, we note564

that in our flow configuration, it is the total pressure565

drop that is imposed, not the local pressure gradient.566

This allows us to address solutions where the pressure567

gradient is not homogeneous in the flow direction. The568

flow would then be structured in bands in the flow di-569

rection: streamwise banding.570

A natural idea to address this problem is to make571

an analogy to spinodal decomposition. For the non-572

monotonic flow rate versus the local pressure gradient,573

we assume that the solution minimizes the viscous dis-574

sipation, then phase separation can be expected. Each575

phase corresponds to a different viscosity and pressure576

gradient. This approach leads to an increase followed577

by a plateau, but no decrease at all. While this method578

correctly predicts a plateau in flow rate, it cannot ex-579

plain the abrupt drop beyond a maximum. The failure580

of this approach may be due to the presence of many581

local minima in the energy function.582

Since the chosen solution is not necessarily the min-583

imal one, we propose a simple dynamic model based584

on the Wyart and Cates viscosity model, which is able585

to reproduce an S-shaped relationship between the flow586

rate and the local pressure gradient. As a result, this587

model indeed shows the existence of a phase separa-588

tion between high and low viscosity regions. As the to-589

tal pressure drop increases, the flow rate first increases,590

then suddenly decreases, and then remains almost con-591

stant until it increases again. This evolution of the flow592

rate with total pressure drop is quite similar to the ex-593

perimental one, supporting the validity of the stream-594

wise banding hypothesis. In the experiment we don’t595

observe an increase at high pressure drop, this is most596

likely due to a not large enough range for the pressure597

(note on Figure 2 the wide range of pressure required).598

Furthermore our model shows that this plateau region599
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is relatively dependent on the initial state of the fluid.600

This can be understood from the fact that each loca-601

tion is connected by the imposed total pressure differ-602

ence. The first region to reach very high viscosity causes603

a drop in the pressure gradient in the other regions.604

Similarly, we have also implemented different dynami-605

cal model eq. (9) leading to a different equilibrium func-606

tion for the fraction of frictional contacts (see [10, 30]).607

It follows that the model does not affect the qualita-608

tive shape of the flow curve, but only the height of the609

plateau.610

We can now discuss some aspect of our results. First,611

it is important to emphasize that our approach is based612

on several assumptions. The Weißenberg-Rabinowitsch613

relation is based on the lubrication approximation,614

which assumes that the pressure gradient is oriented615

along the flow direction. We also assume that the sus-616

pension remains homogeneous in the gap, which pre-617

cludes, for example, shear-induced migration [38]. Fi-618

nally, we assume that the Wyart and Cates model is619

valid, or at least an S-shaped rheology. All these hy-620

potheses are difficult to verify at the present time. But621

the main result of this paper is to show that if there622

is a non-montonic relationship between the flow rate623

and the local pressure gradient, another type of band-624

ing than ”shear banding” or ”vorticity banding” can be625

expected: ”streamwise banding”.626

As discussed in the introduction, Bougouin et al. [29]627

observed recently a frictional soliton propagating up-628

ward. This observation could probably be related to629

the streamwise banding. However, the interpretation of630

this phenomena differ significantly. The authors invoke631

the dilatation, permeation and the concentration inho-632

moeneity. Our conclusion of the present paper is that633

the only presence of a non-monotonic rheological curve634

is sufficient to predict the occurence of stress banding in635

the streamwise direction, even if the suspension remains636

homogeneous. This is because the decreasing part of the637

Poiseuille flow curve is likely to be mechanically unsta-638

ble. We note that our model is unable to predict any639

upstream propagation of these bands.640

In the model used, all field values are interchangeable641

in position. Therefore, it cannot predict anything about642

the position, number and extension of the bands (Figure643

5). To do so, one could for instance introduce spatial644

derivative terms. For example, extending the analogy645

with a phase transition, one could introduce a gradient646

penalizing term in the energy functional as suggested647

by Cahn and Hilliard [33]. This could potentially lead648

to a frontal propagation velocity, but also to a solution649

selection criterion (see [18] and references therein for650

shear banding). However, without knowing more about651

the physical phenomena involved, it is difficult to go652

further.653

It is also interesting to note that the approach used654

here is quite analogous to the shear banding approach655

proposed by Spenley et al.[39] when the function γ̇(τ)656

is non-monotonic. In this case, one can also expect a657

spinodal decomposition, but for the shear rate instead658

of the pressure gradient.659

Another hypothesis in our model is that we discard660

advection. Since the flow is very slow, we assume that661

the time rate of evolution for f is small enough com-662

pared to advection. But one could expect that the f663

field (and thus the bands) could propagate with the664

flow. To improve the model, one could then translate665

the f field along the x direction, introducing fluid with666

a new ”fresh” f distribution at the inlet and ejecting667

some older fluid at the outlet. It would be interesting668

to observe how the new fluid and the ejected fluid affect669

by the rest of the fluid that has already converged to a670

stable gradient.671

Finally, a final comment can be made about the672

rheometry of such a fluid using a cylinder or cone-plate673

configuration. In this case, axisymmetry prevents vor-674

ticity banding, which is replaced by streamwise banding.675

This occurs because we do not impose the pressure gra-676

dient, but the total pressure drop, allowing the pressure677

gradient to segregate. However, it could be argued that678

a similar phenomenon could occur in a rheometer, since679

it is a total force (or torque) that is applied, not a local680

stress. Similar stress segregation in the flow direction681

cannot be excluded.682

Future work will be devoted to characterize the exper-683

imental results. In particular, we want to analyze the684

flow in more detail in order to detect any streamwise685

banding.686
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Appendix A: Imposing the flow rate847

A complementary measurement can be obtained by848

measuring the pressure drop at a given flow rate ∆P (Q)849

in our capillary rheometer. To do this, we control850

the flow rate Q with a constant flow syringe pump851

(NEMESYS syringe) and measure the inlet pressure852

leading to ∆P (Q). The green square in Figure 11, is853

a plot of ∆P versus the controlled flow rate Q of the sy-854

ringe, using τ = ∆PR/(2L) on the vertical axis. As the855

flow rate is increased from low values, the pressure drop,856

i.e. τ , increases monotonically up to a flow rate value857

at which the pressure increases drastically to the max-858

imum measurable with our instrument while the flow859

rate remains constant. To reduce the pressure drop, we860

need to reduce the flow rate. Therefore, in this flow861

rate controlled experiment, we get a ∆P (Q) curve that862

is monotonic up to a maximum flow rate QM at which863

the pressure increases almost without limit. For com-864

parison at the same concentration, on Figure 11, we865

plot the values obtained in two experiments using the866

pressure controlled device leading to Q(τ) : the data867

obtained by the two devices are clearly consistent in the868

monotonic part up to the maximum-jump value QM .869

Hence with the syringe, we can just access to the contin-870

uous shear thickening part of the curve and are unable871

to access the jump-plateau part of the flow curve. This872

behaviour is reminiscent of the one observed in spheri-873

cal particles suspensions [13] but with neither hysteresis874

effects nor instabilities. Indeed such a jump-plateau, to875

our knowledge, has not been reported in the literature :876

in the case of Couette cylindrical geometry or controlled877

shear rate [23] a discontinuous vertical shear thickening878

is barely observed whereas controlled shear stress con-879

trolled shear rate [16, 22, 24] show almost S-shape but880

with instabilities.881

Appendix B: Example of the model trajectories882

In Figure 10, we show that choosing different initial883

conditions, all the trajectories can converge either to884

the low-gradient state (left), that is the homogeneous885

gradient monotonic (l = L) part of the curve up to its886

maximum, the high-gradient homogeneous state (l = 0,887

right) and the streamwise banding heterogeneous state888

(0 < l < L, middle).889
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Figure 10. By choosing the initial conditions, all trajectories can converge to either the low homogeneous state (left), the
high gradient homogeneous state (right), or the streamwise banding state (middle).
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Figure 11. Comparison between experiments at controlled
flow rate Q leading to ∆P (Q) and hence to τ(Q) (green
square) with the curves τ(Q) obtained from two experiments
at controlled pressure (red circles and diamonds). Concen-
tration of the three experiments : φ = 40 %
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