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Préambule

La préparation d’une Habilitation a Diriger des Recherches est avant tout un travail person-
nel, mais dans le cas présent elle s’inscrit également dans une démarche collective. Cela fait
pres de 20 ans que je travaille avec ma collegue et amie Diana Baltean-Carles, et plus de 10
ans que Virginie Daru s’est jointe a nous. Nous formons une équipe féminine, enthousiaste et
solidaire. Il y a un an, nous avons pris la décision d’entreprendre cote a cote la rédaction du
document, d’organiser nos soutenances au LIMSI au méme moment, et de terminer par une
belle féte collective. Alors que je n’envisageais plus une HDR a ce stade de ma carriere, j’ai été
séduite par la convivialité et I’originalité de cette démarche. Nous avons fixé une date vers la
fin de I’année universitaire afin d’organiser les 3 soutenances.

Nous étions loin d’imaginer que nous rédigerions une grande partie du document chacune
chez soi, en échangeant et se soutenant par visioconférence pendant la crise sanitaire du Corona-
virus. Isolées de nos collegues du laboratoire, de I’Université et de nos collaborateurs habituels,
avec tres peu de documents papiers a notre disposition, nous avons donc préparé cette HDR
dans des conditions particulieres.

De plus, j’avais envisagé ce premier semestre 2020 comme une période de rédaction calme,
avec peu ou presque plus d’enseignement. Au lieu de cela, nous avons dii mettre en place des
enseignements a distance, organiser 1’étalement des plannings, coordonner les équipes ensei-
gnantes pour garantir la meilleure équité possible entre les étudiants, mettre en place de nou-
velles évaluations, répondre a des centaines de mails. Cette période est devenue extrémement
chargée.

La rédaction du mémoire, je le reconnais, est un travail de réflexion utile pour un enseignant-
chercheur. Lorsqu’elle survient apres presque 30 ans de carriere comme pour moi, elle permet
de revenir sur les travaux passés, de prendre un véritable recul et de faire le lien entre mes
diverses activités. Je réalise a quel point les rencontres ont compté pour moi et m’ont guidée a
travers ces années d’enseignement et de recherche.

Mes professeurs et directeurs de these aux Etats-Unis m’ont fait découvrir les attraits et défis
de la recherche interdisciplinaire. A I’'UPMC (devenue Sorbonne Université), j’ai beaucoup ap-
pris a travers de longs échanges avec mes collegues enseignants, en particulier ceux du plateau
d’Orsay. Les chercheurs du LIMSI ont marqué mes activités de recherche et m’ont insufflé I’en-
vie de progresser. J’ai profité de I’ambiance chaleureuse et conviviale de notre laboratoire, un
atout si précieux. Les collaborations avec des chercheurs hors LIMSI m’ont fait découvrir des
approches et méthodes différentes. Enfin tous mes jeunes stagiaires, thésards et post-doctorants
m’ont donné I’énergie de travailler et progresser avec eux.

J’adresse tous mes remerciements aux membres de mon jury : rapporteurs, examinateurs et
président, pour leur participation enrichissante et bienveillante a cette aventure. J’espere since-
rement que nous pourrons organiser une belle féte au LIMSI a I’automne.

Je remercie aussi toute ma famille qui m’a si grandement aidée pendant toute cette période.

Cette rédaction permet enfin d’envisager de multiples pistes sur les études a venir. Nous
avons encore beaucoup de travail devant nous, et surtout la perspective de continuer ensemble,
Diana, Virginie et moi.
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Chapitre 1

Activités liées a I’enseignement

1.1 Introduction

La mission d’enseignement de 1’enseignant-chercheur est primordiale pour moi, d’abord
parce que j’ai toujours souhaité devenir enseignante, et également parce que je n’ai I’impres-
sion de maitriser completement un sujet que lorsque je suis capable de le présenter clairement a
quelqu’un d’autre. C’est cette vocation d’enseigner qui m’a conduite, apres I’obtention de mon
diplome d’ingénieur, a vouloir poursuivre en these et devenir enseignant-chercheur.

Aux Etats-Unis, pendant ma these, j’ai eu 1’opportunité d’assurer des travaux dirigés en
thermodynamique et en mathématiques appliquées (niveaux L3 et M1). C’était I’équivalent d’un
monitorat, et ma premiere expérience face a une classe. J’ai pris beaucoup de plaisir a enseigner
en anglais, et a part certaines difficultés liées aux ordres de grandeurs en thermodynamique dans
des unités improbables (pression en psi - pound per square inch, énergie en btu - British thermal
unit, température en F - Farenheit) I’expérience a été concluante. J’ai été sélectionnée par les
étudiants pour un prix récompensant la qualité des travaux dirigés, ce qui m’a permis ensuite
d’étre chargée de deux cours de mathématiques appliquées (niveaux M1 et M2) sur les EDP
(en particulier sur les formules de Green et les développements asymptotiques raccordés). Cette
expérience américaine a été extrémement enrichissante, motivante et déterminante.

Lorsque j’ai été recrutée en 1991, j’ai découvert les méthodes d’enseignement a I’ Université
Francaise, puisque je n’y avais moi-méme jamais étudié. J’ai tout de suite apprécié les contacts
avec les étudiants et avec mes collegues au sein d’équipes pédagogiques enthousiastes. Par la
suite, j’ai découvert les spécificités de 1’enseignement en amphi. En enseignement, j’apprécie
particulierement 1I’impression de dominer le sujet, d’avoir accompli mon travail et de pouvoir
passer a la tiche suivante. C’est tres complémentaire de la recherche pour laquelle on est en per-
pétuelle remise en question et évolution. J’ai commencé par des TD en Mécanique des Milieux
Continus (avec Georges Duvaut, Hélene Dumontet, Abdelwahed Ben Hamida) et en méthodes
numériques (avec Daniel Euvrard, Mouaouia Firdaouss, Jean-Paul Duruisseau, Jo€l Chaskalo-
vic). Mon investissement en MMC m’a permis de bien connaitre cette discipline au cceur de la
Mécanique a I’UPMC, et en lien direct avec les méthodes numériques.

Lors de ces 29 années a I’'UPMC devenue Sorbonne-Université, j’ai enseigné du L1 au M1,
dans les domaines de la mécanique générale, la mécanique des milieux continus, la mécanique
des fluides, les méthodes et pratiques numériques pour la mécanique, les mathématiques ap-
pliquées, la thermodynamique et les transferts thermiques. J’ai assuré des cours, des travaux
dirigés et des travaux pratiques, des ateliers de Méthodologie en L1, des ateliers d’insertion
professionnelle, ainsi que 1’encadrement de projets et de stages au niveau Licence et Master.
En Master 2, j’ai participé pendant 15 ans a un enseignement sur les transferts convectifs en
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milieux Fluides et Poreux.
Mes enseignements actuels sont centrés sur les méthodes et pratiques numériques pour la mé-
canique, les mathématiques appliquées, la thermodynamique et les transferts thermiques.

Je détaille ci-dessous mes contributions essentielles a 1’enseignement de la mécanique au
sein de Sorbonne-Université.

1.2 Mathématiques et méthodes numériques

A mon recrutement en 1991, j’ai été sollicitée pour participer aux enseignements de mé-
thodes numériques (en L3 et M1). Au cours de ma carriere, j’ai maintenu une activité d’en-
seignement dans ce domaine que j’apprécie particuliecrement, avec mes collegues Mouaouia
Firdaouss pendant une quinzaine d’années, Daniel Euvrard a mes débuts, puis Ivan Delbende,
Anne Sergent, Laurent Martin-Witkowski avec qui nous avons formé une équipe du LIMSI
dédiée a I’enseignement des méthodes numériques, et plus récemment avec Han Zhao, Fatiha
Bouchelaghem, Anca Belme.

J’ai participé, pendant 15 ans puis a nouveau depuis 2015, a un enseignement de méthodes
numériques en L3, afin d’initier les étudiants a la résolution de systemes linéaires par des mé-
thodes directes par points et par blocs (LU, Cholesky), et itératives (Jacobi, Gauss-Seidel, SOR,
Gradient, Gradients conjugués préconditionnés ou non), I’interpolation polyndmiale, I’intégra-
tion et la dérivation numérique, la résolution d’équations différentielles, et la résolution par
différences finies d’équations aux dérivées partielles. C’est avec cet enseignement que j’ai véri-
tablement assimilé les fondements des méthodes numériques que j’ai utilisées en recherche au
LIMSL

Outre les compétences numériques acquises par la pratique, les étudiants sont sensibilisés a
la validation des codes de calcul qu’ils écrivent ou utilisent, et a I’interprétation des résultats. Cet
enseignement ou j’ai assuré des cours, TD, TP et projets qui sont vraiment complémentaires,
est tres valorisant pour I’étudiant (qui en ressort en maitrisant la démarche de modélisation et
de simulation numérique) et pour 1’enseignant qui fait un peu le lien entre plusieurs UE de
Meécanique. J’ai pris la responsabilité de cette UE depuis 2017 (environ 250 étudiants/an).

Je suis tres attachée a la cohérence de I’enseignement des méthodes des méthodes numé-
riques sous forme de cours, travaux dirigés et travaux pratiques sur machine, projets. Il me
semble en effet essentiel de maintenir cet équilibre entre théorie et pratique pour 1’appropria-
tion des méthodes. Au sein de I’équipe pédagogique, nous avons longuement débattu sur les
langages appropriés pour cet enseignement. Je suis toujours partisane du Fortran car il utilise
une syntaxe tres pédagogique et rigoureuse. Cependant, les étudiants sont de plus en plus génés
par la compréhension des erreurs indiquées (en anglais) par les compilateurs. Je me suis égale-
ment formée a 1’'usage de codes industriels (Fluent par exemple), et de Matlab que j’ai enseignés
pendant une quinzaine d’année dans des UEs de pratiques numériques pour la Mécanique en
L3 puis en L2.

J’ai participé pendant de nombreuses années a un enseignement général des méthodes nu-
mériques en M1 (introduction aux méthodes de résolution des EDP par différences finies,
volumes finis, éléments finis, et utilisation de méthodes avancées de résolution des systemes
linéaires telles ADI, GMRES, Multigrille). J’ai également participé pendant de nombreuses
années (avec mes collegues Alain Rigolot, Hélene Dumontet, Diana Baltean-Carles) a un en-
seignement d’analyse fonctionnelle (espaces de Hilbert, formulations variationnelles, théoreme
de Lax-Milgram, distributions) trés en lien avec cet enseignement de méthodes numériques, et
également avec le cours de Mécanique des Milieux Continus.
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J’ai participé pendant plus de 15 ans (co-responsable pendant 10 ans avec Thomas Gomez
puis Anne Sergent) a une UE de méthodes numériques en M1. Depuis 10 ans, cette UE de mé-
thodes numériques, simulation et projet en mécanique des fluides (entre 30 et 50 étudiants) est
centrée autour de la méthode des volumes finis. J’assurais des cours, TD, TP et I’encadrement
de projets numériques (écriture de code et utilisation de logiciels commerciaux).

Depuis cette année, les enseignements de mathématiques et méthodes numériques sont asso-
ciées en L2 et en L3 au sein d’UEs communes. Nous avons souhaité montrer le lien étroit entre
les deux disciplines, et 1’aspect appliqué des mathématiques. Nos étudiants ont une attitude
méfiante envers les mathématiques, et le fait d’associer cette discipline aux méthodes numé-
riques devrait la rendre plus attractive. Cela nous permet également de maintenir une activité de
programmation chez les étudiants dans la durée, a chaque semestre de la licence.

1.3 Energétique et thermodynamique

La thermodynamique est une matiere que j’ai trouvée tres difficile a aborder en tant qu’étu-
diante en classes préparatoires. Cela reste une discipline ardue pour nos étudiants, car elle re-
quiert de bonnes connaissances en mathématiques (fonctions de plusieurs variables, formes dif-
férentielles, intégration) qui sont souvent acquises tardivement. Depuis 2004, j’ai participé a la
mise en place d’un programme d’apprentissage progressif de cette matiere (avec mes collegues
Pierre Carles, Diana Baltean-Carles, Laurent Martin-Witkowski, Sophie Mergui, Frédéric Dou-
menc, Régis Wunenburger, Jean-Frangois Krawczynski entre autres).

J’ai participé a la mise en place en 2004 d’un enseignement d’introduction a la Mécanique
en L1 (environ 400 étudiants), qui abordait quatre aspects de la mécanique : mécanique du so-
lide, mécanique du vol, acoustique et énergétique. Jusqu’en 2016, je suis intervenue dans le
theme « Energétique », en assurant le cours (200 étudiants), plusieurs groupes de TD, et la
co-responsabilité du théeme : organisation pédagogique, rédaction de polycopié, de sujets de
TD, examens, corrections. Nous avons décidé de suivre un fil conducteur (I’exemple du turbo-
propulseur) pour présenter les lois d’état, les notions de travail, chaleur, énergie interne et le
premier principe. Nous avons fait appel a peu de notions mathématiques (intégrales de fonc-
tions simples), et avons surtout insisté sur les représentations graphiques des transformations,
I’homogénéité dimensionnelle, les unités, ordres de grandeur. En 2015, L. Martin Witkowski et
moi-méme avons préparé et enregistré 1h30 de vidéos-support en ligne pour I’enseignement a
distance du theme « énergétique » de ce cours. J’ai également adapté certaines vidéos pour I’en-
seignement présentiel, ce qui permet de rendre plus vivant I’apprentissage. Cette UE a permis
d’intéresser beaucoup d’étudiants a la Mécanique, et a certainement contribué a I’augmentation
du nombre d’étudiants en L2-L.3 de Mécanique au cours des 10 dernieres années. Depuis cette
année, les équipes pédagogiques de physique et de mécanique se sont regroupées pour orga-
niser ensemble les enseignements en L1. J’ai participé aux réunions préparatoires, et je pense
m’investir dans ces UEs a partir de I’année prochaine. La thermodynamique est enseignée au
premier semestre. Nos vidéos sont encore utilisées, et notre cours a servi de base a I’élaboration
du programme.

Apres avoir participé pendant plusieurs années a I’enseignement de thermodynamique et
thermique, j’ai participé a la mise en place en 2014 d’une petite UE de Bases de Thermody-
namique en L2. J’en ai assuré la responsabilité et I’animation pédagogique, le cours (environ
200 étudiants) et plusieurs groupes de TD. Dans cette UE on reprend les notions de lois d’état,
premier et second principes de la thermodynamique en systemes fermés, mais en s’appuyant sur
les notions de fonctions de plusieurs variables et de formes différentielles. Nous avons repris
les sujets de TD pour les rendre plus progressifs. J’illustre le cours en résolvant au tableau de
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nombreux exemples. Les étudiants font aussi un TP d’application, en se rendant une fois dans
le semestre sur la plateforme expérimentale de Saint-Cyr L’Ecole. Cette année, nous avons mo-
difié a nouveau cet enseignement, en le déplacant au second semestre de L2, de fagon a pouvoir
s’appuyer sur I’enseignement de mathématiques ayant lieu au premier semestre (qui porte sur
I’analyse vectorielle, les fonctions de plusieurs variables et les intégrales multiples). La thermo-
dynamique est a nouveau associée a la thermique dans une UE a 6 ECTS. Cette UE est proposée
a 450 étudiants de tous parcours.

Jai participé pendant environ 15 ans (co-responsable pendant 10 ans avec Benoit Goyeau,
puis Maurice Rossi et Pierre-Yves Lagrée) a un cours en M2 sur les écoulements et transferts de
chaleur en milieux fluides et poreux (modélisation, mise en équations, analyse dimensionnelle,
solutions analytiques et numériques, dans des configurations de convection naturelle et forcée
en milieu fluide et poreux). J’ai particulierement apprécié le fait de pouvoir partager avec les
étudiants de M2 certains résultats obtenus en recherche.

1.4 Encadrement de stages et de projets

J’ai régulierement encadré (ou co-encadré) au LIMSI des stagiaires pendant I’été, que ce
soit pour des stages volontaires (6 stages .2/1.3) ou bien faisant partie de la formation (7 stages
M1, 5 stages M2). Ces sujets portaient en général sur des sujets de recherche accessibles aux
étudiants. Ils m’ont permis de mener une petite étude que je n’avais pas le temps ou pas le
courage de démarrer, et souvent cette responsabilité envers le stagiaire m’a insufflé 1’énergie
nécessaire pour mener 1’étude a son terme. Les résultats des stages sont mentionnés dans la
partie recherche.

1.5 Orientation et Insertion professionnelle

Je me suis intéressée depuis longtemps au devenir des étudiants, en étant d’abord référent
universitaire pour une vingtaine de stages en entreprise ou en centre de Recherche, entre 1991
et 2009, au sein de Metravib, S.N.E.C.M.A., Williams F1, EDF Chatou, Bouygues, Wirtsil4,
CERAM, IRCN , IFP, ONERA, Ecole des Mines Fontainebleau, Northwestern University, EN-
SAM Paris. Ce travail consistait a suivre 1’étudiant pendant son stage et pendant la rédaction du
rapport ainsi que pendant la préparation de la soutenance, et a intervenir en cas de probleme.
Jai également participé aux jurys de soutenance. J’ai ainsi pu nouer des contacts avec des in-
génieurs intéressés par nos formations.

Une partie de mes enseignements s’est effectuée entre 2004 et 2018 sous la forme d’ate-
liers d’insertion professionnelle en Licence et en Master. Apres avoir suivi plusieurs formations
a I’APEC et a ’'UPMC aupres de D. Piccinini (responsable de I’ AFIP : Accompagnement et
Formation a I’Insertion Professionnelle), j’ai assuré chaque année un atelier (U.E. obligatoire
de L3). Les étudiants y découvrent et étudient les métiers de la mécanique auxquels conduit
leur formation, sont formés a 1’élaboration d’un Projet Personnel et Professionnel et a la rédac-
tion de CV et lettres de motivation. J’ai beaucoup apprécié cet enseignement qui m’a permis
de connaitre les étudiants différemment, et de les aider dans leur parcours universitaire. J ai
également assuré pendant 3 ans un atelier d’insertion professionnelle en M2 (Master Sciences
de I'Ingénieur, U.E. obligatoire), centré autour de la finalisation et la concrétisation du Projet
Personnel et Professionnel. Les séances comprennent la rédaction de CV, lettres de motivation,
la préparation aux entretiens d’embauche (individuel et collectif), une découverte des diverses
fonctions et missions des ingénieurs dans les entreprises.
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Jai co-organisé en 2008 et 2009 (avec Dominique Piccinini et Fabienne Fellah) les deux

premieres éditions de I’ Atrium des Métiers (Forum Université-Entreprises) :
Le ler atrium des métiers a I’'U.PM.C. s’est tenu les 28 et 29 janvier 2008. Ce forum pluri-
disciplinaire Université/Entreprises a permis de réunir, sous forme de stands, de conférences et
de tables rondes, une cinquantaine d’entreprises et organismes extérieurs (dont une vingtaine
de grands groupes industriels) et environ 1000 étudiants présents (L3, M1 et M2). Nous avons
pris en charge 1I’élaboration du projet, les contacts avec les entreprises et la gestion de leur ins-
cription, la présentation du projet aux responsables de formation, la préparation des documents
de communication, programmes, affiches, badges (en liaison avec le service communication de
I’Université), I’organisation et la logistique complete. Nous avons également recruté et encadré
une équipe de 30 étudiants pilotes. La préparation a duré environ 6 mois. Nous avons organisé la
tenue de deux conférences sur les sujets suivants : "Les grandes lignes de 1’entreprise (vocation,
implantations, effectifs, stratégies de développement, politique de recherche et innovation. .. .)"
et "Les principaux métiers et compétences associées, en rapport aux recrutements de jeunes
diplomés en Sciences, Bac+3, Bac +5, Bac+8." Deux tables rondes ont été organisées sur les
themes : « Université — Entreprises, quels liens construire ? » et « Quelles compétences pour
aujourd’hui et demain ». Les débats ont été enregistrés.

Le deuxieme Atrium des métiers a réuni, les 22 et 23 octobre 2009, sur le méme format que
le premier, une cinquantaine d’entreprises dont une vingtaine de grands groupes industriels,
malgré le contexte économique difficile. Il était ouvert a I’ensemble des étudiants (public étu-
diant essentiellement concerné : L3, M1, M2). Nous avons assuré, de la méme fagon que pour
la premiere édition, I’élaboration et la réalisation du projet, les prises de contacts avec les entre-
prises et la gestion de leur inscription (sur le site UPMC Pro, en liaison avec le service UPMC-
Pro), la présentation du projet aux responsables de formation, la préparation des documents de
communication, programmes, affiches, badges, (en liaison avec le service communication) et
la prise en charge entiere de 1’organisation et de la logistique. Nous avons également recruté
et encadré une équipe de 25 étudiants pilotes. Enfin, nous avons préparé, recueilli et analysé
30 questionnaires de satisfaction. Pour cette édition, nous avons également organisé des confé-
rences par les responsables des formations sur les diverses filieres d’enseignement, ainsi que
des rendez-vous individuels entre les représentants des entreprises et les responsables de forma-
tions. Le theme de la table ronde était : « Le profil de I’étudiant recherché : par I’entreprise, le
laboratoire de recherche, 1I’université » La participation des responsables de formation a été re-
marquable. Les entreprises ont souligné la qualité de 1’accueil et de I’ organisation, et la richesse
des échanges avec les étudiants et les enseignants.

Dans le cadre de I’ orientation, j’ai également participé a la réalisation, en 2016, d’un film
de présentation de la formation en Mécanique a destination des étudiants de L 1.

1.6 Gestion et administration

En Licence, les effectifs étudiants sont généralement de I’ordre de 200 par unité d’enseigne-
ment (UE). Nous fonctionnons donc en équipes pédagogiques, constituées en majorité par des
moniteurs ou ATER qu’il faut former a leur arrivée. Mon investissement dans une UE, méme
lorsque je n’en suis pas responsable, comprend donc toujours une part importante de réunions
pédagogiques, préparation de documents, réalisation et maintenance d’un site internet dédié,
organisation des examens, rédaction de sujets et de corrigés, aide a la collecte des notes et par-
ticipation aux jurys.

Depuis 2010, je suis directrice des études du L2 Mécanique (250-350 étudiants chaque
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année), avec une décharge associée de 32 a 40h TD par an. En 2015, I’Université a mis en
place une nouvelle maquette de la forme majeure/mineure pour les niveaux L2 et L3. Les étu-
diants ont donc la possibilité de s’inscrire en L2 dans un parcours mono-disciplinaire ou bi-
disciplinaire. La mécanique est ainsi associée dans des parcours bi-disciplinaires (en tant que
discipline majeure ou mineure) avec la physique, les mathématiques, I’informatique, I’électro-
nique, les géosciences, la biologie, la chimie, les sciences humaines et sociales. Il existe aussi
des parcours sélectifs, mono-disciplinaire et bi-disciplinaires. La mécanique est associée dans
quatre parcours bi-disciplinaires intensifs (avec la physique, les mathématiques, 1’électronique
et plus récemment les géosciences).

L attractivité de cette maquette, et la multiplicité des parcours possibles entraine aussi un
grand nombre d’interrogations de la part des étudiants concernant notamment les choix de
parcours. Dans ce contexte, un suivi individualisé des étudiants est essentiel. L’organisation
générale est complexifiée par la maquette, et doit s’effectuer en coordination avec les autres
départements de I’Université.

Ainsi, je participe a 1’organisation des enseignements, a la mise au point des emplois du
temps, aux inscriptions pédagogiques, a la réorientation de certains étudiants, au suivi individua-
lisé des étudiants (1/2 journée de permanence au moins par semaine, rendez-vous individuels),
a ’organisation des examens, a la préparation et tenue des jurys mono- et bi-disciplinaires, aux
amphis de présentation, aux journées portes ouvertes aux lycéens et journées d’information a
nos étudiants (JOR).

J’ai participé également aux réflexions concernant les évolutions de la maquette a chaque
changement de quinquennal.

Je mentionne ici les conditions exceptionnelles de cette année : en raison de la pandémie
de Covid19, nous avons dii mettre en place des enseignements a distance, organiser 1’étalement
des plannings, coordonner des équipes d’une dizaine d’enseignants pour garantir la meilleure
équité possible entre les étudiants, mettre en place de nouvelles évaluations, répondre a des
centaines de mails chaque semaine. Cette période a été difficile, mais étudiants et collegues ont
été exemplaires.
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Chapitre 2

Travaux de recherche - Introduction
générale

2.1 Présentation chronologique

Ce mémoire d’HDR est I’occasion de revoir les différents sujets de recherche que j’ai abor-
dés au cours de ma carriere. Bien qu’il n’y ait pas de réel fil conducteur entre ces divers sujets, ils
ont en commun I’approche de modélisation et de simulation numérique et I’interdisciplinarité.

Mes travaux de these a I’Université de Rochester, aux Etats-Unis, ont porté sur la modélisa-
tion du systeme énergétique dans une cellule musculaire, a partir de 1’analyse mathématique et
la simulation numérique des mécanismes de transport couplés de diffusion moléculaire et de ré-
action chimique. L’étude est centrée sur les molécules contenant des liaisons phosphates riches
en énergie. Les voies métaboliques de production et de consommation d’Adénosine TriPhos-
phate (ATP) sont incorporées dans un modele du systeme cytosolique des composés phosphates
riches en énergie (ou systeme énergie phosphate, comprenant les adénylates, la phosphocréatine,
la créatine et le phosphate inorganique). Le modele est un systeme d’équations différentielles
ordinaires qui permet de calculer les variations en temps du systeme énergie phosphate au cours
de transitions entre différents taux de travail musculaire. Le modele est validé par I’expérience
en utilisant des mesures de la vitesse de consommation d’oxygene et de la concentration en
phosphocréatine au cours de transitions repos-travail : ceci pour deux muscles différents. On
utilise ensuite le modele pour étudier la régulation in vivo de la consommation d’oxygene. En-
fin, on étudie I’effet tampon de la phoscréatine sur les concentrations en adénylates au cours
d’un protocole expérimental de stimulation par secousses. Un calcul en ordre de grandeur per-
met de montrer que dans tous les cas envisagés, la diffusion moléculaire est si rapide que les
gradients associés sont négligeables [22].

Mon directeur de theése principal était spécialisé en mathématiques appliquées a la méca-
nique (au sein du Département "Mechanical Engineering") et mon deuxieme directeur était
chercheur en physiologie (au sein de 1’hopital Universitaire de Rochester). J’ai donc eu la
chance de cotoyer deux milieux de recherche aux fonctionnements tres différents du point de
vue a la fois de I’approche et du langage utilisés. J’ai aussi effectué un travail post-doctoral de
un an au sein de I’hopital Universitaire de Rochester sur la cinétique des enzymes caractéris-
tiques de I’activité musculaire (acquisition in vivo et analyse des données).

Au moment de ma prise de poste a I’Université Paris VI, on m’a proposé de choisir un la-
boratoire d’accueil. J’ai choisi le laboratoire LM2S dirigé par Georges Duvaut, pour y travailler
sur la modélisation et la simulation par éléments finis de la propagation des ondes électroma-
gnétiques dans les matériaux composites. Cela représentait un changement thématique drastique
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par rapport a mon travail de these. Grace a I’enseignement, j’ai complété ma formation en ana-
lyse fonctionnelle (formulations variationnelles) et en méthodes numériques (éléments finis,
résolution de systemes linéaires). J’ai travaillé avec Alain Oster qui terminait sa these encadrée
par Nicole Turbé sur les solutions de Bloch des équations de Maxwell. L’étude était basée sur
la méthode de I’homogénéisation périodique, et la mise en ceuvre numérique par éléments finis
3-D. J’ai ensuite étudié la diffraction d’une onde par un obstacle diélectrique de forme quel-
conque entouré d’une couche conductrice mince, en utilisant la technique des développements
asymptotiques. L’étude théorique et la mise en ceuvre numérique par éléments finis de la dif-
fraction d’une onde €électromagnétique par un obstacle cylindrique a ensuite été ébauchée (stage
de DEA de A. Delnevo). Mais ces débuts en recherche ont été difficiles et je n’ai pas publié sur
ces travaux. Je suis restée pendant 4 ans dans ce laboratoire.

Par la suite, Mouaouia Firdaouss (avec qui je partageais un enseignement de méthodes nu-
mériques en licence) m’a proposé de travailler avec lui sur des problemes de convection na-
turelle en cavité composée d’un milieu fluide et d’un milieu poreux. J’ai rencontré Patrick Le
Quéré, alors directeur du département de Mécanique Energétique du Laboratoire d’Informa-
tique pour la Mécanique et les Sciences de 1’Ingénieur (LIMSI) qui a accepté que je rejoigne
son département. Ce nouveau changement de laboratoire a donc aussi été accompagné d’une
conversion thématique. J’ai apprécié le travail en équipe, I’atmosphere du laboratoire, le cadre
scientifique et matériel et méme la séparation géographique de mes lieux de recherche et d’en-
seignement, malgré les difficultés de gestion d’emploi du temps associées. Malgré cela, il m’a
fallu plusieurs années pour me remettre véritablement a la recherche.

J’ai commencé (1995-2002) par étudier la convection naturelle en cavité fluide partiellement
remplie d’un milieu poreux par résolution numérique des équations de Navier-Stokes modifiées
de facon a décrire de maniere unifiée 1I’écoulement dans la partie fluide et dans le milieu poreux
(collab. M. Firdaouss et P. Le Quéré). Pour cela j’ai utilisé le code volumes finis développé
par Patrick Le Quéré. Nous avons étudié les solutions stationnaires en cavité différentiellement
chauffée et refroidie a flux homogene et montré I’existence d’une solution analytique 1D dans
une fente d’extension verticale infinie (collab. J.F. Mercier pendant son travail post-doctoral,
détails en section 3.1).

Entre 1999 et 2005, j’ai étudié (collab. P. Le Quéré) les écoulements de convection naturelle
en cavité différentiellement chauffée a grands écarts de température (convection hors Boussi-
nesq, hypothese faible Mach). Nous avons ainsi participé en 2000 et 2002 a un Benchmark
numérique sur les solutions stationnaires de ces équations et obtenu des valeurs de référence
(détails en section 4.1). J’ai également travaillé sur la transition vers 1’instationnaire des solu-
tions, par simulation directe utilisant le code instationnaire non linéaire, et par une méthode de
pseudo-linéarisation (collab. D. Barkley, détails en section 4.2).

A partir de 2001, apres avoir réalisé 1’applicabilité des modeles bas Mach en thermoacous-
tique, j’ai travaillé sur I’adaptation du code faible Mach pour 1’étude du pompage de chaleur
thermoacoustique. C’est ainsi que je me suis intéressée a ce domaine de recherche qui faisait
I’objet d’une action transversale dans le laboratoire depuis une dizaine d’années (action diri-
gée par Maurice-Xavier Frangois). J’ai co-encadré la these de Patxi Duthil sur le pompage de
chaleur thermoacoustique, avec une approche conjointe expérimentale et numérique. Les si-
mulations ont été validées avec des mesures expérimentales réalisées au laboratoire (détails en
section 5.1).

Depuis 2004, J’ai développé une collaboration étroite et tres bénéfique avec ma collegue
Diana Baltean-Carles, spécialiste des développements asymptotiques et de la modélisation ma-
thématique des écoulements. Nous travaillons ensemble a la fois en recherche et en enseigne-
ment. Nous avons étudié la modélisation théorique du phénomene de conversion d’énergie dans
les moteurs thermoacoustiques. Nous avons mené une analyse asymptotique (collaboration avec
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Luc Bauwens de 1’Université de Calgary) qui a permis de dégager les conditions de couplage
entre I’écoulement dans le stack et le champ acoustique dans le résonateur. Le code faible Mach
utilisé dans la these de P. Duthil a été adapté (these Omar Hireche) pour une étude des écoule-
ments et transferts au sein de la cellule active thermoacoustique (stack+échangeurs de chaleur)
lors du fonctionnement « moteur » de la cellule. Le couplage a été réalisé par 1’intermédiaire
des conditions aux limites en vitesse, qui sont écrites en tenant compte de 1’insertion du stack
en un point précis du tube résonant. Nous avons ainsi simulé la phase de démarrage et de sa-
turation d’un moteur thermoacoustique (détails en section 5.2) Nous avons ensuite déterminé
numériquement le seuil de I’instabilité thermoacoustique et étudié I'influence de la charge sur
le déclenchement d’un moteur thermoacoustique (these Lin Ma, collab. Ivan Delbende, détails
en section 5.3).

Grace a cette activité, nous nous sommes rapprochées d’autres chercheurs francais tra-
vaillant dans le petit monde de la thermoacoustique. Nous avons participé a la création et a
la vie du GDR Thermoacoustique (2007-2014), et avons notamment organisé une école théma-
tique de Thermoacoustique a Roscoff en 2010.

Dans le cadre des activités en thermoacoustique, nous avons repris en 2007 les études de
convection naturelle en milieu poreux pour la description des écoulements de convection dans
le stack d’un moteur thermoacoustique, modélisé comme un empilement de plaques paralleles
horizontales, encadré par deux échangeurs de chaleur (collab. P. Duthil, D. Baltean-Carles, P.
Le Quéré). En effet, les écoulements de convection naturelle peuvent modifier le champ de
température au sein du stack, et par conséquence modifier ou méme empécher le démarrage du
moteur thermoacoustique (détails en section 3.2.1).

Depuis 2009, nous avons entamé et établi une collaboration durable, Diana Baltean-Carles,
Virginie Daru et moi-méme, sur la modélisation théorique et la simulation numérique du strea-
ming acoustique en guide d’ondes. Cet écoulement stationnaire du second ordre peut étre no-
tamment tres pénalisant dans les machines thermoacoustiques. A faible niveau acoustique cet
écoulement est bien connu (section 6.1). Les simulations numériques et les expériences réalisées
a I’Institut P’ (Poitiers) ont notamment mis en évidence la déformation a fort niveau acoustique
des cellules de streaming avec apparition de nouvelles cellules au centre du guide (section 6.2).
Cela a permis d’établir une collaboration avec H. Bailliet (Institut P’), et I. Reyt, qui a effectué
un stage post-doctoral au LIMSI en 2012. C’est ainsi que 1’équipe des "filles du vent" s’est
agrandie. Nous collaborons depuis tres régulierement, et bien que nous n’ayons pas encadré de
these sur ce sujet, nous avons écrit 5 articles de revue ensemble (dont un soumis). Les résul-
tats des études numériques et notamment 1’analogie avec un écoulement en cavité entrainée ont
montré que, a fort niveau acoustique, les effets d’inertie sur le streaming restent faibles et ne
sont pas responsables du changement de régime dans 1’évolution du streaming (section 6.3).
Nous avons mis en évidence I’interaction non linéaire entre 1’acoustique et I’écoulement de
streaming. Nous avons obtenu une solution analytique pour I’écoulement lent de streaming, en
régime linéaire, qui a permis d’analyser I’influence de chaque terme source acoustique (sec-
tion 6.1). Nous avons trouvé qu’un des termes sources, en général négligé dans la littérature,
peut générer des nouvelles cellules de streaming contra-rotatives, pour certaines valeurs du rap-
port de forme du guide d’onde. Nos travaux actuels concernent I’influence des inhomogénéités
de température sur le streaming acoustique dans un résonateur (section 6.4).

Nous avons aussi modélisé et étudié I’instabilité thermoacoustique a I’origine du démarrage
d’un moteur thermoacoustique « musical », dans le cadre d’un projet Art&Sciences « Thermo-
phonia » (collab. J. Rémus - Ipotam Mécamusique). Cela nous a permis de travailler sur une
application originale de la thermoacoustique (section 5.4).

Enfin, les collaborations renforcées avec les équipes travaillant sur la thermoacoustique de
I’institut P’, du LAUM, du LMFA et I’entreprise PSA, ont permis d’obtenir en 2017 un finan-
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cement pour le développement et 1’étude d’une pompe a chaleur thermo-acoustique pour le
transport terrestre (ANR TACOT, porteur H. Bailliet). Je suis responsable scientifique pour le
LIMSI, et notre équipe (V. Daru, D. Baltean-Carles et moi-méme) réalise les simulations nu-
mériques des écoulements dans le prototype en construction. Nous nous intéressons notamment
aux effets li€s a la compacité de la machine et au fort niveau acoustique généré : phénomenes
de convection naturelle dans le stack régénérateur considéré comme un milieu poreux, effets
multi-dimensionnels liés a 1la complexité de la géométrie, acoustique nonlinéaire en milieu po-
reux. Nous avons effectué des simulations numériques des écoulements de convection naturelle
dans des machines thermoacoustiques (pour ce travail nous avons fait appel a Omar Hireche)
et obtenu d’excellentes comparaisons avec des mesures réalisées a Pprime (collab. O. Hireche,
D. Baltean-Carles, V. Daru, Y. Fraigneau, I. Ramadan, H. Bailliet). Nous avons montré que
ces écoulements peuvent affecter de maniere significative le fonctionnement des machines ther-
moacoustiques (section 3.2.2). Nous étudions actuellement la faisabilité de simulations sous
I’approximation faible Mach du prototype construit a I’institut P’. Ce projet permet donc de
faire le lien entre tous les themes de recherche que j’ai abordés au LIMSI.

2.2 Généralités sur les machines thermoacoustiques

2.2.1 Réfrigérateurs et moteurs thermoacoustiques

La thermoacoustique concerne 1’interaction entre les oscillations acoustiques et thermiques
d’un gaz confiné a proximité d’une paroi solide, ayant comme effet une conversion d’énergie
thermique en énergie acoustique (moteur thermoacoustique) ou vice-versa (pompe a chaleur ou
réfrigérateur thermoacoustique).

L’intérét principal des dispositifs thermoacoustiques réside dans leur simplicité, leur fiabi-
lité¢ (absence de composants mécaniques mobiles) et I'utilisation de fluides non polluants. Le
champ d’applications en réfrigération est tres large : cryogénie [14], climatisation [75], froid
domestique, refroidissement des micro-composants électroniques. L.es moteurs thermoacous-
tiques peuvent utiliser des énergies non fossiles, comme I’énergie solaire [1]. Couplés a des
réfrigérateurs thermoacoustiques, ils peuvent étre utilisés pour le refroidissement des compo-
sants €lectroniques sur des systemes embarqués dans 1’espace : satellites, station spatiale, ou
pour la climatisation des avions. Les systemes thermoacoustiques peuvent aussi €tre utilisés
dans les procédés industriels pour récupérer la chaleur perdue a basse température [63], puis
la réintroduire dans le procédé, ou encore pour la cogénération : utilisation de la puissance
acoustique produite par un moteur thermoacoustique pour une production d’électricité [7].

Un systeme thermoacoustique de réfrigération se compose, d’une maniere générale, d’un
tube résonant, rempli d’'un gaz compressible, au sein duquel est inséré un milieu poreux (par
exemple un ensemble de grilles ou un empilement de plaques planes) placé entre deux échan-
geurs de chaleur. L’application d’une onde acoustique au sein du fluide induit une interaction
fluide-solide qui va provoquer un pompage de chaleur le long des plaques dans la direction de
propagation de 1’onde et qui se caractérise par la génération d’un gradient longitudinal de tem-
pérature le long du milieu poreux. L’introduction des échangeurs permet de récupérer la chaleur
pompée.

Un moteur thermoacoustique est un systeme constitué d’un tube résonant a 1’intérieur du-
quel est placée la cellule active thermoacoustique. Cette derniere est composée de deux échan-
geurs, I'un chaud, I’autre froid, séparés par une structure poreuse ou par un empilement de
plaques (stack), qui est le sicge des échanges surfaciques de chaleur. Par I’intermédiaire des
échangeurs, on impose une différence de température donnée entre I’entrée et la sortie de la cel-
lule active. Lorsque cette différence de température est suffisamment importante, une instabilité
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thermoacoustique se déclenche, et toute perturbation initiale de pression est amplifiée.

Les études et les dimensionnements des systémes thermoacoustiques complets s’effectuent
actuellement en utilisant des codes 1D [68] basés sur 1’approximation acoustique linéaire de
Rott [56, 58]. Les travaux de référence sur les machines thermoacoustique sont issus du groupe
de recherche de Gregory Swift (Los Alamos, USA) [65]. Les équations fondamentales (équa-
tion des ondes vue sous la forme de deux équations différentielles du premier ordre couplées,
et équation de I’énergie) sont intégrées sur la section d’un canal. On obtient ainsi des équations
1D pour les amplitudes complexes de pression, vitesse volumique et température, 1’influence
de la géométrie étant prise en compte par des facteurs de forme. Dans les codes classiques ces
équations sont intégrées numériquement, en fonction de la coordonnée de position axiale, la
géométrie étant définie comme une succession de segments, avec des conditions de raccord a
la jonction entre deux segments. Ces codes permettent de dimensionner les machines avec une
bonne précision (80-90% dans certains cas), mais sont d’une applicabilité limitée lorsqu’il s’ agit
de concevoir et d’optimiser des machines thermoacoustiques de puissance, car ils ne prennent
pas en compte des phénomenes complexes tels que le streaming acoustique, les couplages non
linéaires acoustique-thermique, les effets aérodynamiques et thermiques de bord et, en géné-
ral, les effets non linéaires et multidimensionnels, qui limitent les performances des systemes
thermoacoustiques.

(b)

FIGURE 2.1 — Prototypes de systemes thermoacoustiques construits au LIMSI : (a) générateur
d’ondes stationnaires (b) générateur d’ondes progressives (c) réfrigérateur.

De nombreux laboratoires, en France et a 1’étranger (USA, Japon, Chine), s’intéressent a
cette thématique de recherche qui connait un essor important depuis les années 80. En France, le
laboratoire LAUM (Le Mans) est le plus reconnu, avec une équipe dont les travaux sont dédiés a
la thermoacoustique. L’ activité de recherche développée au LIMSI s’est d’abord concentrée sur
le développement et 1’étude de démonstrateurs (réfrigérateurs, moteurs ou systemes couplés, a
ondes stationnaires ou progressives) fonctionnant sous haute pression (figure 2.1). Les systémes
les plus efficaces fonctionnent avec des ondes progressives (architectures en boucle). Depuis
plus de 15 ans, nous nous intéressons également a la modélisation et a la simulation numérique
des machines thermoacoustiques.

2.2.2 Principe de conversion d’énergie thermoacoustique

Les moteurs et réfrigérateurs thermoacoustiques reposent sur I’existence d’un effet thermoa-
coustique. Les acousticiens en présentent généralement une vision lagrangienne en suivant une
particule de fluide qui oscille sous I’effet d’une onde acoustique. Lorsque cette particule est loin
de toute paroi solide, les oscillations sont adiabatiques. Lorsque la particule est proche d’une
paroi solide, les oscillations sont accompagnées d’échanges thermiques avec celle-ci.
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Pour décrire I’effet d’amplification de 1’onde, Lord Rayleigh [52] a expliqué qualitativement
que : si un gaz qui oscille absorbe de la chaleur pendant la phase de compression et cede de la
chaleur pendant la phase de détente, alors 1’oscillation est amplifiée. Au contraire, si le gaz
qui oscille absorbe de la chaleur pendant la phase de détente, et cede de la chaleur pendant la
phase de compression, alors I’oscillation est amortie. Le critere de Rayleigh conditionne donc
I’apparition de I’instabilité thermoacoustique a la présence d’un déphasage entre les fluctuations
de pression et celles de température.

Pour décrire de maniere tres simplifiée 1’effet moteur (dans un systéme a ondes station-
naires), on suit, au cours de son cycle acoustique, une particule qui se trouve a une distance
de I’ordre de I’épaisseur de couche limite thermique de la paroi (ni plus pres, ni plus loin). On
suppose que la paroi est soumise a un gradient de température donné, et que la direction de
propagation de I’onde est parallele a la paroi. On peut de maniere tres simplifiée, décomposer
ce cycle en 4 étapes :

— 1 : La particule se déplace rapidement d’une zone basse pression vers une zone de pres-

sion plus élevée sans échange de chaleur avec la paroi (compression adiabatique).

— 2 : Enbout de course, la particule est presque immobile mais plus froide que la plaque, et

recoit une quantité de chaleur (), de la plaque, a pression constante (dilatation isobare).

— 3 : La particule retourne rapidement vers une zone basse pression (détente adiabatique).

— 4 : En bout de course, la particule est presque immobile mais plus chaude que la paroi, et

cede une quantité de chaleur (), a la plaque, a pression constante (contraction isobare).

/’ \\
! '
\ ,  —
~ -

@ -T +T

Q=
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FIGURE 2.2 — Schématisation du déplacement de la particule suivant le cycle de Brayton (confi-
guration moteur), d’apres [64].

Le cycle de la particule s’apparente du point de vue énergétique a un cycle de Joule-Brayton.
Leffet thermoacoustique étant localisé pres des parois, on utilise des empilements d’un grand
nombre de plaques (stack) pour amplifier I’effet global. La vision lagrangienne du pompage de
chaleur est similaire, mais la paroi est initialement a température homogene. Lorsque 1’onde
est progressive, le cycle thermodynamique décrit par la particule est différent et se rapproche
d’un cycle de Stirling. Les phases de compression-détente s’effectuent en plus proche paroi de
maniere isotherme, et il est alors intéressant d’utiliser des empilements de grille a la place d’un
stack.

On peut aussi illustrer le phénomene de pompage de chaleur thermoacoustique avec une
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FIGURE 2.3 — Illustration de I’effet de pompage de chaleur thermoacoustique dans un résona-
teur secoué : isothermes du champ moyen de température, et flux d’entropie thermoacoustique
(fleches).

vision plus "mécanicienne" en considérant le résultat de la simulation de 1’écoulement com-
pressible d’un gaz obtenu dans un résonateur plan secoué a sa fréquence propre avec une faible
amplitude (onde stationnaire). Les parois sont ici conductrices, avec I’extérieur de la paroi main-
tenu a température constante. Ces résultats ont ét€ obtenus dans le cadre de 1’étude du streaming
acoustique non linéaire dans un résonateur (voir chapitre 6). La figure 2.3 montre une demi-
section longitudinale du tube, limitée par la paroi en haut et I’axe de symétrie en bas, et dont
I’extension est une demi-longueur d’onde. Les extrémités gauche et droite correspondent aux
nceuds de vitesse acoustique, et le centre a un ventre. Les isothermes du champ de température
moyen obtenu apres stabilisation de 1’écoulement sont presque paralleles et montrent que les
extrémités de la cellule se réchauffent, tandis que le centre se refroidit. Les fleches indiquent
le flux thermoacoustique (qui est concentré en proche paroi). Ces résultats confirment ceux de
I’approche Lagrangienne.

2.3 Organisation de la présentation des travaux de recherche

La suite de ce mémoire est consacrée a la présentation détaillée de mes activités de re-
cherche, regroupées par thématique. Le chapitre 3 concerne les couplages fluides-poreux, et
le chapitre 4 traite des écoulements de convection hors Boussinesq. Les applications du mo-
dele faible nombre de Mach en thermoacoustique sont détaillées dans le chapitre 5, et enfin le
chapitre 6 rassemble les études autour du streaming acoustique.
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Chapitre 3

Couplages fluides-poreux

Je me suis intéressée aux écoulements de convection naturelle dans des cavités renfermant
a la fois un fluide et un milieu poreux pendant plusieurs périodes au cours de ma carriere.
Tout d’abord a mon arrivée au LIMSI, j’ai étudié des configurations académiques de cavités
différentiellement chauffées partiellement remplies d’un milieu poreux. Puis nous nous sommes
intéressés a la modélisation des écoulements de convection naturelle dans le stack d’un moteur
thermoacoustique. Enfin, nous avons repris ces études dans le cadre de ’ANR TACOT pour
étudier de facon plus générale I'importance des écoulements de convection naturelle dans les
systemes thermoacoustiques qui sont des systemes fermés avec certaines parties poreuses et
d’autres uniquement fluides.

3.1 Convection naturelle en cavité différentiellement chauf-
fée partiellement remplie d’un milieu poreux

A mon arrivée au LIMSI, et pendant de nombreuses années, la simulation numérique des
écoulements de convection naturelle en cavité différentiellement chauffée avec des rapports de
forme variés a constitué I’une des spécialités du laboratoire. La cavité est chauffée sur une paroi
verticale et refroidie sur 1’autre. Les parois haute et basse sont généralement adiabatiques. J’ai
utilisé, en les modifiant, les codes volumes finis de P. Le Quéré, écrits pour la simulation numé-
rique d’écoulements de convection naturelle en milieu fluide sous 1’hypotheése de Boussinesq.
Pour représenter les champs de température et de vitesse, j’ai utilisé le programme "rasiso" (P.
Le Quéré), également un grand classique au LIMSI, qui manie une palette de couleurs originale
pour représenter des isolignes.

Nous avons donc étudié 1’écoulement de convection naturelle produit dans une cavité rec-
tangulaire 2D différentiellement chauffée de largeur L et de hauteur H, divisée en une couche
verticale poreuse de largeur d adjacente a la paroi chaude, et une seconde purement fluide.

On applique I’hypotheése de Boussinesq en supposant que la masse volumique du fluide p
varie linéairement en fonction de la température T ,

p= pc[l - B(T - Tc)]

ou [3 est le coefficient de dilatation isobare, 7. et p. sont les température et masse volumique de
référence respectivement. Les équations de la convection naturelle sont écrites de fagon unifiée
dans le fluide et dans le milieu poreux en introduisant une variable de phase € (égale a 0 dans le
fluide et a 1 dans le poreux). On appelle k la conductivité thermique et ¢, la chaleur massique
a pression constante du milieu (on utilise I’'indice m pour indiquer la valeur moyenne dans le
poreux). On note « la diffusivité thermique, k = k/(p.c,), et v la viscosité cinématique du
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fluide. Dans le domaine fluide, on retrouve les équations classiques de la convection naturelle
dans I’approximation de Boussinesq. Dans la couche poreuse définie par sa porosité ¢ et sa
perméabilité K (supposée isotrope) on adopte une formulation de Darcy-Brinkman, présentée
dans de nombreux ouvrages [31, 41] et articles de référence [24]. Les équations s’écrivent donc :

e oU 2N 1= P - V =
(1—e+ 5)5 +(1-e (VU = —pcvp + pcg+ vAU — e UG.)
oT Lo N
(1 = €)(pecp) + €(pcp)m) Eﬂpccp)U-VT = (1 - ek +e€k,) AT (3.2)
VU = 0 (3.3)

Dans ces équations, P est la pression et U est le vecteur vitesse, qui représente la vitesse de
filtration dans la couche poreuse [41]. Le terme de Darcy —%lj traduit le ralentissement de
I’écoulement dans le milieu poreux. Dans le milieu poreux, la viscosité qui intervient dans le
terme de Brinkman v AU est égale a v.5y donnée par la relation v ;y = g Cette formulation
unifiée des équations impose implicitement la continuité des température, flux de chaleur, vi-
tesse et contrainte a I’interface fluide-poreux, ce qui représente une simplification importante
du modele [3].

Dans le milieu poreux, on a exclu les terme d’advection #(7 VU [10] et de Forchheimer

%Nj ](j [2]. Ces deux termes peuvent étre négligés lorsque le Reynolds de pore (défini a partir
2

du rayon hydraulique) est petit, typiquement Re, < 1.

Nous avons adopté une approche couplée numérique et analytique. Les simulations ont été
réalisées en adaptant le code volumes finis (P. Le Quéré). La variable de phase € permet de fixer
les valeurs des parametres en chaque point de maillage. L’algorithme numérique d’intégration
des équations instationnaires, est basé sur la méthode de prédiction-projection [25, 26]. On traite
implicitement, avec une discrétisation spatiale et temporelle précise au second ordre, les termes
visqueux et de Darcy. Les termes convectifs et le gradient de pression sont discrétisés par un
schéma explicite du second ordre. La résolution des problemes de Helmholtz s’effectue soit par
une méthode ADI [46], soit par une relaxation ponctuelle (SOR). Pour assurer I’incompressibi-
lité, I’équation de Poisson est résolue par une méthode multigrille [60].

Nous avons étudié en particulier les solutions stationnaires en cavité différentiellement
chauffée et refroidie a flux homogene (voir I’article [40] en annexe, étude menée en colla-
boration avec Jean-Frangois Mercier lors de son post-doctorat au LIMSI). On note ¢ la densité
de flux de chaleur imposée sur les parois verticales. Pour I’exemple de cette étude académique,
on se restreint au cas ou la viscosité effective v et la conductivité thermique % sont les mémes
pour le milieu poreux équivalent et pour le fluide (v.;s = v et k,, = k). La valeur de (pc,)n,
n’influe pas sur la solution stationnaire.

Les simulations numériques ont montré que dans une large plage autour de la mi-hauteur
de la cavité, I’écoulement pouvait &tre approché par un écoulement unidimensionnel pure-
ment vertical (figure 1 de [40] en annexe). Avec L la longueur de référence, on peut définir
plusieurs nombres adimensionnels caractéristiques de 1’écoulement : le nombre de Rayleigh
fluide Ra = gBpL*/(kvk), le nombre de Darcy défini par K/L?, et le nombre de Prandtl
Pr = v/k. Apres introduction des grandeurs de référence U* = xkRas /L, AT* = pLRa"5 /k,
Pr = prfRa%/Lz ett* = LQ/KRCL%, le systeme d’équations 3.1 a 3.3 est mis sous forme adi-
mensionnelle. Les variables sans dimension sont notées , 7" et p. On note ep = d/ L, 1’épaisseur
sans dimension de la couche poreuse.

L’écoulement stationnaire 1D présent dans le centre de la cavité (figure 3.1a) correspond
a une vitesse purement verticale @y = wg(x) Z’ et & une température de la forme 7' — T, =
0z + 0y(z), ¢’est-a-dire comprenant une distribution verticale linéaire de température (on note
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FIGURE 3.1 — (a) Ecoulement 1D dans une cavité rectangulaire partiellement remplie d’une
couche poreuse. (b) stratification verticale en température y en fonction du nombre de Darcy
pour Ra = 10°, 1.510°, 2. 10°.

0 la stratification verticale) et une distribution horizontale a déterminer. La solution semi-
analytique se présente comme la somme de huit exponentielles complexes de la variable =,
dont les amplitudes sont déterminées numériquement.

On introduit un paramétre de stratification verticale de température noté -y par 4y* = Ras 6.
La résolution des équations de Navier-Stokes ne permet pas de déterminer la valeur de ~, mais
celle-ci peut €tre obtenue a partir d’un bilan énergétique. Les parois horizontales de la cavité
sont adiabatiques. Comme le flux de chaleur horizontal injecté au niveau de la paroi en x = 0 est
égal a celui extrait au niveau de la paroi x = L, le flux vertical de chaleur a travers toute section
horizontale de la cavité doit étre nul. Ce dernier est constitué des contributions du flux conductif
et convectif. En écrivant de plus la conservation de la masse sur toute coupe horizontale, on
obtient la relation sans dimension :

4

1 4
/ Wo eodl’ = 7
0

Cette équation, dans laquelle le produit wyf, est fonction de v et Da, est résolue par une mé-
thode de Newton-Raphson.

Les valeurs de v en fonction de Da pour différentes valeurs du nombre de Rayleigh et pour
une couche poreuse d’épaisseur d = L /4 (qui correspond a un régime d’écoulement a couches
limites séparées) sont représentées sur la figure 3.1b. Pour les grandes valeurs du nombre de
Darcy (Da = 1071) la couche poreuse étant trés perméable, la cavité se comporte comme une
cavité fluide. Pour de trés faibles valeurs de Da, (Da = 10~7), on est dans le cas d’une cavité
fluide bordée par un milieu imperméable en conduction thermique. Ainsi, dans ces deux cas de
cavité purement fluide, on retrouve les mémes valeurs de stratification verticale en température.

3.2 Applications en thermoacoustique

3.2.1 Convection naturelle dans un empilement de plaques planes

Des essais sur un moteur thermoacoustique de grande dimension construit a 1’Institut de
Physique Nucléaire d’Orsay (IPNO) ont révélé la présence potentielle de courants convectifs
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FIGURE 3.2 — (a) Géométrie de cavité rectangulaire partiellement remplie d’'un empilement
de plaques planes horizontales. (b) Profil vertical de vitesse horizontale pour Ra = 107 et un
nombre de plaques variables (17,34, 68,100).

dans ’empilement de plaques (stack) de la cellule motrice. Ces courants sont néfastes au dé-
marrage du moteur puisqu’ils empéchent 1’établissement du gradient thermique longitudinal
qui conditionne I’instabilité thermoacoustique. Ces essais ont motivé en 2007 une étude spéci-
fique des écoulements de convection naturelle dans le stack modélis€ comme un empilement de
plaques paralleles horizontales conductrices (collab. P. Duthil, D. Baltean-Carles, P. Le Quéré,
présenté au 19¢me International Symposium on Transport Phenomena [70]). Pour cette étude,
on ne prend pas en compte I’acoustique. Le stack placé entre deux échangeurs de chaleur, mais
le contact imparfait crée une petite zone fluide entre les extrémités des plaques et les échangeurs.
L’analyse est menée en 2D dans une cavité de longueur L et hauteur H différentiellement chauf-
fée (les parois verticales a température fixée modélisent les échangeurs, avec 1y la température
chaude, et T~ la température froide) contenant un empilement de plaques planes horizontales
conductrices. Le rapport de forme de la cavité est L/H = 2.5 et il existe un espacement entre
les extrémités des plaques et les parois (figure 3.2a).

7
Yy

(d

FIGURE 3.3 — Champ de température pour Ra = 107 et un nombre de plaques variables (a) 17,
(b) 34, (c) 68, (d) 100.

Les stacks utilisés comportent plusieurs centaines de plaques et le calcul complet nécessite
un maillage tres fin. L’étude que nous avons menée consiste a effectuer des calculs (avec un
code instationnaire résolvant les équations de Boussinesq en milieu fluide) pour un nombre res-
treint de plaques conductrices (I’équation de la chaleur seule est résolue dans les plaques) afin
d’évaluer la pertinence d’un calcul utilisant un modele de milieu poreux représentant I’empile-
ment. Nous avons effectué les calculs pour plusieurs valeurs du nombre de Rayleigh (basé sur
la hauteur de la cavité) entre 105 et 108, ainsi que 1’étude de convergence en maillage (maillages
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1024 x 1024 et 2048 x 2048). Nous avons fait varier le nombre de plaques (17, 34, 68, 100).
Les calculs ont montré qu’en fonction de la distance entre les plaques, le phénomene global de
convection s’accompagne éventuellement de transferts convectifs de plus petite échelle locali-
sés entre deux plaques (figure 3.2b). Plus le nombre de plaques est grand, plus 1’écoulement
est ralenti dans le stack et plus le champ de température est stratifié horizontalement (voir un
exemple sur la figure 3.3).

Plusieurs modeles de milieu poreux ont été testés pour proposer une formulation analytique
approchée de I’écoulement au cceur de la cavité, montrant la nécessité d’utiliser une description
anisotrope. Les équations générales de la convection naturelle stationnaire en milieu poreux
darcéen 2D sont écrites sous 1I’hypothese de Boussinesq (masse volumique de référence p. a la
température de référence 1. = (T + 1¢)/2). En notant V le vecteur vitesse de composantes u
et w, p la pression et 7' la température exprimées en quantités moyennées sur la cellule de base,
les équations sont [41] :

vV =0 (3.4)
pV = —K(Vp—pgB(T —T.).) (3.5)
VT = V.(RnVT) (3.6)

o K est le tenseur de perméabilité et &, est le tenseur de diffusivité thermique effective du
milieu poreux. Pour représenter en 2D le milieu poreux homogene et anisotrope que constitue
I’empilement de plaques, on pose :

sz 0 = Rz 0
:lo KJ "“’“‘[0 sz] G

avec, en notant d ’espace interplaque, e I’épaisseur d’une plaque (figure 3.2a), et ¢ = d/(d+e)
la porosité

=l

d3

12(d+e)’
er = B S , avec ki, = ok + (1 — @)k, et ==

e e T by P9 e B R

ou ¢, est la chaleur spécifique du fluide, £ est la conductivité thermique du fluide et &, celle du

solide.

On introduit un nombre de Rayleigh modifié Rax = gSATHK,,/vk,, et une vitesse de
référence U,.;xr = " Rag. Dans le ceeur de la cavité il existe une solution approchée 1D
adimensionnée qui approche tres bien la solution numérique lorsque le rapport de forme de la
cavité est suffisamment grand.

K:vx = Kzz =0

3.2.2 Convection naturelle dans une configuration thermoacoustique

Nous avons repris récemment une étude similaire dans le cadre du contrat ANR TACOT,
par lequel nous avons pu bénéficier de 12 mois de travail post-doctoral (Omar Hireche). Nous
avons effectué des simulations numériques 3D des écoulements de convection naturelle dans
deux configurations de machines thermoacoustiques et obtenu d’excellentes comparaisons avec
des mesures réalisées a Pprime (collab. O. Hireche, D. Baltean-Carles, V. Daru, Y. Fraigneau,
I. Ramadan, H. Bailliet). Nous avons montré que ces écoulements peuvent affecter de maniere
significative le fonctionnement des machines thermoacoustiques. Les deux configurations expé-
rimentales étudiées sont décrites dans un article publié a ITHMT (2020) figurant en annexe [30].
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FIGURE 3.4 — Schéma de petit moteur thermoacoustique a ondes stationnaires, d’apres [30].

La premiere configuration est celle d’un petit moteur thermoacoustique a ondes station-
naires, constitué d’un tube cylindrique fermé rempli d’air a I’intérieur duquel est positionné un
stack en céramique chauffé a I’une de ses extrémités par I'intermédiaire d’une résistance élec-
trique (figure 3.4). Les simulations et mesures comparées ici sont réalisées dans des conditions
ne permettant pas le démarrage de 1’onde acoustique (bouchons aux extrémités du tube retirés).
Pour les simulations, nous avons simplifié la géométrie en considérant un simple tube fermé,
contenant un milieu poreux homogene anisotrope, 1’échangeur chaud étant modélisé par 3 an-
neaux solides a température fixée. On a imposé la température le long des parois du tube en se
basant sur les mesures disponibles (figure 3.5).

0@ O

(a)

Numerical
Experimental

Temperature (K)

280

-100 0 100 200 300 400 500

Axial distance (mm)

(b)

FIGURE 3.5 — (a) Configuration utilisée pour les simulations du moteur a ondes stationnaires
et (b) conditions limites en température imposées le long des parois du tube [30].

Le stack est constitué d’un assemblage de capillaires de section carrée, de cOté a et porosité
¢. La perméabilité dans la direction axiale a été fixée par K, = a?¢/8, et sa perméabilité dans
les deux autres directions (radiale et azimutale) est proche de zéro. La conductivité thermique
équivalente est choisie isotrope and homogene, k., = @k fiuiq+ (1 — @) ksorig. On a pris vepp =~ v.
On peut évaluer les nombres caractéristiques de I’écoulement de convection naturelle dans le
milieu poreux. Avec les données expérimentales, on calcule le nombre de Rayleigh modifié
dans le milieu poreux, (avec R la longueur de référence) Rax = p.gBATRK ./ (pknm) = 1.1.
L’ordre de grandeur de la vitesse est V,.; = K, Rax/R = 0.02 m/s. Le nombre de Reynolds
de pore est estimé a Re, ~ 0.3. Il est inférieur a 1, et donc I’utilisation du modele de Darcy-
Brinkman se justifie. On peut cependant se demander si I’hypothése de Boussinesq est valide,
puisque AT/(2T,,,.,) = 0.28 (voir chapitre suivant). Nous avons dans cette premiere approche
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utilisé cette hypothese.

On a repris la modélisation unifiée en milieu fluide-poreux présentée dans les équations 3.1
a 3.3, étendue en trois directions, pour effectuer le calcul sur I’ensemble du domaine. On a
également introduit une nouvelle fonction de phase pour tenir compte des solides immergés
modélisant I’échangeur chaud. Les simulations ont été réalisées avec Sunfluidh (code LIMSI de
Yann Fraigneau qui a été adapté pour le calcul en milieu poreux).

L’interprétation des courbes obtenues montre I’existence de 3 zones distinctes le long de
I’axe : a gauche de I’échangeur, 1’écoulement correspond a une cavité fluide différentiellement
chauffée, avec la paroi chaude a droite et la paroi froide a gauche. A droite du stack, 1’écoule-
ment correspond a une cavité fluide différentiellement chauffée, avec la paroi chaude a gauche
et la paroi froide a droite. A I’intérieur du stack, I’écoulement est tres ralenti, avec globalement
un mouvement vers la droite sur la partie haute du cylindre, et un mouvement vers la gauche sur
la partie basse, et une structure qui retient I’empreinte des parties solides (voir les figures 3-4-8
et 9 de [30] en annexe). La correspondance entre les résultats de simulations et les mesures
relevées sur deux plans situés a droite du stack est excellente compte-tenu du caractere simpli-
fié de la modélisation (voir les figures 3 a 8 de [30] en annexe). L’amplitude des écoulements
de convection est du méme ordre de grandeur (voire supérieure) a celle de 1I’écoulement de
streaming qui pourrait &tre mesuré en présence de 1’onde acoustique [50]. La prise en compte
de ces écoulements dans le dimensionnement des machines pourrait donc jouer un réle non
négligeable.

© G40 mm| X 1315 mm ©
i3} 1270 mm 5140 mm| ;v| Pl
3 E g 3

P—

44 mm

ppeadspnot
N

|-

= g
2
2
H

-
H =

Keadspnol

wuw

Inlet

[
m,

Inlet

(b) () (d)

FIGURE 3.6 — (a) Expérience réalisée a ’institut P’ dans le cadre de ’ANR TACOT avec (b)
régénérateur, (c) échangeur chaud, (d) échangeur froid [30].

La deuxieme configuration a été construite a ’institut P’ pour analyser les effets de bord
dans le prototype construit pour I’ANR TACOT. Il s’agit d’un cylindre de section carrée de coté
H aTintérieur duquel est placé un milieu poreux régénérateur (empilement de grilles) encadré
de deux échangeurs de chaleur (figure 3.6). Ici aussi, les simulations et mesures comparées sont
réalisées sans acoustique. Pour les simulations, la géométrie simplifiée est un cylindre fermé
de section carrée. L’échangeur chaud est modélisé par 6 parallélépipedes rectangles solides
verticaux a température chaude fixée. L’échangeur froid est modélisé par 6 parallélépipedes
rectangles solides horizontaux a température froide donnée. Entre ces derniers est positionné un
milieu poreux homogene anisotrope, pour modéliser des ailettes verticales (voir la figure 3.7).

Ici aussi, on utilise les données expérimentales pour estimer le nombre de Rayleigh dans le
milieu poreux. Avec H la longueur de référence, on a Rax = p.g8ATHK /(juk,,) = 0.13.
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FIGURE 3.7 — Configuration utilisée pour les simulations du dispositif expérimental avec échan-
geur ambient dans le cadre de ’ANR TACOT [30].

L’ ordre de grandeur de la vitesse est V. = K, Ra,/H = 2.2 mm/s. Le nombre de Reynolds
de pore est estimé a e, ~ 0.04. Il est tres inférieur a 1 ce qui justifie I’utilisation du modele
de Darcy-Brinkman. Ici aussi on a AT'/(21},,,,) ~ 0.2 et donc en toute rigueur on ne devrait
pas utiliser I’approximation de Boussinesq (voir chapitre suivant). Dans une premiere approche,
nous avons utilisé cette hypothese. Les équations résolues sont les mémes que précédemment.
Les parois du tube sont adiabatiques a gauche de 1’échangeur chaud (de facon a modéliser la
couche isolante mise en place dans 1’expérience) et les parois sont maintenues a température
ambiante a droite de 1’échangeur froid (assez bonne approximation de la réalité). Entre les
échangeurs, la température des bords est imposée avec une variation linéaire du chaud au froid.

Ici aussi les comparaisons entre les mesures réalisées a droite de 1’échangeur froid et les
simulations sont excellentes (voir les figures 12 a 14 de [30]). La présence de I’échangeur
froid modifie de fagcon importante I’écoulement obtenu a sa droite, puisque le mouvement de
convection est dans le sens inverse (la température de 1’échangeur froid est plus froide que la
température ambiante). Globalement, 1’écoulement de convection est d’amplitude bien moins
importante.

3.3 Conclusions

Nous avons étudié les écoulements de convection naturelle dans des configurations com-
portant des parties poreuses a partir d’un modele de Darcy-Brinkman qui s’applique lorsque
le Reynolds de pore est petit. Une analyse dimensionnelle avec résolution analytique simpli-
fiée en cavité allongée a été appliquée au cas de stacks utilisés en thermoacoustique. Enfin,
la simulation numérique a récemment permis de mieux comprendre les écoulements dans des
configurations applicables en thermoacoustique. Nous avons obtenu un excellent accord avec
les mesures, et nous pouvons donc espérer utiliser ce code pour prédire les écoulements dans
des zones ou les mesures sont moins accessibles. Ces résultats sont néanmoins limités dans la
mesure ou I’acoustique n’est pas du tout prise en compte. Il serait intéressant d’étendre cette
étude pour permettre la prise en compte de la gravité dans I’analyse des écoulements en ther-
moacoustique.
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Chapitre 4

Convection hors Boussinesq

La majorité des études de convection naturelle utilisent 1’approximation de Boussinesq,
ou toutes les propriétés physiques du fluide sont supposées uniformes et constantes, mise a
part une dépendance linéaire de la densité en température dans le terme moteur de la poussée
d’ Archimede. En conséquence, le fluide peut étre considéré comme effectivement incompres-
sible. Cette approximation n’est valable que lorsque les variations de température sont petites.
Lorsque les écarts de température deviennent plus grands, on peut utiliser les équations établies
par Paolucci [43], correspondant a I’hypothese de faible nombre de Mach, intermédiaires en
complexité entre 1’approximation de Boussinesq et les équations compressibles completes. On
filtre ainsi les ondes sonores, qui pénaliseraient la résolution numérique du systeme d’équations
initial en imposant un critere de stabilité tres contraignant.

4.1 Benchmark numérique

Nous avons étudié (collab. P. Le Quéré) les écoulements de convection naturelle en cavité
2D différentiellement chauffée a grands écarts de température (convection hors Boussinesq,
hypothese faible Mach). Nous avons ainsi participé en 2000 et 2002 a un Benchmark numérique
sur les solutions stationnaires de ces équations en cavité carrée. L’étude a débuté dans le cadre
d’un stage de Licence en 1999 effectué par un binome d’étudiants [36], a partir de deux codes
écrits par Patrick le Quéré. Nous avons obtenu des solutions de référence, présentées en 2000
lors du 12 séminaire “Mécanique des fluides numérique” du CEA (voir I’article [33], figurant
en annexe).

La cavité est bidimensionnelle, de largeur L, et de hauteur H, remplie d’air a la tempé-
rature moyenne 7. On note A le rapport de forme A = Hy/L, (dans le Benchmark A = 1).
On maintient la température des parois verticales constante de fagcon a imposer une différence
de température ¢ = AT /(27}). La température de la paroi gauche est alors 7, = Ty(1 + ¢)
et celle de la paroi droite 7, = Ty(1 — ¢). Les faibles valeurs de ¢ correspondent au cas de
I’approximation de Boussinesq. On étudie ici la gamme ¢ € [0.01,0.6] qui, pour Iair, est en
dehors de la gamme d’utilisation de I’approximation de Boussinesq. Les parois horizontales
sont adiabatiques. On note p la masse volumique de 1’air, 1 sa viscosité dynamique, v sa visco-
sité cinématique, k sa conductivité thermique, ¢, sa chaleur massique a volume constant, 7 le
rapport des chaleurs massiques, ~ sa diffusivité thermique. La viscosité dynamique p est prise
soit constante, soit donnée par la loi de Sutherland :

w(T) (T>3/2 T+ S
avec T* = 273K,S = 110.5K,p* = 1.68 x 10~°kg/m/s,c, = LRl,V = 1l4etR =

y—
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287.0J/kg/ K. La conductivité thermique k est donnée a partir du nombre de Prandtl Pr = 0.71

(maintenu constant) par k(7)) = %. Les valeurs de référence de p, v et k, indiquées par 1’in-

dice "0", sont celles correspondant a la température de référence 7y. On choisit Ly comme
longueur de référence.

Le nombre de Rayleigh caractéristique de I’écoulement est défini par

(T, — T.)L§

2
9Py

Ra = Pr
Tops

Les équations de continuité, de conservation de la quantité de mouvement et de I’énergie, asso-
ciées a I’équation d’état, sont celles décrites par Chenoweth et Paolucci [13]. Dans I’approxi-
mation faible Mach, la pression est partagée en deux composantes, une composante moyenne
thermodynamique et la déviation par rapport a la pression moyenne et a la composante hydro-
statique dans la cavité isotherme. En introduisant la vitesse de référence V[, = (Lio)Ral/ 2, on
obtient la forme adimensionnée de la déviation de pression

(P = P+ pogz)
PV

m =

La pression thermodynamique, sous forme adimensionnée par Py = c,(y — 1)Tppy est notée
P. Avec ty = Lo/Vp le temps de référence, on obtient les équations suivantes sous forme
adimensionnée :

or 1 v—1dP
ply + (VVIT] = o V.(kVT) + ———— (4.1)
ov Pr p—1,
dp
DPyvpy = 4.
N + V.pV 0 4.3)
P = T (4.4)

diP 4 [ /1 N\OT (1 oT
W= anan (k(A’Z>i%z:(A’Z)_k(O’Z)&c(O’Z)) dz (4.5)

ou 7 est le tenseur des contraintes visqueuses. La derniere équation, nécessaire a cause de la
séparation de la pression en deux variables, est une équation intégrale qui exprime que les
variations de la pression moyenne sont liées, en 1’absence de flux de masse aux parois, aux flux
de chaleur pariétaux (77 est la normale extérieure a la paroi, et Jw la frontiere de la cavité). On
aurait pu alternativement écrire une équation intégrale traduisant la conservation de la masse
globale [33].

Les conditions limites aux parois sont des conditions limites d’adhérence pour la vitesse,
de flux nul sur les parois horizontales et de température constante sur les parois verticales pour
la température. On impose des conditions initiales spatialement uniformes 7" = 1, p = 1,
U =V = 7 = 0 (en variables adimensionnées).

Les maillages utilisés sont uniformes dans la direction verticale et non uniformes (Cheby-
shev) dans la direction horizontale. Les équations sont intégrées sous forme instationnaire en
utilisant une méthode a pas fractionnaire, dérivée des méthodes classiques de projection en in-
compressible afin d’obtenir a chaque pas de temps des champs de vitesse a la divergence voulue.
La discrétisation en temps allie un traitement implicite des termes visqueux ou diffusifs et un
traitement explicite des termes convectifs. L’équation de I’énergie est discrétisée sous forme
convective, et les équations de conservation de la quantité de mouvement sous forme conserva-
tive. Dans le code volumes finis, les systemes linéaires sont résolus par une méthode ADI, et
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(d)

FIGURE 4.1 — Solutions en cavité carrée pour ¢ = 0.6 et Ra = 106, propriétés physiques
constantes. (a) Température, échelle de couleurs 1.6,0.4 (b) Vitesse horizontale, échelle -0.2,0.2
(c) Vitesse verticale, échelle -0.3,0.3 (d) Pression dynamique T, échelle 0,0.12 (d) Divergence,
échelle -0.7,0.7. D’apres [36].

I’équation elliptique donnant la correction de pression est résolue par une méthode multi-grille.
L’algorithme est le suivant (écrit pour la cavité carrée, avec A = 1)

— début du pas de temps
— calcul du nouveau champ de température 7" a partir de k™.
— correction de P et p" 1 par conservation de la masse
— calcul des nouvelles propriétés physiques k" et "+
ap"tt 4 oT oT
— calculde — = —"~= 1,2)=(1,2) — —
caleul de % . /0 <k( 2T (1,2) ~ k(0,2) 5 (0, z)) dz

— calcul des vitesses intermédiaires V*.

i1 VA(RVT) 11dP
Ral/?P  ~P dt’

— calcul du terme source dans I’équation de la divergence, (V.V)

— solution pour la "correction de pression” ¢ (multigrille)

— mise & jour des vitesses et de la pression : 7"t = 77 4 %qﬁ
Vn+1 —V* — At v¢

pn+1

— fin du pas de temps
Le code spectral utilisé est décrit dans [32].

Le nombre de Rayleigh est fixé égal a 10° et 107 dans les cas-tests considérés dans le
Benchmark. L’écoulement est alors laminaire et il existe une solution stationnaire. Les équa-
tions sont intégrées jusqu’a stationnarité (voir sur la figure 4.1 un exemple de champs obtenus
pour € = 0.6, Ra = 10%, avec les propriétés physiques du gaz maintenues constantes).

L’ obtention de solutions de référence dans le cadre d’un benchmark est conditionnée par le
soin apporté pour satisfaire les convergences en temps et en maillage. Pour cela, on a utilisé le
principe d’extrapolation de Richardson qui utilise des solutions obtenues sur des maillages de
finesse différente, supposés dans la zone de convergence asymptotique.

Si N + 1 est le nombre de points de maillage suivant une direction, on pose h = 1/N.
On note f4, fus fns2, fr/2 les approximations numériques obtenues pour une quantité scalaire
f sur quatre maillages dans la zone de convergence (dont deux sont 2 fois plus fins que les
deux premiers) telle que f;, = f + Ch®. On trouve les valeurs suivantes de «, C' et f (valeur
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extrapolée)

SN O Sl (3 h _ _Inz it e
a_ln<fh’—fh'/2)/ln<h’>’ U=z gay & S=hOR

Ceci nous a permis de montrer (fig. 4.2) que la loi de convergence est en 1/N?2. Nous avons
ensuite extrapolé au maillage N — oo les valeurs locales et globales demandées. Pour Ra =
107, il est nécessaire d’utiliser un maillage 1024 x 1024 pour obtenir la convergence spatiale.
Avec I’algorithme spectral un maillage de 80 x 80 est suffisant 2 Ra = 10°.
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FIGURE 4.2 — Cavité carrée avec € = 0.6, Ra = 105, propriétés physiques constantes. Conver-
gence en maillage du nombre de Nusselt a la paroi chaude Nuy. (a) variation temporelle de
Nugn pour plusieurs maillages, (b) Nuon — NUoegtrapole € fonction de N.

4.2 Transition a Pinstationnaire

J’ai ensuite étudié la transition vers I’instationnaire des solutions, par simulation directe
utilisant le code instationnaire non linéaire, et par une méthode de pseudo-linéarisation (collab.
D. Barkley). Ces résultats ont été présentés au congres [.C.C.H.M.T [69] ainsi qu’a un séminaire
au CEA en 2005. La nature de la transition vers des états instationnaires dépend de la valeur du
rapport de forme vertical, que nous avons fait varier entre A = 1 et A = 10. Les simulations
directes sont effectuées sur un maillage 128x256 (pour certains cas 256x512).

Dans le cas ou les propriétés physiques du fluide sont supposées indépendantes de la tempé-
rature, la transition vers 1’instationnaire est une transition de Hopf, analogue au cas Boussinesq.
Les fluctuations de température sont surtout importantes dans la couche limite montante, avec
un nombre de Rayleigh critique inférieur a la situation en Boussinesq [74].

Dans le cas ou les propriétés physiques du fluide sont données suivant la loi de Sutherland,
La nature de la transition vers des états instationnaires dépend de la valeur du rapport de forme
vertical.

Pour un rapport de forme supérieur a 5, la transition vers I’instationnaire est une transition
de Hopf, analogue au cas Boussinesq. L’écoulement stationnaire est asymétrique et les solutions
instationnaires le sont également (voir sur la figure 4.3a le champ de fluctuations de température
pour A = 6, Ra = 3.7 10°), les fluctuations étant amplifiées dans la couche limite montante, et
amorties dans la couche limite descendante. Il s’agit d’une instabilité de type «couche limite».
On a retrouvé les résultats obtenus pour le rapport de forme 8 a partir d’un code spectral [32].

Pour des petites valeurs du rapport de forme, les solutions se déstabilisent également par
une bifurcation de Hopf, mais la solution monopériodique finale est différente. Les fluctuations
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FIGURE 4.3 — ¢ = 0.6, propriétés physiques suivant la loi de Sutherland, champ de fluctuation
de température, pour différents rapports de forme (a) A =6, (b) A =5, (c) A= 4.

ne sont plus concentrées dans les couches limites, mais remplissent plutot le tiers inférieur de
la cavité (voir sur la figure 4.3c le champ de fluctuations de température pour A = 4, Ra =
4.310%). 1l s’agit d’une instabilité de type «ressaut hydraulique».

Pour une valeur intermédiaire du rapport de forme, la transition est sous-critique vers une
solution doublement périodique. La composante haute fréquence correspond a I’instabilité de
couche limite, la composante basse fréquence correspond a la solution fluctuante des cas a faible
rapport de forme (voir sur la figure 4.3b le champ de fluctuations de température pour A = 5,
Ra = 5.510%). Lorsque I’on diminue ensuite le nombre de Rayleigh, la solution redevient
monopériodique avec la période longue, puis stationnaire.

(c-a) (c-b)

FIGURE 4.4 — ¢ = 0.6, Analyse de stabilité quasi-linéaire, solutions stables (température) -
mode dominant, propriétés physiques Sutherland, Rapports de forme (a) A = 6, partie réelle
(b) A = b, partie réelle (c) A = 4, parties réelle (c-a) et imaginaire (c-b).
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Afin de compléter cette étude directe, nous avons développé une méthode de pseudo - linéa-
risation, qui nous permet de calculer les solutions linéarisées en utilisant uniquement le code
initial non linéaire instationnaire. Une solution instationnaire notée U sert d’état de base (consti-
tuée des 2 composantes de vitesse, température, pression et masse volumique). La solution ob-
tenue apres N pas de temps du code instationnaire est notée U;. On introduit une perturbation «
de la solution U et, a partir de la solution U + u, on obtient une nouvelle solution instationnaire
notée U] apres le méme nombre N de pas de temps. On calcule alors u; = U] — U; que ’on
normalise pour que sa norme soit € petit donné (¢ = 10~3 par exemple pour s’ approcher d’une
analyse de stabilité linéaire). En pratique, pour construire la perturbation, on modifie le champ
de température en un ou plusieurs points choisis au hasard. L’algorithme résumant la méthode
est le suivant

(1) U — Uy en N pas de temps dt
(2) U+ u— Uj en N pas de temps 0t
— Uy = U{ — U1
Uy
(3) u=¢€
[
(4) retour a (2)

On associe ensuite cette pseudo-linéarisation avec une méthode de Arnoldi pour pouvoir cal-
culer les modes propres dominants et les valeurs propres associées des états stationnaires ou
instationnaires étudiés. Sur la figure 4.4 sont représentés les modes dominants des solutions
stationnaires proches du seuil, obtenus avec 400 itérations de la méthode de Arnoldi, avec pour
chaque itération N = 50, 6t = 0.01 et ¢ = 1073. On retrouve les caractéristiques des modes
dominants obtenus par la simulation directe.

4.3 Conclusions

Cette étude purement numérique des écoulements de convection naturelle hors Boussinesq
a permis d’établir des solutions de référence a travers un Benchmark numérique regroupant des
numériciens des fluides issus de communautés diverses : codes compressibles, incompressibles,
approche spectrale, codes industriels. Nous avons ensuite étudié la transition a I’instationnaire
par une méthode paramétrique de suivi des solutions instationnaires, puis par une étude de
pseudo-linéarisation. J’ai par la suite cessé de travailler sur ce probleme, mais le savoir faire a
été précieux pour la simulation numérique des machines thermoacoustiques.
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Chapitre 5

Thermoacoustique : modélisation et
simulation des phénomenes de pompage de
chaleur et d’excitation

Apres avoir pris connaissance des travaux de Worlikar et Knio [72, 73], je me suis inté-
ressée aux applications des modeles faibles Mach pour la description du pompage de chaleur
thermoacoustique. Apres avoir adapté le code volumes finis bas Mach utilisé en convection
Non-Boussinesq dans le cadre d’un stage de Master 1 en 2001 (R. Beraun), j’ai encadré un
stage de Master 2 (L. Vodinh) et co-encadré la these de P. Duthil pour la partie numérique
(these en cotutelle avec 1’Université de Hong-Kong).

Nous avons ensuite (collab. D. Baltean-Carles et L. Bauwens, Univ. Calgary) étudié I’effet
moteur en thermoacoustique pour des configurations simplifiées d’un moteur a ondes station-
naires. Nous avons ainsi co-encadré deux theses (O. Hireche et L. Ma).

5.1 Pompage de chaleur thermoacoustique

Dans cette étude, on s’intéresse au pompage de chaleur thermoacoustique le long d’un stack
réfrigérant, sans échangeur de chaleur, inséré dans un tube résonant qui est le siege d’une onde
acoustique stationnaire. Nous réalisons une simulation 2D de I’écoulement et de 1’échange de
chaleur a proximité et aux alentours de I’empilement en utilisant une approche similaire a celle
de Worlikar et al. [72, 73]. L’amplitude des oscillations de pression dynamique reste tres infé-
rieure a la pression moyenne et la longueur du stack est petite devant la longueur d’onde, ce qui
implique un nombre de Mach petit (de 1’ordre de 10~%). Nous utilisons alors une approximation
faible Mach des équations de Navier-Stokes, selon le modele développé par Paolucci en 1982
par filtrage des ondes sonores [43]. La propagation acoustique est ainsi ignorée alors que les
effets de compressibilité sont préservés en termes de variations thermodynamiques en temps
mais spatialement uniformes.

Le domaine de calcul est restreint a une tranche de stack comprenant deux demi-plaques en
opposition. Sur les frontieres supérieure et inférieure, on applique des conditions de symétrie.
Sur les plaques on écrit I’adhérence du fluide. Des profils de vitesse oscillante Uy, s (t) (resp.
U, ight(t)) sont appliqués a proximité de ’entrée (resp. de la sortie) du stack, les débit entrant et
sortant étant différents (figure 5.1).

Pour I’entrée et la sortie, quand la vitesse imposée est entrante (Uper; > 0 ou Upigne < 0)
on impose des températures données par la température du fluide oscillant (onde acoustique), et
sinon, on impose des conditions adiabatiques.
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Plaque

Onde monochromatique

Vitesse horizontale

FIGURE 5.1 — Domaine de calcul et profils de vitesses imposés en entrée/sortie.

On note H la hauteur et L la longueur du domaine (avec Ry = L/H le rapport de forme),
w la pulsation acoustique. La vitesse de référence est U,y = wH, I’échelle de temps est t,.; =
w™!, la température T}.; = T;—o, et la pression moyenne F,. La masse volumique de référence
est po = p(1.s). Les autres parametres thermophysiques du gaz sont constants et égaux a leur
valeur a la température T,..; : la vitesse du son ¢, la viscosité dynamique i, la conductivité
thermique ko, les chaleurs massiques c,, et ¢,, (avec v = ¢,,/cy,). On néglige I’effet de la
gravité. On peut en déduire les parametres sans dimension caractérisant le probleéme, nombre
de Mach M, de Reynolds R., de Péclet P, :
H pow H?

M=% R, = P, ,
Co Ho ko

2
- pOCPOWH

(5.1)

Le développement de I’approximation faible Mach impose le partage de la pression totale en
une pression moyenne P, et une déviation notée , avec p = P + M?7 + o(M 2). Les équations
sans dimension dans I’approximation faible Mach s’écrivent alors

dp
“F _ — 2
9 + V.pV 0, 5.2)
d(pV) B 1

T +V.pV®V) = —Vr+ REV.T, (5.3)

oT ! v—1dP
[E +(V.V)T] = EV.(kVT) + TE’ (5.4)
P = o7, (5.5)

ou 7 = pu[VV + (VV) — 2(V.V)I], P(t) = P%(?) etm = W. L’introduction de deux
ref
inconnues pour la pression nécessite une équation de fermeture, qui, en fonction des conditions
limites du probleme considéré, s’écrit :
dP v = 1
— = — P |Uere(t) — Upigne(t) + =— | EVT(t) - ndS 5.6
= 2 [Un® = Uit + . [ 69T(0) -] 56)
ou S est la frontiere du domaine fluide, n la normale extérieure. Sur les plaques solides on
résout I’équation de la chaleur :
or 1
Ot P
ou Py = pscpwH 2 /ks est le nombre de Péclet solide, 1’indice "s" désignant le solide consti-
tuant les plaques. La continuité de la température et du flux de chaleur sont imposées de maniere
implicite aux interfaces solide-fluide.
Le code volumes finis de résolution des équations dans I’hypothese faible nombre de Mach
décrit dans le chapitre précédent a été adapté pour ce type de configuration. Les discrétisations

spatiale et temporelle sont d’ordre 2.

V2T, (5.7)
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Le code a été validé par confrontation aux expériences de Atchley [4] ainsi qu’aux résultats
numériques de Worlikar et al [72, 73]. La figure 5.3 montre la superposition de ces résultats
ainsi que les prédictions de la théorie linéaire pour différentes valeurs du Drive ratio Dr (rapport
entre ’amplitude de pression acoustique et la pression moyenne). Les résultats (expérimentaux
et numériques) divergent de la théorie linéaire pour Dr = 2%

4 T T T T T T T T T

- - - - Theory
o Simulations
& Experiments .
3 (Atchley et al) a

o

@® Current simulations

AT, (°K)
N
o,

.Q'I”

e
1 1 Il

0 e ! I ! 1 L !
00 02 04 06 08 10 12 14 16 18 20 22
Dr (%)

FIGURE 5.2 — Superposition des résultats des simulations avec ceux de la théorie linéaire, des
résultats publiés expérimentaux [4] et numériques [73] sur la figure extraite de [73].

Le code a ensuite été testé [20] sur le dispositif expérimental du LIMSI qui couple deux
systemes thermoacoustiques dont I’un fonctionne en mode moteur et I’autre en mode pompage
de chaleur (HDTAR, voir la figure 5.3). Ce systeme fonctionne sous une forte pression moyenne
(11 bar). La particularité du systeme est un confinement important et une tres grande constante
de temps de diffusion thermique solide.

Refrigerator : stack of plates Resonator

I ~——— o — f——

Without heat exchangers

FIGURE 5.3 — Dispositif HDTAR (LIMSI). En haut : schéma simplifié. Bas : dispositif expéri-
mental (gauche) et détail du stack coté pompage de chaleur (droite).

Les calculs ont montré une bonne concordance avec les mesures sur la différence de tem-
pérature AT, = 11 Ket AT,,, = 9.4 K, pour Dr = 0.77%. Par contre le temps physique
d’établissement de cette différence de température est completement différent entre la simula-
tion (36 s) et la mesure (700 s), ce qui peut s’expliquer par plusieurs considérations : dans la
simulation I’onde est instantanément stabilisée (elle est imposée en conditions limites), alors
que dans I’expérience, elle est générée par I’instabilité thermoacoustique et donc elle s’établit
bien plus progressivement [20]. I1 y a également beaucoup d’incertitudes au niveau de la mesure
elle-méme.
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Sur les figures 5.4 et 5.5 sont représentées les évolutions temporelles sur une période acous-
tique en fin de simulation du champ de vitesse horizontale et de température sur le domaine
de calcul. Le pompage de chaleur est établi et le gradient de température visible le long des
plaques.

s —_
[ |
 ce—— 000 —
¥ time

FIGURE 5.4 — Evolution temporelle du champ de vitesse horizontale instantanée pendant une
période acoustique.

time

FIGURE 5.5 — Evolution temporelle du champ de température instantané pendant une période
acoustique.

Malgré I’ utilisation de 1’approximation faible Mach plusieurs difficultés demeurent lors des
simulations. La grande disparité des échelles temporelles (acoustique-thermique) mais aussi
spatiales (espace inter-plaques, longueur du stack) implique 1’utilisation d’un pas de temps petit
ainsi qu’un maillage suffisamment fin pour décrire convenablement les plaques et les couches
limites au sein desquelles s’effectue le processus de conversion thermoacoustique d’énergie.

5.2 Moteur thermoacoustique : couplage entre la cellule ac-
tive et I’acoustique résonante

A partir de 2004, j’ai travaillé sur 1’application d’un modele faible nombre de Mach pour
la description des écoulements et des transferts de chaleur dans un moteur thermoacoustique
a onde stationnaire. C’est ainsi que j’ai commencé a travailler avec ma collegue D. Baltean-
Carles, collaboration qui s’est renforcée au cours des années, et qui perdure aujourd’hui. Un
moteur thermoacoustique a onde stationnaire est constitué¢ d’un résonateur droit au sein du du-
quel est inséré, en une position choisie proche d’une extrémité fermée, un milieu poreux (empi-
lement de plaques ou assemblage de capillaires de sections variées) placé entre deux échangeurs
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de chaleur. A I’autre extrémité est placée la charge du moteur, par exemple un réfrigérateur ther-
moacoustique (voir les figures 5.6 et 5.7).

Cellule §
active

Résonateur I Charge |
Echangeur \ Echangeur

FIGURE 5.6 — Photographie du démonstrateur de ’IPNO a l’école de Thermoacoustique, Ros-
coff 2007 et représentation schématique.

Le fonctionnement typique d’un tel moteur est le suivant : par I’intermédiaire des échan-
geurs, on établit un gradient de température longitudinal le long du milieu poreux. Si ce gradient
est suffisamment fort, toute perturbation sera amplifiée par effet thermoacoustique. Une onde
acoustique s’établit alors dans le moteur, dont I’amplitude et la fréquence dépendent de la géo-
métrie du systeme et des propriétés physiques des constituants. L ensemble formé de 1’empile-
ment et des échangeurs de chaleur constitue ce qu’on appelle la cellule active. Un des problemes

2]
&4
vl
o)
=~

Echangeur de chaleur

Echangeur de chaleur Résonateur
chaud §

froid / Charge

y

I

00000000 <—‘

FIGURE 5.7 — Schéma simplifié d’un moteur thermoacoustique.

principaux liés a I’étude de ces systemes est la grande disparité des échelles de temps (période
acoustique de I’ordre de la milliseconde, temps de diffusion thermique en heure) et d’espace
(longueur d’onde en metre, longueur du stack en centimetres, épaisseur de couche limite infé-
rieure au millimetre). Par exemple, sur un dispositif construit au LIMSI (décrit dans [29]), la
période acoustique est de 7.5 ms, le temps caractéristique de diffusion thermique de 20 mn, la
longueur du résonateur est de 7.57 m, celle du stack de 15 cm, I’espace inter-plaques de 0.97
mm.

Si la cellule active est courte devant la longueur d’onde, 1I’hypothese faible nombre de Mach
peut s’appliquer. Le phénomene de transfert de chaleur est initié au niveau du gaz situé dans les
couches limites proches des parois solides du stack. Cependant, 1’amplification de I’onde est un
résultat global qui provient du couplage entre la cellule active et le résonateur.

Nous avons donc mené une analyse asymptotique (collab. L. Bauwens Univ. Calgary, P. Le
Quéré) qui a permis de dégager les conditions de couplage entre 1I’écoulement dans le stack et
le champ acoustique dans le résonateur. Cette étude et ses résultats ont fait I’objet de la these
Algérienne de Omar Hireche que nous avons co-encadrée, et sont reportés pour grande partie
dans [27] et dans ’article publié au JASA en 2010 figurant en annexe [29].
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La pression de référence notée P, ¢ est la pression moyenne du gaz au repos, la température
est celle imposée 2 I’échangeur froid (souvent égale a la température ambiante) et notée 7., s et
la masse volumique par la valeur donnée par I’équation d’état au repos, frer = Pres/(RTer).

Les longueurs de référence sont d’une part celle du stack ismck, et d’autre part celle du ré-
sonateur L., qui est de I’ordre de grandeur de la longueur d’onde A (dans un simple résonateur
droit fermé aux deux extrémités le mode fondamental est tel que ires = \/2, on parle de réso-
nateur a demi-longueur d’onde). L’hypothese de stack court se traduit alors par istack < im.
Une échelle de temps est donnée par tre = im /Cref, OU Cre g est la vitesse du son de référence.

L’hypothese principale de notre étude est le postulat que lorsque I’onde est amplifiée et
que le moteur fonctionne en régime permanent, la longueur du stack est du méme ordre de
grandeur que le déplacement acoustique, et donc les vitesses sont d’ordre Ure F= Esmck / tre s
ce qui donne donc un nombre de Mach de référence : M = ~ref [Cref = ismck / ires < 1.
On introduit alors les développements en fonction du nombre de Mach de toutes les variables
adimensionnées, par exemple pour la pression : p = p© + MpM) + M?p2) + O(M?3).

On considere alors un modele hybride constitué de deux domaines raccordés, avec chacun
son systeme de coordonnées adimensionnées.

Closed end Active cell Loaded end
e e e e I
< + |
: il [ Resonator I
|
P L%
B o+t
4 00 o

FIGURE 5.8 — Géométrie du résonateur, coordonnée Z.

Dans le résonateur pour laquelle la longueur de référence est Lyes et le probléme uni-
dimensionnel, la coordonnée est z, centrée au centre du stack (figure 5.8). Elle varie entre
—l; = —1 L/ im et lp = } r/ ﬂres et le raccord avec la cellule active s’effectue en z — 0.
Les équations développées a I’ordre dominant en nombre de Mach sont celles de I’acoustique
linéaire, avec I’extrémité gauche fermée et une charge a droite notée f. Toutes les dissipations
sont concentrées a 1’extrémité chargée. Pour la partie gauche du résonateur, on suppose la tem-
pérature moyenne constante et homogene égale a la température chaude. Sur la partie droite,
on suppose la température moyenne constante et homogene égale a la température froide. La
vitesse du son adimensionnelle vVT(© est donc différente sur ces deux parties de résonateur.
La solution s’exprime simplement par la méthode des caractéristiques (avec les variables de
Riemann reliant u, p(!) et T(*) définies de facon classique). On peut alors relier les variables
(u, p™) au niveau de # = 0T et # = 0~ 2 un instant ¢ donné aux variables qui étaient rele-
vées au méme point en un instant antérieur correspondant a la propagation de 1’onde jusqu’a
I’extrémité et retour (voir un exemple sur la figure 5.9).

Dans la cellule active pour laquelle la longueur de référence est istdck, les coordonnées sont
(z,y), centrées au centre du stack, et le raccord avec le milieu extérieur s’effectue pour z —
+o0 (figure 5.10). En prenant en compte la périodicité de I’empilement, et en supposant que les
échangeurs sont eux aussi formés (chacun) d’un empilement de solides a température fixée, on
se limite a un domaine constitué d’un seul espace interplaques (figure 5.10). Dans ce domaine, le
développement a 1’ordre dominant conduit a I’écriture des équations faible Mach comme dans
les études précédentes, reliant la vitesse u, la pression moyenne p(®), la pression dynamique
p@, la masse volumique a I’ordre dominant p(¥), la température 7). La pression moyenne ne
dépend que du temps p(®) (). On modélise également chacun des échangeurs de chaleur par un
empilement de plaques solides & température fixée, avec 7®) = T}, sur 1’échangeur chaud et
T©) = T, = 1 en variables adimensionnées (en prenant pour référence la température froide).
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FIGURE 5.9 — Evolution des variables de Riemann le long des caractéristiques en & < 0, a
gauche de la cellule active.

Dans les plaques solides du stack, on résout I’équation de la chaleur. Aux interfaces solide-
fluide, il y a adhérence du gaz et continuité de la température et du flux de chaleur.

Heater Cooler

FIGURE 5.10 — Géométrie d’une tranche de la cellule active, coordonnées (x,y).

Le couplage est ensuite réalisé par raccord asymptotique entre les deux domaines. Le rac-
cord sur la pression moyenne p® (t) implique que celle-ci est égale  la pression moyenne
imposée dans le résonateur, et reste donc constante dans la cellule. Cela conduit a une simpli-
fication des équations faible Mach a I’intérieur de la cellule. Le raccord asymptotique permet
d’égaler a chaque instant les vitesses en x = oo et celles obtenues en & = 0F. On obtient
donc a chaque instant une relation entre la différence des vitesses entre les deux extrémités de
la cellule active et le transfert de chaleur dans la cellule active :

Hu(07) — u(0h)] + Ple/VT(O) -nds =0

La pression acoustique dans la cellule étant homogene pour tout = (elle ne dépend que du
temps p!) (1)) est égale a celle écrite en & = 0. Elle n’intervient pas explicitement dans les
équations faible Mach écrites dans la cellule active. Cependant, elle intervient dans les variables
de Riemann et donc dans le couplage. La cellule active est donc transparente a la pression
acoustique, mais se comporte dans le résonateur comme une source ponctuelle de volume. La
vitesse u est discontinue en = 0, ce qui engendre 1’amplification de I’onde. Il ne s’agit donc
pas d’analyser localement le phénomene thermoacoustique de conversion d’énergie, mais d’en
simuler son effet global. On a également acces en chaque instant a tous les champs locaux au
sein de la cellule active, et on peut donc analyser I’écoulement.

Nous avons ainsi simulé la phase de démarrage et de saturation d’un moteur thermoacous-
tique. Les simulations ont été effectuées sur deux configurations : tube fermé aux deux extré-
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mités, et un tube fermé a une extrémité et muni d’une charge a I’autre. Cette charge, notée f est
telle que f = p™ Juen i = lg (c’est une résistance, si on considere 1’analogie électrique). Dans
le premier cas, on montre qu une ou plusieurs fréquences de résonance propre du tube peuvent
étre excitées. Dans la configuration avec charge, les résultats montrent a la fois la dynamique
de I'instabilité thermoacoustique (démarrage du moteur) suivie de la saturation de 1’onde, a une
amplitude dépendant de la valeur de la charge f.

L’approche utilisée est un bon exemple d’utilisation des modeles a échelles multiples, qui
permet de concentrer 1’effort de calcul 1a ou il est nécessaire. Toutefois, méme avec ce type de
traitement les calculs restent longs et coliteux.

5.3 Instabilité thermoacoustique, influence de la charge sur
le fonctionnement d’un moteur thermoacoustique

Nous avons poursuivi I’exploitation du modele hybride pour I’analyse des conditions de
démarrage d’un moteur thermoacoustique chargé (stage M2 K. Sodjavi, stage M2 et these L.
Ma). Une partie des résultats obtenus figure dans I’article [35] reporté en annexe.

On considere ici un moteur chargé (charge f réelle, comprise entre 0 et +00), et on introduit
le coefficient réel Z = 2=L compris entre —1 et 1. Pour les valeurs limites Z = —1 (extrémité
fermée) ou +1 (ouverte) I’onde est purement stationnaire, et pour Z = 0 elle est purement
progressive de la cellule active vers I’extrémité droite du résonateur. Entre ces deux cas limites,
I’onde n’est ni stationnaire ni progressive, mais une combinaison de deux ondes se déplacant
dans les directions opposées avec des amplitudes différentes. On peut aussi interpréter ce que
représente la charge f a I’aide du standing wave ratio, qui ici correspond a SWR = f/v et
varie entre O et 1.

Le démarrage d’un tel moteur résulte d’une instabilité thermoacoustique, qui se déclenche
lorsque la différence de température imposée entre les échangeurs chaud et froid atteint une
valeur critique.

Magnitude

FIGURE 5.11 — Spectrogramme d’un signal temporel de pression. I’amplitude représentée est
la racine carrée de la densité spectrale de puissance.

Pour déterminer ce seuil a partir des simulations numériques, on analyse le signal de pres-
sion acoustique au niveau de la cellule active pour en extraire les modes propres et les taux
de croissance. Par exemple, la figure 5.11 montre le spectrogramme associé a une simulation,
pour une configuration donnée et pour des valeurs choisies de la charge Z et de la température
chaude adimensionnée 7},.
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En représentant le taux de croissance du mode le plus instable en fonction du rapport des
températures, on obtient la valeur critique pour la configuration étudiée. Ensuite, on peut tracer
un diagramme de stabilité dans le plan (7, T},), qui montre la zone instable (fig.5.12a) et les fré-
quences angulaires du mode le plus instable en fonction de la charge (fig.5.12b). Les fréquences
sont adimensionnées par une fréquence de référence correspondant au premier mode de réso-
nance du tube fermé aux deux extrémités (sans cellule active) rempli de gaz aux conditions de
référence (tube froid). Ces diagrammes permettent de prévoir les conditions de démarrage d’un
moteur dans une configuration de la cellule active donnée (ici il s’agit du dispositif construit
au LIMSI [29]). Noter que deés que les valeurs de Z s’éloignent des cas limites +£1, il faut
des rapports de température tres importants pour déstabiliser le systeme et démarrer le moteur.
Cela signifie que la configuration géométrique de cet exemple pratique n’est pas adaptée a un
fonctionnement en onde progressive (en particulier en raison des dimensions du stack). On a
également fait varier dans les simulations la position de la cellule active dans le tube.
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FIGURE 5.12 — Exemple sur configuration d’un prototype du LIMSI [29] (a) Diagramme de
stabilité dans le plan (Z,Ty). La région au-dessus de la courbe est instable. (b) Fréquence
angulaire du mode le plus instable adimensionnée par w,.y, en fonction de Z.

On a également comparé ces résultats avec ceux obtenus par la théorie linéaire que nous
avons adaptée a la géométrie étudiée : on impose a gauche de la cellule active la solution des
équations de I’acoustique 1D linéaire isentropique avec une température moyenne homogene
chaude (ce qui fixe la vitesse du son). A droite de la cellule, on procede de méme en imposant
une température moyenne homogene froide. Les équations dans la zone du stack sont écrites en
suivant 1’approche de Rott (hypothese de couche limite, intégration sur la hauteur de I’empile-
ment du stack, hypothese de stack acoustiquement compact [56, 58]), et on obtient une équation
1D (Eq. 5 de [35] figurant en annexe, rapportée également dans [65] p.90, Eq 4.70), faisant in-
tervenir les facteurs de forme f,; et f,,. Apres raccord avec 1’acoustique, on obtient une équation
de dispersion que I’on résout numériquement par une méthode de tir. Une comparaison entre les
résultats obtenus a partir du modele hybride et la théorie linéaire montre que les résultats sont
tres proches (voir figure 11 de [35] figurant en annexe), a la fois sur les températures critiques
et la fréquence acoustique dominante.

Les résultats numériques sur le démarrage de 1’onde ont également été comparés avec ceux
d’expériences rapportés dans la littérature [5], réalisées dans un moteur simplifié fermé aux
deux extrémités, sous différentes conditions de pression moyenne. Il n’y a donc pas de charge a
proprement parler, mais une dissipation visqueuse et thermique tout le long des parois du réso-
nateur. On a calculé avec le modele hybride la valeur de la charge f a imposer en extrémité de
résonateur pour obtenir les mémes seuils critiques que dans I’expérience. On a ensuite comparé
les valeurs de charge (dimensionnée) avec une estimation de la résistance du gaz, et conclu que
les valeurs étaient du méme ordre de grandeur [35].
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On a mené avec le modele hybride un certain nombre de calculs jusqu’a I’obtention du
régime périodique de fonctionnement. La saturation est liée aux dissipations a I’intérieur de la
cellule active. Cette approche a permis de mener une petite étude paramétrique, relativement
limitée par la durée des calculs. Pour I'initiation du calcul on a imposé 200 pas de temps par
période acoustique de référence. Avec I’augmentation de 1I’amplitude de la vitesse, ce nombre
est augmenté jusqu’a 2000 pas de temps par période pour assurer la condition CFL (simulations
avec un code vectoriel, machine INTEL XEON). Il faut environ 100 heures de calcul pour
obtenir la saturation (maillage régulier 2048 x 32). Si I’on choisit le maillage régulier 4096 x 64,
il faut environ 360 heures de calcul pour atteindre la saturation du moteur. Un exemple de
résultat est représenté sur la figure 5.13 en variables physiques dans le cas de configuration d’un
dispositif construit au LIMSI (décrit dans [29]), pour une charge fixée (Z = —0.96, Th = 352
K, Tc = 293 K). Le Drive ratio obtenu est moyen (Dr = 3.2%). La figure 5.13a montre la
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FIGURE 5.13 — Exemple de résultat : (a) Variation temporelle de la pression acoustique p' au
niveau de la cellule active. (b) Zoom sur le signal temporel a la fin du calcul montrant p' au
niveau de la cellule active et les vitesses acoustiques a gauche et a droite de la cellule uy, ug.

variation de pression acoustique au niveau de la cellule active sur la totalité de la simulation. La
figure 5.13b montre un zoom sur la pression acoustique et les vitesses longitudinales a gauche
et a droite de la cellule active a la fin du calcul (en grandeurs dimensionnées). Le déphasage
entre ' et @iy, (ou upr) est trés proche de 7/2. Une FFT du signal donne la fréquence acoustique
finale (133.3 Hz), qui correspond a peu pres au ler harmonique du tube fermé (la fréquence du
mode fondamental est 66.7 Hz).

Le transitoire présente une bosse, ou "overshoot". Ce phénomene peut étre rapproché des
observations expérimentales lors du démarrage d’un moteur thermoacoustique (lorsque 1’onde
démarre, toutes les températures baissent, et un overshoot est observé dans le signal de pres-
sion). Il est généralement interprété comme étant lié au pompage de chaleur thermoacoustique.
Ici, 1a bosse "overshoot" obtenue semble plutot liée au décalage entre la fréquence de fonction-
nement et la fondamentale (phénomene de battement). Les températures des échangeurs sont
maintenues constantes tout au long du calcul. Cependant il aurait été intéressant d’enregistrer et
de suivre des grandeurs moyennes (par exemple celle du champ de température) sur la période
acoustique au cours du transitoire. Cela aurait permis d’analyser ce transitoire et d’interpréter
aussi le mécanisme de saturation. Une des difficultés de ce suivi est I’évolution de la période
acoustique au cours du calcul.

L’analyse du régime périodique est plus simple car la période est stabilisée. On peut utiliser
les résultats numériques pour calculer la puissance acoustique disponible en sortie de cellule
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active, et la puissance thermique Qn apportée a I’échangeur chaud :

_ S o - 1 0T - .
P,=2 [ §bap)di _ —~—/ AN g8dr 58
i b P (8)ir () @n t. )i Js, " on (5-8)

avec S la section totale du résonateur, S » la surface totale de 1I’échangeur chaud, 77 le vecteur
normal extérieur au solide, Z,. la période acoustique, 7y la vitesse longitudinale et 7’ la pression
acoustique au niveau de la cellule active. Le rendement = % peut étre calculé et comparé
avec le rendement de Carnot. Le bilan énergétique pour I’exemple choisi est présenté dans le

tableau ci dessous.

Dr Pac Qh n 77/770
o W) W) (%) (%)
32 66.5 3910 1.70 10.1

FIGURE 5.14 — Exemple de champ de vorticité instantanée a la sortie de I’échangeur froid
(haut) et entre le stack et I’échangeur chaud (bas).

On a également analysé la dynamique tourbillonnaire en sortie d’échangeur et dans les es-
paces échangeur/stack (voir un exemple fig. 5.14). A petit Dr, ces dynamiques sont tres régu-
lieres, alors qu’a grand Dr, des instabilités sont susceptibles de se déclencher : dans la couche
limite et a la sortie des échangeurs ou 1’on s’attend a des tourbillons alternés de von Karman.
Ces tourbillons n’ont pas été observés dans les simulations a cause des conditions de symétrie
imposées numériquement. Il aurait fallu positionner la plaque au milieu du domaine de simula-
tion.

Nous aurions souhaité mener plus d’études a partir du modele. En particulier la modélisation
des échangeurs est délicate. Il serait plus approprié de fixer une quantité de chaleur apportée a
I’échangeur chaud et retirée sur 1’échangeur froid plutdt que de fixer les températures. Le pro-
bleme des études paramétriques vient du fait que les calculs, méme s’ils sont moins cofiteux
qu’en écoulement compressible, restent longs. Nous disposons actuellement d’une version pa-
rallélisée du code, que nous n’avions pas en 2014, et il serait intéressant de mener d’autres
simulations avec notamment un suivi des grandeurs moyennées sur la période acoustique.

5.4 Etude de thermophones
Notre rencontre avec Jacques Rémus ( [53] Société Ipotam Mécamusique) date de 2010 a
I’école de Thermoacoustique. Nous avons renoué le contact par la suite, et obtenu le finance-

ment d’un projet Art&Sciences. Le projet intitulé « Thermophonia », consistait a étudier les
thermophones créés par J. Rémus, instruments de musique particuliers ou le son est produit par
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FIGURE 5.15 — Thermophones illuminés dans [’atelier de J. Rémus (Les Frigos, Paris).

effet thermoacoustique. Cette étude a fait I’objet d’un stage de Master 1, d’une présentation au
CFA en 2016 [67], et de plusieurs représentations artistiques (figure 5.15).

Un thermophone est constitué¢ d’un tube en acier doux, verre ou aluminium, de section cir-
culaire ou rectangulaire, a I’intérieur duquel est positionné judicieusement un « stack » formant
un milieu poreux, dont ’'une des extrémités est chauffée a 1’aide d’une résistance électrique.
Lorsque la température de I’extrémité chauffée devient suffisamment élevée, le thermophone
se met a chanter. Un thermophone s’apparente donc a un moteur thermoacoustique de type
ondes stationnaires, ou le gaz utilisé est de 1’air atmosphérique. Le résonateur, ouvert au moins
a ’'une de ses extrémités pour rendre le son audible, est dépourvu d’échangeur froid permettant
de maintenir un gradient de température constant dans le stack. Le démarrage du son est le ré-
sultat d’une instabilité thermoacoustique. La théorie linéaire de Rott [56, 58] a été adaptée pour
prendre en compte les particularités du thermophone. L’ équation de dispersion a été résolue nu-
mériquement pour une variété de thermophones existants. Les températures de déclenchement
de I’instabilité ont été déterminées ainsi que la fréquence du son produit par le thermophone, en
assez bon accord avec les mesures.

5.5 Conclusions

Une simulation fine complete des machines thermoacoustiques, prenant en compte les ef-
fets multi-dimensionnels et nonlinéaires est actuellement irréalisable et I’utilisation de modeles
simplifiés est donc incontournable. L’ approximation faible Mach permet de s’ affranchir locale-
ment de la propagation acoustique en considérant la cellule active d’un systéme thermoacous-
tique comme acoustiquement compacte. Une analyse dimensionnelle a permis de dégager les
conditions d’application de cette approximation (cellule active courte par rapport a la longueur
d’onde). En tout cas, ce type de modele ne permet de capturer qu’une partie des phénomenes.

Nous avons montré que ce modele permet de simuler le pompage de chaleur le long d’un
empilement de plaques. Nous avons également développé un modele hybride ou la cellule com-
pacte est couplée au résonateur, ce qui permet de simuler 1’effet moteur. Nous avons ainsi étudié
les écoulements et transferts de chaleur a I’intérieur de la cellule active pendant I’établisse-
ment de I’onde. Nous avons simulé le démarrage du moteur et sa saturation dans plusieurs
situations. Cependant, malgré I’ utilisation de I’approximation faible Mach, les simulations res-
tent longues et peu adaptées aux études paramétriques et prédictives. On envisage par contre
d’utiliser I’approximation faible Mach dans des prototypes ou les longueurs caractéristiques du
systeme sont effectivement petites devant la longueur d’onde (en particulier sur le prototype
compact construit dans le cadre de I’ANR TACOT).
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Chapitre 6

Streaming acoustique en guide d’onde

Le vent acoustique (appelé aussi streaming ou écoulement redressé) est un écoulement sta-
tionnaire du second ordre en nombre de Mach qui s’établit suite a I’interaction entre une onde
acoustique et des parois solides. Cet écoulement peut étre notamment trés pénalisant dans les
machines thermoacoustiques, car il peut transporter de la chaleur et modifier ainsi la distribution
de température, aussi bien dans un générateur d’onde que dans un réfrigérateur. Il s’agit d’un
effet non linéaire qui n’est pas pris en compte dans la théorie linéaire de Rott (et donc pas dans
les codes 1D de type DeltaEC).

Trois types d’écoulements de streaming sont distingués dans la littérature : streaming de
Rayleigh [51] dans les résonateurs a ondes stationnaires, streaming de Gedeon dans les réso-
nateurs annulaires a ondes progressives [6], streaming d’Eckart [21] (d@ a I’absorption par un
volume fluide d’un faisceau acoustique ultrasons, encore appelé Quartz wind dans 1’air). Notre
étude concerne uniquement I’écoulement de streaming de type Rayleigh, 1ié au frottement vis-
queux sur les parois d’un résonateur.

Nous avons commencé a travailler sur le streaming acoustique, Virginie Daru, Diana Baltean-
Carles et moi-méme en 2009, a partir de simulations numériques des équations de Navier-Stokes
compressibles. Lors d’une présentation des résultats numériques aux membres du GDR Ther-
moacoustique en 2011, nous avons assisté a la présentation de Ida Reyt qui effectuait une these
expérimentale sur le méme sujet, sous la direction de Hélene Bailliet (institut P”). Les résultats
sur le streaming a fort niveau coincidant de facon étonnante, nous avons alors décidé de pour-
suivre cette étude de fagon conjointe. Nous avons lié avec Hélene Bailliet une amitié durable et
cette collaboration perdure. Nous avons publié 4 articles ensemble sur ce sujet (et un soumis).
Sur ce probleme difficile a simuler, a mesurer et a modéliser, notre approche a été a la fois
numérique, expérimentale et théorique, avec de multiples allers-retours stratégiques.

Les simulations numériques directes étant irréalisables sur les configurations (méme simpli-
fiées) calées sur les expériences, on a travaillé sur des résonateurs de longueur et fréquence tres
différentes : dans les expériences réalisées a I'institut P’, la demi-longueur d’onde est d’environ
0.7 m, soit une fréquence de 240 Hz. Dans les simulations numériques, la demi-longueur d’onde
est d’environ 8 mm, soit une fréquence de 20000 Hz. Nous avons donc été tres vite questionné
les criteres de similitude entre nos configurations. Par ailleurs, pour étudier 1’écoulement de
streaming généré a fort niveau acoustique, nous avons été amenées a reconsidérer 1’écoulement
généré a faible niveau.

Dans la présentation qui suit, j’ai regroupé les différents résultats que nous avons obtenus
sur le streaming a faible et a fort niveau acoustique dans un ordre non-chronologique.
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6.1 Streaming de Rayleigh a faible niveau acoustique

On s’intéresse a 1’écoulement de streaming se produisant soit dans un canal plan entre deux
plaques paralleles (de hauteur 2R et longueur L), soit dans un résonateur cylindrique de section
circulaire (de rayon R et longueur L), lorsque le résonateur est le siege d’une onde acoustique
plane dans la direction axiale, avec R < L. On se place dans des conditions de résonance telles
que L = \/2. La gravité est négligée et on suppose donc la symétrie axiale des écoulements.

A bas niveau acoustique, I’écoulement de streaming qui s’établit est bien connu et décrit par
la théorie classique dite de Rayleigh-Nyborg-Westervelt, résumée dans [34]. Une schématisa-
tion de cet écoulement est présentée sur la figure 6.1. Lord Rayleigh [51] a établi les équations
de I’écoulement généré dans la partie centrale du résonateur, loin des parois (streaming exté-
rieur) pour des tubes larges : on parle de tube large lorsque le rayon R est grand devant I’épais-
seur de couche limite visqueuse définie par §, = |/2v/w, ol v est la viscosité cinématique du
gaz et w la pulsation. Les équations sont obtenues par approximations successives en termes de
puissances du nombre de Mach acoustique (défini par M = U,./cy, avec U, I’amplitude de vi-
tesse acoustique au ventre de vitesse acoustique et ¢ la vitesse du son), et correspondent au cas
ou le streaming est lent. Ce sont des équations linéaires, ou les termes sources proviennent de
la solution du probleme d’ordre 1 (acoustique linéaire) supposée incompressible dans la couche
limite.

En géométrie plane, les composantes axiale U prqyieign €t IraANSVErse Upqyieigh de la vitesse de
streaming sont alors données par :

3U2 2

Tpugign. =~ ger sin (2ka) [1 ~3 (f_{) ] , 6.1)
302 3

Q_]Raylez’gh = +87(;C kR COS (2ka’) [é — (2) ] (62)

ou k est le nombre d’onde, = la coordonnée axiale, y la distance a I’axe. Les tourbillons associés
s’étendent sur un quart de longueur d’onde.

En géométrie cylindrique, en notant  la coordonnée radiale, les composantes axiale et ra-
diale de la vitesse de streaming sont données par [62] :

U2, . 7\ 2

URayleigh = _8726 sin (2kx) [1 -2 (R) 1 , (6.3)
3U? r r\3

URayleigh = +§ZC kR cos (2kz) [R — <R> ] , (6.4)

Les termes en e~ (B~%)/% ont été négligés dans les expressions ci-dessus. Les vitesses obtenues
sont d’ordre M?. Westervelt [71] et Nyborg [39] ont amélioré cette solution analytique pour
s’affranchir de I’hypothese de divergence nulle de la vitesse acoustique.

Schlichting [61] a été le premier a décrire les tourbillons proches de la paroi (streaming
intérieur ou streaming de Schlichting), qui tournent dans le sens opposé (figure 6.1), sous I’hy-
potheése d’écoulement incompressible. Par la suite, Qi [49] a amélioré cette description en in-
cluant la compressibilité du fluide et les effets thermiques. C’est ensuite Rott [57] qui a intégré
la prise en compte des effets thermiques. Enfin, des modeles semi-analytiques adaptés pour les
applications thermoacoustiques ont été développés [8, 28]. Nous avons utilisé le calcul formel
(Mathematica) pour analyser plus en détail le streaming de Rayleigh a faible niveau acoustique
(écoulement isentropique dans [9], et avec prise en compte des effets thermiques dans [19]). La
démarche se décompose en deux étapes :
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FIGURE 6.1 — Représentation schématique a bas niveau (théorie RNW), montrant (1) les cel-
lules de streaming (intérieur et extérieur). Les profils de vitesse axiale indiqués sont : (1) vitesse
acoustique, (IV) vitesse de streaming le long de ’axe (c), (Ill) vitesse de streaming le long de
(d), d’apres [9].

- On résout d’abord les équations de I’acoustique linéarisée, ce qui donne les composantes de
la vitesse acoustique (u/, v/, p/, p).

- Ensuite, on décompose chaque variable f en une composante f’ fluctuante, périodique en
temps, et une moyenne f sur la période acoustique (correspondant a 1’écoulement de strea-
ming) avec f = f + f’. Pour calculer la moyenne du produit de deux variables f et g, on
applique la relation fg = fg+ f'qg'.

A partir des équations de Navier-Stokes compressibles moyennées sur une période acoustique,
on obtient celles de I’écoulement de streaming en fonction des contraintes de Reynolds (moyen-
nes des produits des grandeurs acoustiques).

En tenant compte de la linéarité du probleme a faible niveau acoustique, on peut alors analy-
ser séparément 1’ effet des différents termes sources [9], puis superposer les solutions. On a ainsi
montré, avec la contribution des deux termes sources habituellement dominants, que 1’écoule-
ment de streaming est bien initié par les effets visqueux dans la couche limite. Le streaming
extérieur est généré par la diffusion de quantité de mouvement vers le centre du guide, et n’est
pas dii a des effets de gradient de pression. Cet écoulement peut €tre considéré comme un écou-
lement en cavité entrainée (I’analogie a été développée dans [17]). On a quantifié la relation
entre la composante axiale de la vitesse de streaming sur I’axe (normalisée par la solution de
Rayleigh) et le rapport R/¢,. L’effet d’un terme source habituellement négligé a été analysé.
On a montré qu’il pouvait devenir important pour des valeurs intermédiaires du rapport R/L
(tout en gardant R/L < 1), et pouvait générer un écoulement de streaming extérieur en sens
inverse de celui de la théorie RNW.

Nous avons suivi une démarche similaire pour étudier I’influence des effets thermiques sur
I’écoulement de streaming dans un article soumis [19]. On a ainsi mis en évidence que la pré-
sence d’un gradient de température transverse par rapport a la direction de 1’onde génere des
modifications trés importantes de I’écoulement de streaming, pouvant également conduire a une
inversion de sens de I’écoulement extérieur.
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6.2 Streaming a fort niveau acoustique : simulations numé-
riques directes et comparaisons avec I’expérience

Pour des niveaux acoustiques supérieurs, les travaux théoriques de [37] ont montré que
les effets inertiels sur I’écoulement de streaming peuvent étre différenciés selon la valeur du
nombre de Reynolds non-linéaire défini par Reyy = (M x R/§,)?. Ils ont mis en évidence une
distorsion des tourbillons extérieurs due a I'inertie pour Rey; > 1, alors que les tourbillons
intérieurs ne sont pas modifiés. Cependant cette étude est limitée aux valeurs modérées de Re .
(jusqu’a Reyy = 6), et suppose I’écoulement isentropique.

6.2.1 Simulations numériques

Les simulations numériques directes ont €été réalisées grace aux codes de résolution des
équations de Navier-Stokes compressibles écrits par Virginie Daru. Les calculs sont réalisés sur
un domaine rectangulaire plan de longueur L et de hauteur R, représentant soit la demi-section
haute d’un canal vertical, soit la section d’un résonateur cylindrique axisymétrique [15, 54]. Le
domaine renferme de I’air initialement au repos. Dans les deux cas, la frontiere basse représente
I’axe de symétrie, et la haute est une paroi solide. Aux frontieres gauche et droite on impose soit
une adhérence aux parois [15], soit des conditions de symétrie (composante axiale de vitesse
nulle et dérivée normale de la composante transverse nulle) [54]. Dans ces deux articles, la paroi
et les frontieres gauche et droites sont isothermes.

On impose une onde dans la direction longitudinale en secouant I’ensemble du domaine a
la fréquence de résonance du tube fermé. On se place dans le repere 1ié au tube, et dans les
équations de Navier-Stokes compressibles on introduit un terme source pour rendre compte du
secouage : V(t) = (V(t),0)T, ot V(t) = z,w cos(wt). Pour varier le niveau acoustique il suffit
donc de modifier I’amplitude z,,. Les équations a résoudre sont :

Ip

T v - 0

o +V - (pv) Y

v _

%-I-V-(pV@V)—i—Vp - V(A -pr 6.5)

OpFE _ av

L—i—V-(pEv—va) = V- (kVT)+V - (Tv) —pv- —

ot dt

avec v le champ de vitesse, p la pression, p la masse volumique, £/ = e+ %v -v I’énergie totale,
e = ﬁ I’énergie interne, y le rapport des chaleurs massiques, 7 = —% w(V - v)I +2uD le

tenseur des contraintes visqueuses du fluide supposé Newtonien, D le tenseur de taux de défor-
mations, 4 la viscosité dynamique, k la conductivité thermique. Les propriétés thermophysiques
1 et k sont supposées constantes. L’air est considéré comme un gaz parfait vérifiant I’équation
d’état p = rpT', avec 1" la température et r la constante du gaz.

Ces équations sont résolues par différences finies avec des schémas d’ordre élevé (upwind
ordre 3 en temps et en espace pour les termes convectifs, et centré d’ordre 2 pour les termes dif-
fusifs). L’algorithme est décrit dans [15]. Les maillages utilisés sont cartésiens, réguliers, avec 5
points de discrétisation dans la couche limite, et 500 points dans la direction axiale. Les criteres
de stabilité du schéma permettent de fixer le pas de temps. L’établissement de I’écoulement de
streaming pouvant prendre plusieurs centaines de périodes, on a souhaité conserver un nombre
"raisonnable" de pas de temps par période acoustique. C’est pourquoi on a fixé une longueur de
domaine trés petite (L = 8.59 mm), correspondant a une fréquence de 20000 Hz, nécessitant
6250 pas de temps par période acoustique.
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Pour calculer 1’écoulement de streaming on effectue la moyenne de chaque grandeur phy-
sique sur une période acoustique. On reproduit ceci apres chaque période, de facon a pouvoir
suivre I’établissement de 1’écoulement stationnaire. Les résultats ont été présentés pour un ca-
nal plan [15] et pour un guide d’onde axisymétrique [54]. Ils sont qualitativement similaires
pour ces deux configurations. Pour de faibles niveaux acoustiques, on a retrouvé la solution
de Rayleigh décrite précédemment (voir par exemple les lignes de courant de 1’écoulement de
streaming, fig. 6.2b). On remarque sur la figure 6.2a un overshoot dans 1’établissement de la vi-
tesse acoustique au centre du canal, que 1’on peut attribuer peut-€tre a la 1égere différence entre
la fréquence de résonance et la fréquence imposée par le secouage (phénomene de battement).
Les simulations montrent également une inhomogénéité du champ de température moyenne (fi-
gure 6.2c¢), liée a I’effet thermoacoustique de transport de chaleur qui crée d’abord un gradient
longitudinal en proche paroi, puis la chaleur diffuse vers 1’axe du tube.

U, (m/s)

FIGURE 6.2 — Exemple en canal plan, faible niveau acoustique, (a) Evolution de la vitesse
acoustique au centre du canal au cours de la simulation, (b) Lignes de courant de ’écoulement
de streaming, (c) Isothermes du champ de température moyen, extrait de [15].

Lorsque 1’amplitude du forcage augmente, on note la présence d’ondes de chocs, d’oll un
fort taux d’harmoniques dans le signal acoustique final (voir par exemple la figure 11 de [54],
en annexe). Les cellules de streaming se déforment. La valeur maximale de la vitesse axiale
de streaming le long de 1’axe (normalisée par I’amplitude de la vitesse de Rayleigh) diminue,
et la position du maximum se déplace vers les nceuds de vitesse (figure 6.3). Au centre du
guide, la pente du profil axial de vitesse axiale de streaming diminue jusqu’a s’annuler puis
changer de signe. Cela correspond a 1I’émergence d’une nouvelle cellule de streaming contra-
rotative au centre du guide. Du fait des ondes de chocs, la température moyenne augmente
considérablement et le champ de température devient trés inhomogene.

6.2.2 Comparaison des résultats numériques et expérimentaux

Larticle [54] figurant en annexe montre les résultats des simulations, ainsi que des compa-
raisons avec les mesures LDV et PIV réalisées a I’Institut P’, menées sur le dispositif décrit sur
la figure 1 de [54]. Grace a la présence de deux haut-parleurs et deux convergents placés aux
extrémités, ’onde qui s’établit est presque mono-fréquentielle (le taux d’harmonique est tres
faible). Les mesures présentées ont été prises en maintenant une température des parois presque
constante au moyen de ventilateurs (pour approcher des conditions isothermes).

Les configurations physiques étant tres différentes, on a présenté dans cet article une analyse
dimensionnelle des équations 6.5. Dans toutes les configurations considérées, le gaz est le méme
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FIGURE 6.3 — Exemple en guide axisymétrique, évolution de faible a fort niveau acoustique, (a)
Variation de la vitesse axiale de streaming normalisée le long de I’axe central du guide pour
diverses valeurs de Reyy, et (b) Lignes de courant de I’écoulement de streaming pour le plus
fort niveau de (a), extrait de [54].

(air), et donc le nombre de Prandtl Pr = % ~ 1. On a isolé quatre nombres sans dimension
caractérisant 1’écoulement de streaming : le nombre de Mach acoustique M, le nombre de

2
Reynolds acoustique Re = @ (avec py la masse volumique de référence), le nombre de Shear

Hw
Sh = %, et le nombre de Reynolds non-linéaire Re . L’analyse montre que les configurations

seront en similitude si le nombre de Reynolds non-linéaire Rey, est le méme et que, pour la
méme valeur du nombre de Prandtl Pr,ona M < 1, Sh < 1 et Re > 1. On vérifie que
ces conditions sont satisfaites pour les configurations comparées ici (voir Table 1 de [54], en
annexe).

On observe que lorsque le nombre de Rey;, augmente, la déformation des cellules de strea-
ming est similaire. La compréhension de cette déformation de I’écoulement a fait 1’objet des
études qui ont suivi cette confrontation initiale entre simulations et mesures. Les résultats étant
similaires malgré les conditions différentes en termes de contenu harmonique et de champ de
température, on a supposé que la propagation non linéaire et les effets thermiques n’étaient
sans doute pas prédominants (ce point de vue a évolué depuis nos dernieres études [19]). Pour
essayer de comprendre le ou les mécanismes responsables de la déformation des cellules de
streaming a fort niveau acoustique, on a exploré plusieurs pistes, détaillées dans les sections
suivantes.

6.3 Simulations isentropiques : effet de I’inertie sur I’écoule-
ment de streaming

Pour s’affranchir completement des effets thermiques, on a effectué des simulations en
considérant I’écoulement comme isentropique. Les études associées ont fait 1’objet de deux
articles en 2017 [17, 18] dont le premier figure en annexe.

Dans les simulations numériques directes, on ne résout donc plus que les deux premieres
équations du systéme 6.5. L’équation d’état isentropique est : (p — pg) = ca(p — po), avec py
et po les pression et masse volumique initiales. Les conditions aux limites, comme dans les
simulations précédentes, sont 1’adhérence a la paroi, avec des conditions de symétrie sur les
frontieres gauche, droite et sur I’axe.

Des ondes de choc sont générées dans le résonateur, mais elles sont de faible intensité.
Lorsque le niveau acoustique augmente, les profils de vitesse axiale de streaming le long de
I’axe sont déformés suivant la méme €évolution que dans la section précédente et des cellules
supplémentaires de streaming sont générées au centre du guide.

Parmi les mécanismes responsables de la déformation des cellules de streaming a fort ni-
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veau acoustique, le plus naturel semblait étre 1’inertie. Nous avons utilisé les simulations isen-
tropiques pour étudier les effets de I’inertie sur la déformation de I’écoulement de streaming a
fort niveau acoustique. Cette étude est présentée dans la section suivante.

6.3.1 Analyse des effets de I’inertie

Pour étudier les effets de I'inertie [17], nous avons commencé par analyser les transitoires
de I’écoulement de streaming. Afin d’isoler ce transitoire de celui de 1’acoustique, on a utilisé
le code instationnaire en soustrayant a la fin de chaque période acoustique, le champ moyen
au champ instationnaire avant de poursuivre le calcul (cela pendant tout I’établissement de
I’acoustique). On a ainsi examiné, a faible et fort niveaux acoustiques, les transitoires de la
composante axiale de la vitesse de streaming en plusieurs points (dans la couche limite, sur I’axe
a A/8 du bord, et en un point de vitesse maximale de la cellule supplémentaire, voir figures 4 et
6 de [17]). On a montré que le tourbillon intérieur s’établit d’abord, puis le tourbillon extérieur
se stabilise suivant une courbe a une seule constante de temps (faible niveau acoustique) ou bien
a deux (fort niveau acoustique). Le tourbillon supplémentaire s’établit dans un troisieme temps.

On a interprété ces résultats a partir d’'une analyse dimensionnelle des équations instan-
tanées moyennées sur une période acoustique, écrites en décomposant chaque variable en sa
composante moyenne et sa composante acoustique :

op _
SV (79) — V- (V)
o5y o (6.6)
W+V~(EV®V)+VTO = V- (T)+F,

oup — po = c2(p — po), T est le tenseur des contraintes visqueuses moyenné, et la force F est
donnée par :

F=-V - (0VRv+vepv +pv v +pv ev). (6.7)

On note Ug la vitesse de streaming de référence. On peut alors identifier deux échelles de temps
caractéristiques : t; = R?/v le temps caractéristique de diffusion visqueuse dans la direction
radiale, et t. = \/(4Us) le temps caractéristique de transport convectif par le streaming suivant
I’axe. Le nombre de Reynolds caractérisant I’écoulement de streaming est donné par Reg =
te/te = %. A bas niveau acoustique, comme Uy est d’ordre M?, ona Ug = MU,, et donc
le nombre de Reynolds du streaming est du méme ordre de grandeur que le nombre de Reynolds
non-linéaire (Reg = %Re ~1)- A fort niveau acoustique cependant, les simulations montrent que
Us diminue, et donc Reg < Repr,.

Pour affiner la compréhension du rdle combiné de la diffusion visqueuse et de la convec-
tion dans I’établissement du tourbillon extérieur a partir du tourbillon intérieur, nous avons
utilisé 1’analogie avec un écoulement dans une cavité entrainée. On réduit le domaine d’étude
au cylindre de rayon r = R — 34, (position radiale pour laquelle la vitesse de streaming du
tourbillon intérieur est maximale). Sur I’enveloppe du tube, on impose la vitesse de streaming
U, (axiale uniquement) extraite des calculs numériques (cette vitesse dépend de la coordonnée
axiale). A I’intérieur de ce tube, on résout les équations de Navier-Stokes compressibles sans
forcage acoustique (I’écoulement est pratiquement incompressible), en supposant qu’initiale-
ment le fluide est au repos. Les transitoires de la vitesse de streaming en différents points font
apparaitre les deux constantes de temps (diffusion, advection), comme dans la simulation nu-
mérique directe. Par contre, les amplitudes de vitesse axiales obtenues sont bien supérieures a
celles de la simulation numérique directe, et aucune nouvelle cellule de streaming ne se forme
(figures 9 a 11 de [17] en annexe).
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FIGURE 6.4 — Résultats de I’approche avec le code moyenné et avec l’analogie de cavité en-
trainée : (a) Evolution de faible a fort niveau acoustique du profil axial de la vitesse axiale de
streaming normalisée le long de I’axe central du guide pour 2 valeurs de Rey, (code moyenné,
cavité entrainée, DNS) (b) Lignes de courant de |’écoulement de streaming a fort niveau acous-
tique (code moyenné) extrait de [17] et isolignes de la vitesse de streaming (code couleur).

Enfin, ces résultats ont été confirmés en utilisant un code moyenné pour résoudre des équa-
tions approchées du systeme 6.6. L’approximation vient du fait que les termes sources sont cal-
culés a partir des solutions de I’acoustique a faible niveau que 1’on multiplie par un coefficient
« pour simuler le fort niveau. Cette approche comme I’analogie de la cavité entrainée conduit
a fort niveau acoustique a la déformation de 1’écoulement de streaming extérieur similaire a
celui décrit par I’analyse théorique de [37], mais contraire aux observations de la simulation
numérique directe et des expériences conduites a I’institut P’, comme le montre la figure 6.4a :
la pente du profil axial de vitesse axiale de streaming augmente lorsque le niveau acoustique
augmente. Aucune nouvelle cellule n’est générée au centre du guide (comparer les figures 6.4b
et 6.3b).

Cette étude permet de conclure que les effets de 1’inertie ne permettent pas a eux seuls
d’expliquer les déformations de I’écoulement de streaming a fort niveau acoustique observées
dans les simulations numériques directes. On s’est donc demandé si le nombre de Reynolds
non-linéaire était vraiment le parametre sans dimension le plus approprié pour caractériser les
différents "régimes" de 1I’écoulement de streaming.

6.3.2 Analyse comparée des composantes axiale et radiale des vitesses
acoustique et de streaming

Les résultats des simulations numériques directes ont été comparées a ceux des expériences
[18]. On obtient des champs montrant I’écoulement de streaming similaires entre expériences
et simulations, mais pour des nombres de Reynolds non-linéaires bien plus élevés dans la si-
mulation (figure 6.5). Les expériences utilisées pour les comparaisons sont celles qui ont été
réalisées avec des conditions thermiques "non-contrdlées". On a réalisé une analyse comparée
des composantes de vitesse acoustique et de streaming [18], a faible et fort niveau acoustique,
a partir des résultats expérimentaux et numériques. Les simulations sont notées N1 a N4 et les
expériences ] et Ey, avec pour chaque expérience une plage spécifique des parametres Sh,
Renp, R/L [18]. Une premiere constatation indique que les variations axiale et radiale de la
composante axiale de la vitesse acoustique demeurent les mémes lorsque le niveau acoustique
augmente.

En ce qui concerne les isolignes de la composante axiale de la vitesse de streaming, elles
évoluent en fonction du niveau acoustique. L’amplitude maximale relevée (notée Ug) est diffé-
rente dans la couche limite et dans le tourbillon extérieur. Au centre du guide, a faible niveau
acoustique, Ug est proportionnelle a U2, (on a précisé le coefficient en fonction de R/J, grace a
un fit). Par contre, a fort niveau acoustique, toujours au centre du guide, Ug est proportionnelle
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FIGURE 6.5 — Isolignes de la vitesse axiale de streaming (avec I’échelle de couleur en m/s) et
vecteurs vitesse. (a) résultats PIV, Reyn; = 6,14, 30 de haut en bas, (b) résultats numériques
complétés par symétrie axiale, Rex, = 0.006,51, 111 de haut en bas (extrait de [18]).
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FIGURE 6.6 — (a) Au centre du guide (tourbillon extérieur) : amplitude de la composante axiale

de la vitesse de streaming normalisée %@4—18%) en fonction de U,., (b) Tourbillon intérieur
—18%

Us en fonction de U, (extrait de [18]).

a U,.. La figure 6.6a met en évidence ces deux régimes pour toutes les données expérimentales

et numériques, sur un méme tracé log-log. La quantité représentée est %m, avec Ug
—48%

I’amplitude de la vitesse de Rayleigh. Lorsque U, est petit, les points s’alignent sur la valeur 1
(solution de Rayleigh), et lorsque U,. augmente les points s’alignent sur des droites de pentes
—1.

En proche paroi, & tous niveaux acoustiques, U est proportionnelle a U2, comme le montre
la figure 6.6b.

On a ensuite étudié les isolignes des composantes radiales de la vitesse acoustique et de
streaming. Ces composantes radiales sont bien plus petites que les composantes axiales. On a
montré que ces isolignes évoluent en fonction du niveau acoustique mesuré par U,.. On note
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FIGURE 6.7 — (a) Amplitude maximale de la composante radiale de la vitesse acoustique V..
et de streaming Vs en fonction du niveau acoustique U,. pour ’ensemble des (a) simulations
numériques, (b) résultats expérimentaux (extrait de [18]).

Vae (resp. V) I’amplitude maximale de la composante radiale de la vitesse acoustique (resp. de
streaming). A tous niveaux acoustiques, on montre que V. est proportionnelle a U, (fig. 6.7a
et 6.7b), avec un coefficient de proportionnalité indépendant de R/¢,. On montre aussi sur ces
figures que Vs est proportionnelle a UZ2,, avec un coefficient de proportionnalité qui augmente
avec R/d,. On trouve donc des situations ol Vs est supérieure a V., ce qui est incompatible avec
la théorie consistant a appliquer des approximations successives. Une interaction non linéaire
entre les vitesses existe donc qui pourrait justifier la modification des cellules de streaming a
fort niveau acoustique : la vitesse de acoustique modifie la vitesse de streaming qui modifie
la vitesse acoustique. On note que le changement du régime 1 au régime 2 se produit lorsque
la vitesse radiale de streaming devient supérieure a la vitesse radiale acoustique. On observe

I’apparition des cellules de streaming supplémentaires uniquement dans le régime 2.

6.4 Effets thermiques

Nos travaux actuels concernent 1’influence des hétérogénéités de température sur le strea-
ming acoustique dans un résonateur. Nous avons soumis récemment un article au Journal od
Fluid Mechanics [19]. Des travaux récemment publiés dans la littérature ont montré que I’exis-
tence d’une hétérogénéité de température suivant la direction transverse du guide pouvaient
entrainer des déformations sensibles de I’écoulement de streaming [66, 12, 38]. Comme indi-
qué a la fin de la partie 6.1 sur le streaming a faible niveau, on a montré par résolution formelle
des équations en canal plan, que la présence d’un gradient vertical de température, méme de
petite amplitude, peut générer des modifications importantes de 1’écoulement de streaming. En
particulier, on montre que si 1’axe est plus chaud que les parois, une cellule additionnelle de
streaming contrarotative peut étre générée, accompagnée d’une baisse globale de la vitesse de
streaming extérieur.

Nous avons ensuite examiné si une telle hétérogénéité de température suivant la direction
transverse du guide pouvait exister dans le probleme que nous étudions. Sur la figure 6.8a, on
voit une schématisation du champ de température qui s’établit a bas niveau acoustique di au
pompage de chaleur thermoacoustique dans la couche limite puis a la diffusion thermique vers le
centre du guide. A fort niveau, I’écoulement de streaming transportant la chaleur vers le ventre
de vitesse acoustique (pres de 1’axe) et vers le noceud de vitesse acoustique (en proche paroi),
une large zone de stratification transverse en température s’établit (figure 6.8b). Le champ de
température s’apparente a celui obtenu en cavité différentiellement chauffée, mais il n’est pas 1ié
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(a)

(b)

FIGURE 6.8 — Schématisation des isothermes dans le guide d’ondes a (a) bas niveau acoustique
et (b) fort niveau acoustique. Le rectangle indiqué par une ligne blanche indique une région de
stratification transverse de température.

a la gravité. On s’attend a obtenir une différence de température transverse proportionnelle a la
différence de température longitudinale initiale. L’écoulement de streaming est ensuite modifié
consécutivement a 1’établissement de cette stratification en température et dans une moindre
mesure a I’inertie de 1I’écoulement. On peut donc espérer étudier I’écoulement de streaming a
fort niveau acoustique (malgré I’appellation streaming non linéaire) a partir de la résolution des
équations linéaires de 1’acoustique et du streaming en présence d’une inhomogénéité transverse
de température.

Pour exprimer plus précisément la répartition longitudinale de température a la paroi, on
suppose que la paroi a une épaisseur donnée w et que le matériau qui la constitue est caractérisé
par sa masse volumique pg, sa conductivité thermique kg et sa chaleur massique cg. Si I’on
consideére une configuration de température "non controlée", il y aura un échange convectif
a la paroi avec I’air environnant supposé a température constante ambiante, pour lequel on
peut estimer d’apres la géométrie du guide d’ondes le coefficient d’échange h. On utilise la
démarche de Swift [65] pour lier le gradient de température transverse a la paroi a I’intégrale du
flux de chaleur thermoacoustique que 1’on exprime en fonction de des grandeurs acoustiques.
En écrivant la continuité du flux de chaleur aux interfaces, on obtient une expression pour la
température intérieure a la paroi en fonction de la coordonnée axiale, U,., Pr, T; (la température
moyenne), w, d0,,, h et les propriétés thermophysiques de la paroi et du gaz. On en déduit
une expression de la différence de température longitudinale. En supposant la différence de
température transverse égale a la moitié de la différence longitudinale existant le long de la paroi
interne du résonateur. Il y a émergence d’une nouvelle cellule si la vitesse axiale de streaming
s’annule sur 1’axe entre un nceud et un ventre de vitesse acoustique. On en déduit un critere de
la forme Reyny > K¢, ou K¢ est donné par

- ko /k 3 1+Pr 1
Ko =30 k() (1 ECE 1)\/P_7"> (1= Py ©9

On a testé le critere obtenu avec les résultats expérimentaux de [55, 66]. Pour cela on a estimé la
valeur du coefficient d’échange h a partir des données expérimentales. Nous avons trouvé une
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valeur de K 1égerement inférieure aux valeurs expérimentales de Rey pour lesquelles une
nouvelle cellule de streaming est observée dans [55]. Ceci peut s’expliquer en partie par le fait
que la théorie a été menée en géométrie plane et non axisymétrique. Dans I’expérience de [66],
les mesures LDV n’ont pas permis de mettre en évidence I’émergence d’une nouvelle cellule,
mais ont montré un écrasement de la composante axiale de la vitesse de streaming sur 1’axe,
compatible avec une forte déformation du streaming a un nombre de Reyy, 1a aussi légerement
supérieur a I’estimation de K.

Avec des conditions isothermes, les valeurs de K~ que nous obtenons sont tres supérieures.
Ce résultat est cohérent avec les résultats de [66] qui ne montrent aucune déformation de I’écou-
lement de streaming a fort niveau acoustique si les parois sont isothermes.

6.5 Conclusions

Nous avons analysé en détail les écoulements de streaming de type Rayleigh a faible ni-
veau acoustique, puis a des niveaux croissants jusqu’a atteindre de forts niveaux acoustiques,
au moyen d’une approche combinée numérique, théorique et expérimentale (grace a la collabo-
ration avec Hélene Bailliet). Nous avons beaucoup progressé sur la compréhension des méca-
nismes responsables de la déformation de 1’écoulement de streaming extérieur, et notamment
I’apparition de nouvelles cellules au centre du guide. Les effets de I’inertie seuls ont été ana-
lysés, grace en partie aux simulations en situation isentropique. On a montré qu’ils ne peuvent
pas, a eux seuls, justifier I’émergence d’une nouvelle cellule. L’analyse dimensionnelle et le
calcul symbolique ont permis de comprendre les effets des divers termes sources a faible niveau
acoustique en profitant de la linéarité du systeme d’équations moyennées régissant 1’écoule-
ment de streaming. Enfin, 1’étude récente des effets thermiques permet d’éclairer beaucoup de
points et ouvre de multiples perspectives. L’effet combiné de I’inertie et du transport conductif
et convectif de chaleur pourrait tout a fait expliquer I’émergence de nouvelles cellules.
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Chapitre 7

Perspectives

Pour la suite de ma carriere, je souhaite poursuivre des activités de recherche sur la modé-
lisation et la simulation numérique en mécanique des fluides, avec dans la mesure du possible
une confrontation avec des résultats expérimentaux. Je souhaite aussi et surtout poursuivre la
collaboration établie depuis une vingtaine d’années avec Diana Baltean-Carles, et depuis une
dizaine d’années avec Virginie Daru et Hélene Bailliet (P’). Grace a ce travail d’équipe, nous
progressons sur la compréhension des écoulements et des transferts de chaleur dans les systemes
thermoacoustiques.

Le projet ANR TACOT (2017-2020, prolongé jusqu’en juillet 2021) concerne le dévelop-
pement et I’étude d’une pompe a chaleur thermoacoustique compacte pour le transport automo-
bile. Le prototype instrumenté compact qui a été construit a I’Institut Pprime comprend deux
sources acoustiques et un régénérateur placé entre deux échangeurs de chaleur (figure 7.1). Il
est également envisagé de construire un systeme avec deux cceurs thermoacoustiques face a
face connectés par une méme source acoustique. Le prototype a un cceur thermoacoustique a

M1: Connecting tlange

M09 M 08

M2: Regenerator canister
M3: The acoustic driver
M o7
M4: Back cavity of the acoustic driver
M35: Thermoacoustic back cavity
M6: Ambient Heat exchanger
M7: The ambient heat exchanger module
MS: Flow straightener

M 05 M9: Flow straightener

M10: Small loudspeaker

e B MO0l wmi11 ‘Moz ‘Mo M10 MT11: Cold heat exchanger

FIGURE 7.1 — Projet ANR TACOT, schéma du prototype construit a l’institut Pprime.

été concu en utilisant le logiciel DeltaEC (Los Alamos, [68]). Il comprend une source acous-
tique principale (notée M3 sur la figure 7.1) qui fournit la puissance acoustique et une source
acoustique secondaire (notée M10) qui permet d’ajuster le déphasage entre pression et vitesse
acoustique, de fagon a ce que 1’onde dans le systeme soit progressive [47, 48]. On trouve aussi
une fine enveloppe entourant le cceur thermoacoustique qui permet le passage du gaz pour réa-
liser une boucle de retour. Le coeur thermoacoustique est constitué d’un régénérateur entre deux
échangeurs (un échangeur froid et un échangeur a température ambiante). Le prototype a été
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fabriqué et instrumenté largement pour permettre le suivi de ses caractéristiques. Les premiers
tests ont eu lieu cette année, et les performances sont proches des prédictions de DeltaEC. Le
gaz utilisé est un mélange d’Helium et d’Argon a pression moyenne 40 bar (valeur maximale
testée). Pour 210 Watt de puissance é€lectrique fournie, 200 W sont pompés a la source froide
avec une différence de température de 36 K entre les échangeurs. Le COP global de 1a machine
est 0.95, et celui de la conversion d’énergie thermoacoustique seule est de 2.37. Ces résultats
montrent I’intérét du projet et des applications possibles pour le secteur automobile. Cependant
I’instrumentation du prototype est délicate et les grandeurs mesurées disponibles sont insuffi-
santes pour suivre le mouvement du gaz et les échanges de chaleur a I’intérieur de la machine.
La simulation numérique doit donc pouvoir apporter des informations précieuses.

Notre équipe du LIMSI, composée de Diana Baltean-Carles, Virginie Daru, Yann Fraigneau
et moi-méme, est chargée de mener des études numériques. Nous avons pu bénéficier grace a
ce projet de 12 mois de chercheur associé, pour lesquels nous avons recruté Omar Hireche que
nous connaissons bien et qui était intéressé par 1’étude. Avec lui, nous avons étudié les possibles
effets de la convection naturelle dans les dispositifs €laborés a I’institut P* pour étudier finement
le coeur thermoacoustique [30]. Nous projetons de poursuivre cette étude en travaillant sur une
géométrie simplifiée du prototype qui a été construit.

Par ailleurs, nous allons maintenant tenter de simuler les écoulements et transferts de chaleur
dans le prototype pour analyser les effets multidimensionnels et nonlinéaires qui s’y produisent,
liés a la compacité de la machine et au fort niveau acoustique généré. La taille de la machine
étant tres petite devant la longueur d’onde, I'usage d’un modele de machine acoustiquement
compacte, de type faible Mach, semble tout indiqué. Un point clé est la description du phéno-
mene de pompage de chaleur thermoacoustique en milieu poreux.

Par ailleurs il serait intéressant d’étudier si I’on retrouve des écoulements de streaming dans
la machine.

Ce projet permet de faire un lien entre les divers thémes de recherche que j’ai abordés au
LIMSI, et d’offrir plusieurs perspectives d’études a venir, que je détaille dans la suite de ce
chapitre.

7.1 Convection naturelle et acoustique

Comme nous 1’avons montré récemment, les écoulements de convection naturelle peuvent
devenir importants dans une cavité thermoacoustique [30]. Les codes de dimensionnement des
machines et I’ensemble des études numériques posant habituellement 1’hypothese que les effets
de gravité sont négligeables, il nous semble important d’adresser ce point. Méme si ’on peut
s’affranchir des effets néfastes de la convection naturelle en inclinant une machine pour qu’elle
soit verticale, cette méthode sera inefficace si I’on envisage de construire une machine a deux
ceeurs thermoacoustiques face-a-face partageant la méme source acoustique principale.

Pour évaluer I’'impact potentiel de la convection naturelle dans les prototypes de pompage
de chaleur du TACOT, il nous faut considérer la modification de 1’écoulement de convection
naturelle en présence d’un champ acoustique.

Dans une premiere étape, nous allons poursuivre 1I’analyse des deux dispositifs expérimen-
taux présentés dans [30]. Dans ces deux dispositifs, nous avons montré qu’en absence d’acous-
tique, I’écoulement de convection naturelle est un écoulement stationnaire, et que les simula-
tions sont en excellent accord avec les mesures [30]. Des expériences sur ces deux dispositifs
ont été également effectuées en présence d’acoustique, et des mesures du champ de vitesse
moyen ont été obtenues récemment ainsi que le suivi temporel de la température en plusieurs
points des parois du tube. En présence d’acoustique, on peut se demander si les écoulements
de convection naturelle et I’écoulement de streaming sont découplés et peuvent se superposer
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simplement I’un a I’autre. Les dernieres études que nous avons menées sur la modification de
I’écoulement de streaming en présence d’un champ de température inhomogene semble montrer
que ce n’est pas le cas. Il faudrait cependant étudier les temps caractéristiques d’établissement
de ces écoulements pour évaluer la possibilité d’un découplage dans le temps. Une premicre
comparaison semble indiquer que les vitesses de convection naturelle peuvent étre du méme
ordre de grandeur que I’écoulement de streaming de Rayleigh.

La modification des écoulements de convection naturelle en présence d’acoustique a fait
I’objet des travaux expérimentaux de [44, 45] qui ont étudié une portion de résonateur (guide
d’onde en \/4, fermé-ouvert) placée entre deux échangeurs de chaleur (qu’ils ont appelée cceur
thermoacoustique mais qui s’apparente plus a un tube a gaz pulsé car il n’y a pas de milieu
poreux). Ils ont conclu qu’en présence d’acoustique I’écoulement s’apparente a un écoulement
de convection forcée.

Afin d’examiner si I’écoulement de convection naturelle est réellement modifi€ en présence
d’acoustique sur les expériences précédentes, on souhaite réaliser des simulations. Comme la
longueur du tube et la longueur d’onde sont du méme ordre de grandeur, une simulation nu-
mérique complete exigerait 1’utilisation d’un code compressible, avec prise en compte de la
gravité, ce qui pose le probleme de sa faisabilité en terme de colit numérique. Cette perspective
est envisageable a plus long terme.

7 mm
Echangeur Régénérateur Echangeur ’E 59 mm 23 mm
froid : ambignt : i‘"""i"":
Source ' / ¥
acoustique : 1
principale ™ il ) Haut-parleur,
= N ge‘é , 3 source :
W, " acoustique 164 mm;
fii<— g secondaire
= |
gH ]
<—a :
é.h‘ SIS S S ..
(a) (b)

FIGURE 7.2 — Projet ANR TACOT, (a) Géométrie simplifiée du prototype, (b) Dimensions ap-
proximatives du prototype.

A court terme, nous allons estimer I’impact possible des écoulements de convection natu-
relle dans le prototype construit dans le cadre du projet TACOT. La figure 7.2 présente une
schématisation de la géométrie du prototype. Dans ce dispositif le pompage de chaleur étant
provoqué par 1’acoustique, il n’y a pas de différence de température entre les échangeurs et
donc pas de convection naturelle en absence d’acoustique. On peut cependant faire des es-
timations des différences de températures obtenues en régime établi final, et dans une pre-
miere approche, étudier la convection naturelle qui en résulterait, en ne prenant pas en compte
I’acoustique. En se basant sur les estimations de DeltaEC, et sur les premieres mesures ef-
fectuées sur le prototype, la différence de température entre I’échangeur a température am-
biante et I’échangeur froid peut atteindre 40 K. On peut noter que 1’échangeur a température
ambiante n’est pas completement efficace, puisque la température moyenne mesurée au ni-
veau de cet échangeur peut augmenter jusqu’a 340 K. Des mesures de température relevées
en trois points situés sur une ligne verticale centrale du régénérateur montrent que la partie
basse du régénérateur est bien plus froide que la partie haute, ce qui semble indiquer qu’il
existe un écoulement de convection naturelle dans le ceeur thermoacoustique. Pour estimer a
priori I’ordre de grandeur des parametres sans dimension, on choisit une expérience ou la dif-
férence de température obtenue est 40 K pour une température moyenne dans le régénérateur
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p i k Cp € K k,
kgm™3 | kgm™ st Wm™ L K~ | Jkg 'K} m? | Wm LK™}
23 2.3-107° 0.08 1406 0.74| 1078 3.7

TABLE 7.1 — Exemple de parametres thermophysiques pour le gaz et le milieu poreux, prototype
ANR TACOT.

de 310 K. Compte tenu des estimations des propriétés géométriques (figure 7.2b) et thermo-
physiques du gaz calculées a 7,..; = 310 K et du milieu poreux (Table 7.1), le nombre de
Rayleigh modifié, construit sur le rayon est Ra, = pgBATRK/(uk,) ~ 9.1, avec K la per-
méabilité du régénérateur, k, la conductivité thermique équivalente et x, = k,/(pc,) la dif-
fusivité thermique du régénérateur [41]. L’ordre de grandeur de la vitesse de convection est
Vief = KpRa,/H = 1.3 cm/s [11]. Le nombre de Reynolds de pore, tenant compte du rayon
hydraulique @ = 6 x 107° m est Re, = pV,.;a/pu ~ 0.8 < 1. L’hypothese de Boussinesq
semble justifiée car AT/(27,.5) = 0.07 < 1. Les zones ou I’on s’attend a de forts écoule-
ments de convection naturelle sont le régénérateur, ainsi que la fine enveloppe ou le gaz circule,
autour du cceur thermoacoustique. Nous prévoyons a court terme de mener une simulation de
convection naturelle en milieu fluide et poreux. Le nombre de Reynolds de pore étant inférieur
a 1, on peut raisonnablement utiliser le modele de milieu poreux de Darcy Brinkman pour les
simulations.

Pour évaluer I’impact réel de la convection naturelle dans la machine, il nous faut prendre en
compte le forcage acoustique. La prise en compte de la gravité dans les calculs avec acoustique
pourrait s’effectuer, en tenant compte de la compacité de la machine, avec un modele faible
Mach. Dans une premiere approche, on pourrait simplement imposer un forcage oscillant, en
considérant la géométrie simplifiée de la machine et un seul piston se déplagant a la fréquence
imposée.

7.2 Couplage streaming non linéaire et thermique

A court terme, nous allons poursuivre les études du streaming acoustique nonlinéaire en
guide d’ondes. Nos travaux actuels concernent I’influence des inhomogénéités de température
sur le streaming acoustique. Nous souhaitons a présent effectuer des simulations numériques
avec calcul du champ de température. Pour s’approcher des conditions expérimentales présen-
tées dans [54, 17, 18] et s’affranchir des ondes de choc qui conduisent a un échauffement au
centre du guide bien trop important, on envisage de modifier la géométrie de la simulation, en
introduisant deux tubes convergents aux extrémités du guide. De plus, comme on I’a montré
(article [19] soumis), les nouvelles cellules de streaming sont susceptibles d’apparaitre pour des
Ren plus petits lorsque 1’on tient compte de la conductivité de la paroi et de I’échange convec-
tif avec 1’air extérieur supposé a température constante (conditions s’approchant des conditions
appelées "incontrdlées" par notre équipe d’expérimentateurs). On modifiera la mise en place de
la simulation pour imposer ces conditions aux limites.

A plus long terme, nous aimerions calculer les écoulements de streaming dans un résonateur
(ou plutdt une portion de résonateur) pour laquelle un fort gradient de température est imposé
sur la paroi. Cette configuration est celle des tubes a gaz pulsés (petit tube positionné en gé-
néral entre 2 échangeurs de chaleur pour ramener la température a la température ambiante).
L’écoulement de streaming qui s’établit dans ces tubes a gaz pulsés est souvent néfaste pour
le fonctionnement de la machine, et donc présente un intérét particulier pour les thermoacous-
ticiens. Les couplages forts entre le champ de température et 1’écoulement de streaming que
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FIGURE 7.3 — Schéma du domaine de simulation, calcul de I’écoulement de streaming.

nous avons mis en évidence récemment pourront peut-étre donner des pistes quant a la facon de
diminuer ou annuler I’écoulement de streaming.

Nous aimerions également évaluer le niveau de I’écoulement de streaming pouvant s’établir
entre les plaques d’un stack thermoacoustique.

Enfin, les études du streaming nonlinéaire peuvent &tre appliquées a d’autres probléemes
intéressants, notamment en microfluidique.

7.3 Effet thermoacoustique en cavité compacte

Le code DeltaEC (Los Alamos) utilisé pour la conception du prototype, et couramment uti-
lisé depuis plus de 20 ans pour la conception des machines thermoacoustiques est un code fré-
quentiel 1D, basé sur une intégration des équations sur la section du guide, qui permet de tenir
compte seulement partiellement du caractere multidimensionnel et instationnaire des écoule-
ments. Notre approche se différencie car elle se base sur les équations 3D instationnaires de la
mécanique des fluides. L’usage d’hypotheses simplificatrices s’impose en raison de la présence
de multiples échelles temporelles (acoustique, thermique) et spatiales (longueur d’onde, taille
de la machine, épaisseur des couches limites) : I’approximation faible Mach peut étre particulie-
rement intéressante pour limiter les temps de calcul, et son utilisation se justifie par la compacité
des prototypes du projet TACOT par rapport a la longueur d’onde. En effet, la longueur caracté-
ristique du prototype a un coeur thermoacoustique est de ~ 20cm et la longueur d’onde ~ 10m
pour un mélange Helium-Argon de vitesse du son ~ 500m/s oscillant a 50Hz. Le rapport est de
2%. Ce rapport est appelé nombre d’Helmholtz He par les acousticiens, qui parlent également
de compacité de la machine lorsque He < 1. Nous souhaitons appliquer cette approximation
a la modélisation du pompage de chaleur thermoacoustique dans le propotype, en géométrie
axisymétrique tout d’abord.

Nous comparerons d’abord les simulations faible Mach avec celles du code compressible sur
des géométries planes simplifiées. Nous avons encadré un stagiaire de licence 1’été dernier qui a
effectué des simulations avec le code SunfluidH (LIMSI) sur une cavité rectangulaire fermée par
un piston en mouvement oscillant a la période v donnée. La solution numérique des équations
d’Euler 1D est présentée sur la figure 7.4 [16]. Lorsque la période d’oscillation vy est petite
I’écoulement est supersonique comme le montre la solution numérique (Fig 7.4a). Lorsque la
période d’oscillation est suffisamment grande, le champ de vitesse devient tres reproductible a
chaque période, et la masse volumique devient homogene en espace, et ne dépend plus que du
temps (Fig 7.4b). 1l existe dans ce cas une solution analytique ou la vitesse varie linéairement
entre le piston et le fond de la cavité. Nous avons obtenu une parfaite coincidence entre cette
solution analytique et la simulation faible Mach de SunfluidH le long de 1’axe central de la
cavité.

Pour la suite de cette étude, nous souhaitons travailler sur la géométrie simplifiée du proto-
type, en imposant les déplacements des deux pistons modélisant les sources acoustiques (ampli-
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FIGURE 7.4 — Résultat de simulations faible Mach des équations d’Euler 1D, gauche : vitesse

u(z,t) et droite : masse volumique p(x,t) pour la période d’oscillation du piston (a) v = 0.01s
et (b) v = 0.8s.

tude, fréquence et déphasage basés sur les expériences). Au départ, on travaillera dans une cavité
plane, puis on traitera le cas axisymétrique. Pour simuler le pompage de chaleur thermoacous-
tique, on pourra insérer un empilement de plaques a la place du régénérateur. On pourra ainsi
obtenir un pompage de chaleur le long des plaques. Le code de calcul SunfluidH est parallélisé
MPI et devrait permettre d’effectuer les calculs. Une étude en maillage et une mise en place
réfléchie des simulations est nécessaire pour limiter les temps de calcul, malgré 1’utilisation du
modele Faible Mach.

Un point clé sera ensuite la modélisation des transferts de chaleur dans le régénérateur
(considéré comme un milieu poreux homogene équivalent isotrope ou anisotrope) en présence
d’un écoulement oscillant. Nous aimerions pouvoir obtenir un effet thermoacoustique de pom-
page de chaleur le long du milieu poreux, sans avoir a considérer I’échange entre le fluide et le
solide au niveau de chaque pore.

La modélisation des échangeurs de chaleur est, elle aussi, délicate en raison des grandes dis-
parités d’échelle de temps entre les phénomenes de pompage thermoacoustique et de conduction
de la chaleur dans les échangeurs. Les idées d’études liées a cette machine sont donc nom-
breuses.

A plus long terme, nous souhaitons réaliser des simulations du prototype construit pour
I’ANR TACOT, rendant compte a la fois des phénomenes de pompage de chaleur thermoacous-
tique, des écoulements de convection naturelle et des écoulements de streaming acoustique.
Nous en sommes encore loin, mais la perspective est séduisante.

Une question ouverte reste celle de I’intégration de ces effets instationnaires, multidimen-
sionnels et nonlinéaires dans les codes 1D comme DeltaEC, pour améliorer les outils de dimen-
sionnement.
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e-mail: firdaous@limsi.fr The object of this study is the heat transfer associated to a buoyancy-induced flow devel-
. oping in a rectangular cavity, partly filled with porous medium, with given heat flux from

Patrick Le Quere the sides. Numerical experiments show the existence of a quasi parallel solution away
e-mail: plg@limsi fr from the top and bottom end walls, characterized by a linear vertical temperature profile.
Analytical expressions are derived for the velocity and temperature which, combined with

LIMSI-CNRS, BP 133, an energy balance, enable us to relate the stratification to the other governing param-
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1 Introduction alternate means to direct numerical integration of Navier-Stokes
Studies of flows developing in a system containing simultaa-”d energy equations. This study is motivated by recent results

neously a fluid and a porous layer are of both mathematical afft@ined with numerical simulations of the two-dimensional flow
practical interest. Such systems are important for instance in coBfeduced in a cavity where the heat flux is imposed on the vertical
ing or ventilation problems, and juxtaposition of porous and fluigoundaries(Weisman et al[7]). The horizontal boundaries are
layers is also involved in thermal insulation of buildings. Manynaintained thermally insulated. Isothermal contour lines and
numerical approaches have been applied to the study of thes@amlines are shown on Fig. 1.

systems. Simulations were performed on flows developing in aThe porous medium is adjacent to the heated wall and extends
rectangular cavity, either exclusively poro(isauriat and Prasad through a quarter of the cavity’s width. It clearly appears that the
[1]) or separated into a fluid part and a porous part. These lagb-dimensional flow becomes one-dimensional away from the
studies were lead for isothermal flowéafai and Kim[2]), natural  horizontal boundaries, and that this approximation is valid on a
convection flowsBeckerman et al.3], Le Breton et al[4]) and  |arge vertical extent. Also the temperature is found to vary linearly

for thermal and solutal convection flow§obin et al.[5]). There iy the vertical direction. These flow properties allow us to seek an

is a thorough and up to date review of such studies in Nield agl |, tical form for the solution in the central part of the cavity.

Bejan[6]. The analyti i i

. . ytical form was found by solving the problem in a
_In this paper we focus on the buoyancy-induced flows Creat%glvity of infinite vertical extent and finite width, partly filled with
in a rectangular cavity partly filled with a porous layer, when

natural convection is induced by imposing a given horizontal he&tPOrous layealso of infinite vertical extentadjacent to the hot

flux from the sides. We have not found any account of an expeW—a"' This calc_ulatlorj was analogous _to the work p_rewously done
mental setup to ensure cooling under constant heat flux. Howeif, & Solely fluid cavity(Bergholz[8], Kimura and Bejari9]) or a
although there are experimental setups with either constant tefRMpletely porous cavityTrevisan and Bejail0)). In all these
perature or constant heat flux on the hot side and constant te?ﬂ]dles, the analytlcal solution that was exhibited involves a strati-
perature on the cold side, other boundary conditions may be udiggtion parametery, which in the case of a cavity of infinite
for modeling: Nield and Bejaf6] specified that in the field of vertical extent is a free parameter. But for a vertically bounded
thermal insulation engineering, a model including constant hezvity, y is a function of the characteristic parameters of the po-
flux boundary conditions is more appropriate to describe the sidgus medium and of the Ra number. The valuey@ppearing in
heating of a porous layer. Moreover, in this paper we will perfornthe analytical solution can then be calculated by using an energy
a numerical-analytical study and we use these boundary congidance between conductive and convective heat transfer in the
tions because they clearly lead to a quasi-parallel solution.  cavity. A similar method was first applied in the case of cavities
Itis difficult to characterize the flow developing in a compositgyith differentially heated walls, for a fluid cavitGill [11]) or a
porous-fluiq layer using a numerical approach becau_se of the |a£§%§rous cavity(Weber [12]). Later the same method was used
number of independent parameters: there are physical parame{ats , the vertical walls are submitted to a heat flux, in the cases of
like the porous_layer permeability and thg thermal COﬂdl_JCtIVI[Huid (Kimura and Bejari9]) or porous(Trevisan and Bejafil0])
and heat capacity of both the porous medium and the fluid, 980, ities
metrical parameters like the width of the porous layer or the asd L . .
pect ratio of the cavity, and last the heat power injected in the After_havmg pr_esented the studied geometry, governing equa-
ns will be detailed and then the stationary analytical flow will

cavity. Because numerical simulations are time consuming, epoP— ) i .

ration of the flow characteristics when all these parameters vat§ calculated. A full parameter study will be presented: the verti-

within a physical range is very difficult. Our purpose here is to ugéll velocity and temperature profiles will be shown and analyzed

for a large range of the four independent parameters, the Rayleigh

Ipresent address: Laboratoire de Simulation et de NMadion des pheomaes UMber, the_DarCy number, the V‘_”qth _Of the porous medapn

de Propagation, Ensta, URA 853 du CNRS, Paris, France. E-mail imercier@enstafnd the vertical temperature stratificatigpn Then, using the en-
Corresponding author. . T ergy balance in the closed cavity to relat@ndep, Ra and Da,
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Fig. 1 Problem geometry (a) and steady flow in a cavity of aspect ratio 4, with heat flux
imposed on the sides. A porous layer covers the heated wall and fills one quarter of the
cavity. Ra =10°%, Da=10"*: (b) streamlines, (c) isothermal lines.

2 Problem Geometry 3 Generalized Navier-Stokes Equations in Partly

We study the two-dimensional flow developing in a verticaPorous Cavities
rectangular cavity, as represented on Fig. 2. The cavity is of heigh
H and of widthL. The horizontal axis is notedwhile the vertical
axis is calledz. The vertical wall located at=0 is submitted to a

t3.1 Description of the Natural Convection Flow in a Partly
Porous Medium. The flow in the cavity is induced by natural

horizontal heat flux density, constant and uniform. On the Othercqnvectlon, and the fluid densiyy is as_sumed to vary linearly
vertical wall atx=L is extracted the same heat flux density. Thi/Ith respect to the temperatuiie according to the lavp=p[1

cavity is partly filled with a vertical porous layer of widthplaced —B(T—Tc)]. B is the thermal expansion coefficierit, and pc.

in contact of the heated vertical boundary. Before studying i€ respectively the reference temperature and density. Outside the
heat transfer in the cavity, the first step consists in modellifgProus area the fluid is supposed to obey Navier-Stokes equations

the flow in the fluid and in the porous medium, which will ben the Boussinesq approximation. . o
presented in the next paragraph. In the porous medium the Navier-Stokes equations are modified

using a Darcy-Brinkman formulation. The equations can be writ-
ten in a unified form by using a parameterequal to 1 in the
porous lqz / fluid

porous medium, and equal to 0 in the fluid part.

H -
1-et M1 g6.9)0
— *E+E 74’( —€)(U.V)
=R LNy By @
- LI, —e—
— Pc Pc 9 Ve K
Jd L L\~ ~
pcCp —+U.V)T=>\AT, 2)
— at
+ v.0=o0. 3)
_>
In these equation$j is the fluid velocity andP is the pressurek
is the porous medium permeabilityy the porosity andv is the
> fluid viscosity. The effective viscosity takes into account the
influence of the porous medium on the fluid flow and is assumed
to be related to the fluid viscosity through the relatiag=1/¢.
—— The momentum Egq(1), which makes use of, implicitly takes
into account the distinction between Darcy velocity and intrinsic

velocity (see Nield and Bejaf6] and Amiri and Vafai[13,14).

d L However, since the porosity only appears in the time-dependent
term, the value of¢ will have no influence on the steady-state

Fig. 2 Problem geometry and vertical flow ~ wq(x) in the central  Solution. The Darcy term included in Eq. 1 induces a decrease of

part of the cavity the fluid velocity due to the presence of the porous medium. In the
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Fig. 3 Comparison of dimensionless vertical velocity profiles (left) and temperature profiles  (right ) at mid-height of the

cavity for r=1 and r=10 for one given numerical setup, A=4, Ra=10°%, Da=10"%, ep=0.25

porous medium only, the advective termp?J.VU is excluded, seph(1967) relating the stress discontinuity to the difference be-
which is consistent with the work of Be¢5]. Also in this equa- tween the fluid velocity at the interface and the velocity in the
tion, the Forchheimer termf/K1’2|fJ|fJ, wherec; is a geometric Porous medium slightly away from the interface. This condition
function (Alazmi and Vafai[16]), is neglected, since all simula- involves an empirical parameter, therefore requiring to be fitted
tions are carried out for low values of the Reynolds number, typitith experimental data. Ochoa-Tapia and Whitak#0,21] also
cally R,<1. The Reynolds number can be calculated using tm;ov_lde an mterfa_ce <_:ond|t|on, introducing a stress dlscontlnglty.
relation of the permeabilityCozeni-Karman formulaand of the Again their condition involves a parameter that needs to be fitted
geometric functiomf versus the porositgpdazmi and Vafa|[16]) with experimental data. Such data are_hard to find: in the experi-
This Darcy-Brinkman formulation is also used in Amahmid et amental work of Le Bretori22], it is specified that they were able
[17] where low Reynolds number values are also found. Lar§@ measure the vertical velocity in a horizontally differentially
values of the Reynolds number may be obtaineddfer 1. How- heated cavity, but unable to access the velocity in the porous layer.
ever, the Cozeni-Karman formula is not valid in this porositfochoa-Tapia and Whitaker also used a variable porosity model to
limit. Moreover, there is some uncertainty about the validity of thgontinuously link the Darcy and Stokes equations, and then
Forchheimer law at large porositjield and Bejar{6]). There- showed the complexity of the interface region. However, they still
fore, this term will be omitted in the rest of this paper. did not succeed in giving a representation model compatible with
Givler and Altobelli[18] have estimated the ratioof the ef- €xperimental observation. Therefore we have chosen to solve the
fective viscosity to the fluid viscosity to be approximately 7.3notion equations without modifying the existing interface condi-
+3, for values of the Reynolds number comparable to ours. Wi@ns in the numerical code. We will develop the appropriate con-
have performed several numerical simulations with values ofditions for the analytical solution in Section 4.
ranging from 1 to 12. For a rather high ratie- 10, we observed  In the energy equation, we have considered the case of a porous
small changegsee Fig. 3in the flow in the porous part comparedmedium of the same thermal conductivityy than the fluid con-
to the case of a ratio equal to 1, the maximum value of the streahictivity X. In this paper we also consider the special case where
function changing by 5.6 percent. The associated decrease of i Porous medium heat capacipycp) , is the same as the fluid's.
vertical temperature stratification is small, of 0.4 percent. Als®ifferent models linking\ and A are available(Beckerman
for a given numerical setup, the vertical temperature stratifict al-[3]), but the previous assumptions are justified in the case of
tion is found to vary almost linearly with. The steady-state so- & porous medium porosity close to ofiee Breton et al.[4]).
lutions obtained for =10 are close to those obtained for=1, Although these assumptions may seem restrictive, they allow us to
i.e., veg=v. obtain a plan-parallel flow satisfying the generalized Navier-
This ratior should be varied in order to correctly describe sevStokes equations. Indeed these assumptions allow for the continu-
eral kinds of porous media, but based on these results, we vity of the temperature and of the heat flux through the fluid-porous
assume in the rest of this paper th%&: v. Moreover since we interfacez which .iS in agreement Wlth model number | of Alazmi
cannot assess that our simulations would fit well with experimend Vafai[19]. Without these assumptions, the temperature would
tal data and because we do not pretend to cover all the experim&ill be continuous, but no longer analytic.
tal setups, we have chosen in our article to focus on the case of
r=1. This assumption is Commonly used when studying natural 3.2 Dimensionless Form of the Generalized Navier-Stokes
convection in a composite fluid-porous lay@eckerman et al. Equations. Classical scaling analysis for the pure fluid buoy-
[3], Lauriat and Prasafll], Le Breton et al[4]), and also when ancy flow induced in a vertical plate heated with a given flux
adding solutal convectioiGobin et al.[5]). It is also used in density leads to the following typical scalés kR&E®IL, AT*
isothermal flows(Vafai and Kim[2]). Moreover the assumption = pLRa Y%\, L% «xR&’® and p.v«R&/L?, respectively for
ve=v has been found to be in good agreement with some expdength, velocities, temperature, time and presd@ejan [23]).
mental observationBeckerman et al.3)). One can note that the Rayleigh number appears with a power of
One main modeling issue is the choice of appropriate boundab in this scaling analysis, which is directly related to the given
conditions at the fluid-porous medium interface. In the numerichkat flux boundary condition, as developed in B€ja8| (see p.
code, the viscosity coefficients are calculated in order to ensutr8l). Also, the non-dimensional parameters governing the prob-
the continuity of velocity and stress at the interface, which is ilem are different when solely porous flow is conside(see for
agreement with model number 2 in a recent study of Alazmi arekample Straughdr24]), as opposed to the fluid-porous flow con-
Vafai [19]. The widest used condition is that of Beavers and Jsidered here.
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Fig. 4 Steady state profiles wy(x) and 6y(x) for Ra=10°, ep=0.5, and v varying in the range [15,35]: (a) Da=1, (b) Da
=10"%, and (c) Da=10"%

The Rayleigh number is defined as-RaB8¢L*/\ vk where the Equation 8 can be integrated betweer0 andx=1, showing
thermal diffusivity is equal tac=\/p.C,. In a non-dimensional that Iiwo(x)dx=0, and, therefore, this solution satisfies mass
form, the governing Egs. 1, 2, and 3 in the porous medium reasbnservation. Projection on theaxis of Eq. 7 shows thap, is

RS only a function ofz. Equation 7 can then be projected onto the
i axis, and variables can be separated. The stationary pressure field

(1 6)(? 1-€)u.v
_6+—E+( —E)U.

Pr ¢ po(2) is found to be a second order polynomiakjrand Eq. 8 can
. be used to eliminate the temperature, leading to a fourth order
=-Vp+R&XT-T)Z+Al— D_D' (4) differential equation fow(x). The new system is
a
o e 4 € N 4
R&® — +0.V|T=AT, (5) D*wo— = D?wy+4y*wy=0, 9)
at Da
V.i=0, (6)
where the Prandtl number is defined as=Pfx and the Darcy R&¥(0y— 6,)= iWO—DZWO, (10)

number as Da K/L2. Da

where D=d/dx, 6. is a free constant, and the paramefeis

4 Stationary Solution given by
In this paragraph we will determine analytically the one-
dimensional flow created in a cavity of infinite vertical extent and 44*=Rd"°5= a\Ralp. (11)

finite width L, submitted to a given heat flux from the sides and
partly filled with a porous layer of widtll such thatep=d/L,
adjacent to the heated wall. The stationary solution is a verti R
velocity field depending only upon the horizontal coordingge ‘il Pe called the stratification parameter.

=w(x)Z. The associated temperature field is made of two con- 1€ boundary conditions on the left and right walls are zero
tributionsT—T,= 62+ 6,(x): a constant vertical temperature gra/€1City (n0 slip and given dimensionless heat flux:

dient 6, and a horizontal temperature distributiép(x). §is di-

mensionless and is deduced from the dimensional vertical Wwo=0 and Df#,=—Ra’® at x=0 and 1. (12)
temperature gradienta through the relation 6= alL/AT*

_ /5 ; et iR
a\Ra /‘P.' The horizontal temperature dlstrlbutl_on is due tol'he boundary conditions at the interface between the fluid and the
the convective heat transport associated to the vertical temperatbjr

i . - OFous medium are the continuity of the velocity field, of the
g;i(g%r: ?o:htzoeug?attizﬁa\rlsrgglﬂtiggWNO(X)Z' Eq. 4 and Eq. 5 temperature and of their first derivative with respect to xteo-

ordinate(Beckerman et al.3]). These conditions are necessary to

Jx4 the following the paramete$ will never appear again, ang

. . R find a solution (g, 6p) in the correct functional frameworkag
0=—Vpo+Ra&"™( 62+ 05)Z+D*WoZ ~ 5-WoZ, (™) cH10,1), 6, HY(]0,1)).
A one-dimensional solution is found, taking the form of the
R 6wy=D26,. (8) sum of four complex exponential terms in each domain, the do-
Journal of Heat Transfer FEBRUARY 2002, Vol. 124 / 133
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Fig. 5 Steady-state profiles wy(x) and 6y(x) for Ra=10° ep=0.5, and y varying in the range [2,15]: (a) Da=1, (b) Da
=1073, and (c) Da=10"5

main containing only fluid, and the one filled with the porous 4.1 Influence of the Darcy Number. In order to illustrate
medium. IntroducingA =1/D&— 16y*, when A is positive the the effect of the Darcy number, we will first consider the case
solution reads Ra=10° and ep=0.5, i.e., the porous layer filing half of the
cavity. The Darcy number used here, Di/L?, is defined using
the macroscopic reference lendthA “microscopic” Darcy num-

Wo(x)=A1eXV1’2‘ 1/Dat V“K)_,'_Aze—xv‘lIZ( 1/Dat QK)+A3exv‘1/2(llDa— VE)

+A4e’x"m, 0<x<ep ber, Dd would be multiplied by a factor typically F}fle“, since
Da =K/I2=(K/L?).(L?1?). Da should vary in the range
Wo(x)=B,et T4 B,e 1 g gl -1t g el -1 Dyx, 10 *<Da’ <10° (values for fiber glas§25] p. 9, p. 26, corre-
sponding to 10'°<Da=<10. A porous medium characterized by a
ep<x<Ll. (13)  very low Darcy number is very impermeable, and should act like

WhenA is negative, the previous formulas are still valid replacing Solid medium. On the contrary, very high values of the Darcy
JA& with i /=A. The temperature fielé,(X) is obtained from the Number are characteristic of a very permeable medium, which
velocity field derivatives according to Eq. 10. Using the boundaghould behave like a solely fluid phase. The effects of variation of
conditions and the interfacial conditions, the eight constants df¢ Darcy number upon the velocity and temperature profiles
calculated by solving a 88 linear system. This analytical solu-differ according to the range of, and two main ranges are
tion has been compared with a numerical solution obtained byesented:

direct simulation in a two-dimensional configuration, and excel- Large Values ofy: 15<y=35. Variations of the velocityy,

lent agreement has been obtairféeisman et all7]). It is inter- nd of the temperature distributiagiy versus the horizontal coor-

esting to note that the stationary solution does not depend on -
Prandtl numbePr= v/ x, which is not the case for the perturba-g}ﬁatex are represented on Fig. 4 for three values of the Darcy

tions of this base flow for example. number belonging to the _ran@&O’G,l]. As expected when the

Our resuls o be generaized 10 the case of a ralfilie o he permeablly s arge (Geb), e porous layer ber
r(= veq/v) different from 1, by changing equatias) into width of the cavity. The flow takes the form of two separated
€ boundary layer flows, one flow going upward near the heated wall
Da D2wg+47y*wy=0, (14) and the return flow moving downward near the cooled wall. In the

a LG

core between the two boundary layer flows, the velocity is nearly

where a new functiom(e)=1— e+r e has been introduced. Thenequal to zero. For larger Da numbers, the same curves are ob-
the interface condition would be the continuity wf, and of tained. For intermediate values of the permeability €018~ %),
aDw,, keeping the continuity of temperature and heat flux.  the upward flow splits into two flows: one developing in the po-

The stationary velocity and temperature profiles depend on m@us part, the other one appearing in the fluid part in contact with
merous parameters: the Rayleigh and Darcy numbers, the dim#ire porous layer. Last in the case of a low value of the porous
sionless widthep of the porous layer and also the parametein  medium permeability (Da 10 © or smalley, the porous layer is
the case of a cavity of infinite vertical extent considered here, tleguivalent to a solid layer and the flow just develops in the fluid
stratification parametey is a free parameten will be calculated part, ep<x=<1. Therefore we observe that the upward boundary
in the next section in the case of a closed cavity. Before that, tteyer becomes located next to the porous layer, which behaves
influence of all four parameters previously mentioned on the viéke a solid boundary. We also observe that the effect of the de-
locity and temperature profiles will be discussed. crease of the Darcy number is to bring the upward boundary layer

aD4W0—
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closer to the downward boundary layer, and thus to reduce the .2 , ,

independence between the two boundary layers. The effect of the /\ AN

increase iny is an increase of the absolute maximum velocity in ~ 0.15 | fooy

the boundary layers. / P
Now for the horizontal temperature distributi@g(x), it must z 0.1 R , ‘

be stated that given the heat flux boundary conditions, the tem- 0.05 b - 1 N

perature field is defined except for one constant valueWe take ’ \ )

that constant to be zero in the middle part of the purely fluid layer. 0

The temperature is then found to be constéqual to zerp

throughout the fluid, except in the boundary layers, and that holds -0.05 |-

for all values of Da ory. In the purely fluid part, to the upward

and downward boundary layer flows are associated small varia- 0.1 1 e= 0022 ___________
tions of 6. In the porous medium, the temperature variation is L 0.75

larger and increases continuously when the permeability decrease:
or wheny increases. In the case of a low value of the permeability -0.2 L
of the porous medium (Dal0 %), heat transfer in the porous Y 0.25 0.5

layer is quasi conductive and the temperature consequently varies
linearly. Fig. 6 Velocity profiles wy(x) for Ra=10%, Da=1075, y=15

It is useful to note that whatever the value of the Darcy numband three values of ep: ep=0.25, ep=0.5, and ep=0.75
is, the same downward flow and associated temperature distribu-
tions are observed near the cooled vertical wall. This is due to the
fact that the medium is still purely fluid in contact of the cold
wall, and also that the two boundary layers do not interact. The
temperature gradient over the fluid medium is the same for &l Determination of the Stratification Parameter
permeability values.

) ) 5.1 Energy Balance Method. The method, apparently first

Small Values ofy. 2= y=15. Profiles of the velocityv, and  geveloped by Kimura and Bejd8], consists in defining a control
of the temperature dlStrlbUth@b versus the horizontal Coordinatevomme incorporating the upper horizontal boundary of the Cavity,
x are represented on Fig. 5 for three values of the Darcy numbgicated atz=H, and part of the vertical walls, as represented on
The casey=>5 summarizes the effect of changes in the value @fig. 8. Conservation of energy inside the control volume leads to
the Darcy number for small values of it appears that the de- equality between convective and conductive heat fluxes through
crease in Da induces a transition from a double boundary layte control volume surfacg:
regime to a conduction regime flow. This last flow is associated to

a te_rnperature profile varying linearly on the whole width of the fpccpﬁj_dgz f AVT.dS (15)
cavity. s s

4.2 Influence of the Rayleigh Number. It should be noted In a non-dimensional form Eq. 15 becomes
that the widths of the boundary layers are independent of the
Rayl_eigh number,_ once, ep, ar_ld Da are specified._The effect of Rag/sf Ta.dd= f VT.d3 (16)
varying the Rayleigh number is to modify the maximum value of s s
the velocity and of the temperature. More precisely when the ] ) ] )
value of Ra is increased by a factor of 10, the maximum value Beplacingl with T=T,+ 6z+ 6o(x) and using mass conservation
the velocity is multiplied by four and the maximum value of thdhrough any horizontal plane
temperaturglat x=0) is multiplied by a factor close to 5/3. It 1
should also be noted that this study focuses on stationary solu- f
tions, and that therefore these calculations only hold for Rayleigh
numbers below the critical Ra number for the first bifurcation.

wodx=0,
0

4.3 Influence ofepand of y. The influence of the width of
the porous layeep and of the value of the vertical temperature
stratificationy appears more clearly for a value of the Darcy num-
ber Da=10"%. On Fig. 6 are represented the variations of the
velocity profile for the following parameter values: Ra(®, Da ar
=105, y=15, the value of the porous layer width varying be- &
tweenep=0.25 andep=0.75. It appears that an increase in the -
width of the porous layer induces a transition from a separated
boundary layers flow to a dependent boundary layers flow and las' i ; -
to a conduction regime flow. 3 L N e o

The same transitions take place when the stratification param: : f
eter y decreases. This can be seen on Fig. 7, showing the varia 27
tions of the velocity profile for Ra10°, Da=10 6, ep=0.25, :
with y increasing frony=5 to y=20. 4 : o : ]

As already mentioned in the introduction, the stratification pa- ‘ !
rametery is a free parameter for the natural convection flow _g H
within an infinite vertical slot. But when dealing with a finite 0 0.25 0.5 075 1
cavity, the vertical extent of the flow is bounded by horizontal
walls, and that may be taken into account to determine the valgg. 7 velocity profiles wgy(x) for Ra=10° Da=10"%, ep
of the stratification parameter, as shown in the next paragraph=0.25 and three values of y: y=5, y=10 and y=20

gamm'a =5 —
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— [ — Fig. 9 \Vertical temperature profile obtained from two-
dimensional numerical simulations at mid-width of the cavity
for Da=10"%, ep=0.25, Ra=10%, A=5. A least squared approxi-
mation for the central linear region is shown.
—P —l
0 e L
Fig. 8 Location of the control volume, with boundary S shown  times (typically one to two hours on NEC SX5 are neefiethe
in bold line calculation is much faster for Dirichlet boundary conditions

(given temperatune
The vertical temperature profilsee the example shown in Fig.
) o 9, corresponding td=5, ep=0.25, Ra=10°, and Da=10"*) on
the left hand side of Eq. 16 can be simplified. Also the Uppghe sectiork=0.5 was then plotted. For large enough aspect ratios
horizontal boundary is insulating, and the fluid velocity is zero o A>1), there is a large linear section away from the boundary
all cavity walls. Consequently, the following energy balance igoordinates £=0 andz=H/L=A). The corresponding slopé

obtained: was calculated using a least squared error approximation, from
1 4% which the value of the corresponding value pfvas calculated
f WobodX= =57 (17) using Eq. 11,y=(R&"8/4)""*. The value found fory does not

0 depend on the vertical section selected for plotting the tempera-

Once the Rayleigh and Darcy numbers are chosen, Eq. 17tyge profile.
solved fory using a bisection method. The solution for the verti- Excellent agreement results from the comparison between val-
cal velocity and for the temperature is then completely determing@s of y determined numerically and semi-analytically using the
using the analytical expressions fwg and ¢, previously detailed. energy balance: for a heating of the fluid corresponding to Ra
. i . . . =10, and a porous widthep=0.25 the values of the vertical
5.2 Comparison With Numerical Simulations. The values emnerature stratification found from the energy balanceare

of the stratification parameter obtained using the analytical eX- — 14 787 v=16.299 andy=14.736 for. respectively. the Darc
pressions of Egs. 10 and 13 and the energy balance method r%r'nﬁer ,v);lluesl Da'lofzjy 10!4 and ’106p Y Y

‘scribed in th i h d with th ) ) From the two-
scribed in the previous paragraph were compared wi 0S€ Himensional temperature distributions numerically obtained, the

sued from dlr.ect integration of the twp-dlmen3|0n§| tim alyesy=14.79, 16.30, and 14.74 were determined for a fluid of
dependent Navier-Stokes and energy equations. For a given s Pat]ndtl number Br »/k=071 and for the same values of the

! R lation(17) is independent of the cavity’s height Therefore

f)treoli?yb:\::akt\f/;\rldasEruelg(r:giﬂ ;nS]':goi ggg? emﬁlt gro 21223 iﬁ:(‘tﬂg stratification parameteris independent of the aspect rafio
! 9 : éaf the cavity, as soon as is large compared to the widthof the

algorithm of march in time is based on a projection methoé;’gvity. We verified this property on the solution obtained numeri-

known as a modified fractional time step method and introduc v, Wi rformed a test on mpletely fluid cad Fi
by [26]. The algorithm involves implicit treatment of the viscous@y- Ve periormed a test on a completely fluid ca sge Fig.

and Darcy penalty terms as well as explicit treatment of the colllg(a)) as well as ona flu.|d-porous cavifgee Fig. 1()), for
vective term and the pressure gradient. The spatial discretizat %veral aspect ratios ranging from 1 ‘9 8. In both cases, thg Ray-
is based on a staggered mesh where the discrete equations/&Jf& n"umber was equal to 10The vertical temperature profiles
based on finite volume formulation. The resulting sparse pentarf 10wn correspond to the=1/2 section. On the figures the central
agonal systems are solved by an ADI factorization. For solvinj!€@r portion of the profiles seem to be parallel for all shown
the Poisson equatidiin solving for the pressure fielda multigrid ~ 8SPeCt ratios. We calculated the corresponding valugs bf the
method is used. It was proven that the convergence of the numd¥ist case(fluid cavity, Ra=10°) the values obtained are as fol-
cal method is of order 2 in space and in time. The numericlws: y=14.821(for an aspect ratiA=1), y=14.640A=2),
results were examined by varying the number of grid points from=14.663 A=4), y=14.661 A=6), y=14.660 A=8).
32x64 to 128<256. Refining the grid allowed to obtain grid The value found analytically isy=14.659. In the second case
independent results. In the case of a cavity filled with fliid., (Da=10"*, ep=0.25, Ra=10P), the obtained numerical values
for D,>10), results are in exact agreement with result@f. It are y=16.301 A=2), y=16.301 A=4), and y=16.300(A
should be noted that reaching truly steady state solution in the 6), the analytical value being=16.298. The aspect rati&

case of Neumann type boundary conditiégisen heat flux on the =1 is too small to be able to neglect the effect of the horizontal
boundaries requires integrating the equations over very lonpoundaries. The result of these comparisons is clear and confirms
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theta

Fig. 10 Vertical temperature profile obtained from two-dimensional numerical simulations at mid-width of the cavity for
several aspect ratios:  (a) fluid cavity, Ra =10°; (b) Da=10"*, ep=0.25, Ra=10°.

that y is independent of the aspect raho We next present a cavity. This property remains true for adlp values. However
parameter study of the stratification parametecalculated using when Ra decreases, differences between the valuesfarf ex-
the analytical solution and the energy balance. treme values of the permeability appe@dig. 11(b)). For Ra

5.3 Results for a Porous Layer of Widthep=0.5. On Fig. >2.10" we note thatys is slightly larger thany;, whereas for
11(a) and(b) are drawn the variations of the stratification paramRa<2.1¢f, we note thaty is slightly smaller thany;. For in-
eter y with respect to the Darcy number for several values of th§ance where p=0.5 and Ra 10", we obtainedy;=5.322 and
Rayleigh number, and a constant width of the porous layer Widtyhs=5.012.

ep=0.5. The transition betweeyg and y; takes place on a fairly narrow

First of all, one can note that for large Darcy number valyes S .
is approximately constang(Da)~ y(1) for Da= 1. This value of Da} ranget. Ln thatftransmc;m mc;r?r?seDs and reaclr;esda ma;xtjmgm
v will be notedy; since the porous medium is then very perme\fa ueé notedyma for a vaiue or the Darcy number denoted by

able and behaves like a fluid. Similarly, for small Darcy numbePamax (located roughly between Bal0™* and Da=10"°). Thus,
values, y is also approximately constani(Da)~y(10~°) for the influence of the porous medium permeability on the vertical
Da<10"°. This value ofy will be noted y, since the porous témperature gradient is concentrated around this point
medium is then very impermeable and behaves like a solid. Thef@max:Danad- The two valuesyma and Dg,, just depend upon
fore our results obtained for the range ?6Da<1 can be easily the Rayleigh number and the width of the cavity, and it appears
extended to the range 16<Da<1(F. that the location of the maximum Rg, decreases when the Ray-
Furthermore looking at large values of the Rayleigh number Igigh number takes larger values. .
Fig. 11(a), one can see thag;~ys. This means that when the Last we observe that when the heating strength, measured by
porous layer fills half of the cavity, the vertical temperature stratthe Rayleigh number, is increased, the value of the stratification
fication does not change whether the flow develops either througarameter follows the same behavior. This can be understood con-
the whole width of the cavity or only through only half of thesidering the heat conservation equation Eq. 16, where it appears

85 ? Ra=le4 ——
- 2 ----------
8+ 5ed -
Ll e T R e e
4 = 7F 4
£
£
{8 65|
20 | . e e
: e 6 F H i . -
15 froceues SRR D S - e S y H _\
5 ; ; i i 5 ; i i i
1e-09 1e-08 1607 1e-06 1e-05 0.0001 0.001 0.01 0.1 1 1e-09 1e-08 1e-07 1e-06 1e-05 0.0001 0.001 0.01 0.1 1
Da Da
@ (b)
Fig. 11 Vertical temperature gradient vy versus the Darcy number Da for different heating strengths Ra, ep=0.5: (a) Ra
€[10°,5.107]; and (b) Rae[10%5.10].
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that the vertical conductive heat transport term in the right hand
side of the equation is proportional to a power law of the Rayleigh
number.

gamma_'fluide i
0.681"x"*0.22222 -
A+

e

The cavity studied here is characterized by parameters Ra and : ’_,.»+/
ep and by the parameteng, ., and Da,,, that we have just intro- : A
duced. Useful relations between these four parameters can be* A
found, and are presented in the following sections. g

gamma

5.4 Case of a Purely Fluid Cavity Da= «.
(denotedyy) for large values of the Darcy number are interesting,
since in this case the cavity remains purely fluid, whatever the e
value of the width of the porous layer is. Thus this value depends
only on the Rayleigh number.

Figure 12 shows the variations of log) versus log(Ra) where
log denotes the decimal logarithm, for twelve values of the Ray-
leigh number.y; is found to depend on the Rayleigh number
according to the law Fig. 12

The values ofy Vs
10 | — ’/,vl' -

"

|-

10000

100000 1e+06 1e+07

Ra

1e+08

log (yp versus log (Ra), with 12 values of Ra shown
v=0.681 R&". (18)

Also in the same case of a purely fluid cavity, Kimura and Bejan ) .
[9] have found a power law between the vertical temperature gra-"Vhen the porous layer is no more perfectly permeable, there is

dient in the core of the base flow, the Rayleigh numbeggRaend & Point of maximumy called yp,,, with corresponding Da called
the aspect ratio A of the cavityiT/dz=CA*Re/S. Contrary to Dmax: Ymaxand Dgyyare functions of Ra anep. Expressions of
us, their result depends on the aspect ratio because they have ﬁlggae functions will be determined now.

a Rayleigh number depending on the height of the cavity. Using5.5 Evolution of y,,, Versus Ra andep. Figure 13a) rep-

our definition of the Rayleigh number, their law becom&Bldz  resents the variations of Ig(,,) versus the logarithm of the po-
=C'R&, as in Eq. 18. rous layer width for several values of the Rayleigh number. There

26 50 T T T L
24 45 | ' ; /_,,/’--
290 | 40 foo ot - ,/“ J——
35 - (RSN S B B S —
- 2+ 2 A+
g 830 e
E 18} S A
= 25 | H g 4
S 16} 3 S
20 - /(’
14 15 b '//f-/ b
P
12 j 10 - /+,+ ;
i H i H H i 5 -V.V i L i i
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In(ep) gamma_f
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il
\ 24t . P N 4
o 1081 *\ - 1 Y
8 ~ 28 / ;
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\‘ .42/' i
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Ra In(Ra)
© (@)
Fig. 13 (a) In(vmax) versus In (ep). Each line corresponds to a value of Ra, and on each line, each point corresponds

to a value of ep. There are twelve Ra values in the [10%,5.107] range, and eight ep values in the [0.25,0.8] range; (b)
c(vyy) versus the stratification parameter  y;in the entirely fluid layer, each point corresponds to one of the 12 Ra values

of (a); (¢) a versus In (Ra), each point corresponds to one of the 12 Ra values of (a); (d) b versus Ra, each point
corresponds to one of the 12 Ra values of  (a).
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Fig. 14 (a) log (¥max) Versus log (Ra). Each line corresponds to a value of  ep, and on each line, each point corresponds to a
value of Ra. There are twelve Ra values in the  [10%,5.107] range, and five ep values in the [0.5,0.8] range; (b) l0g (¥max) VErsus
log (Da), same ep values and Ra values as in (a); (c) function d(ep) versus ep, all eight ep values in the [0.25,0.8] range; (d)
In(¥max /P2(€p)) versus In (Ra/Dayy), all ep values and Ra values.

are twelve values of Ra: Ral(, 2.1¢f, 5.1¢%, 1(°, 2.1, 5.1¢, The above expression usgs, which is a function of Ra, as
108, 2.16, 5.1¢, 107, 2.10, 5.10, and eight values oép ep Written in Eq. 18. In the following chapter, another fit is found for
=0.25, 0.3, 0.4, 0.5, 0.6, 0.7, 0.75, 0.8. At first glance, approxii€ expression o, as a function of Ra, Da,, andep

mately parallel straight lines are obtained, leading to the law

Ymax=C(Ra)ep’%. For each line the coefficiernt was obtained - : -
using a least squared error fit. Instead of determiri(ga), 14(a) are represented the variations of the decimal logarithm

variations ofc versus the stratification parametgrin the entirely °9(Ymax) versus log(Ra) for different values of the width of the
fluid layer may be studied, since we have just shown tpais POroUs layer. The same twelve values of Ra as in the previous
linked to the Rayleigh numbeEq. (18). Figure 13b) giving the Section are used, and only 5 valuesepfare shown on Fig. 14)
variation ofc versusy;, indicates that(Ra)=P,(y;) whereP; and (b): ep=0.5, 0.6, 0.7, 0.75, 0.8. It appears that,, varies

is a first order polynomial. More careful analysis showed that thi&ke Ra™*. In addition Fig. 14b) gives the evolution of [0g¥ya)
straight lines observed on Fig. (8 are not perfectly parallel nor versus log(Da,,), still for different values ofep. Here ymax IS
straight, and thatma,/c(Ra) is not exactly equal tep’*%. Writ-  found to vary like DgX“. Thus the maximum value of depends

ing the law in the formy,,,,/c(Ra)=a(Ra)ep’ "3, the functions pon the ratio of the Rayleigh number to,Ra, according to the
a(Ra) andb(Ra) were fitted. Variations o& and Inp) versus law y,m=d(ep)(Ra/Day,,) 8. Values ofd(ep) were obtained us-

In(Ra) are represented respectively on Fig(cland (d). The . | maxt )
results are that functioa takes the form of a second order pon-mg a least squared fit using all Ra values for a giepnalue. The

nomial of In(Ra), and thab varies exponentially with Ra. As af_unctior_1 d(ep), represented on Fig. o, f’ found to _bg well
summary, the analytical fit that found for evaluationygf,, as a fited with a second order polynomial(ep) =Px(ep). Similarly

5.6 Evolution of y,,., Versus Ra, Da,,,, and ep.  On Fig.

function of Ra ancepis to the previous section, the power of 1/8 may be improved. From
b(Re Fig. 14(d), giving the variations of Inf,./P.(ep) versus
Ymax= P1(yr)a(Raep™ ™, In(Ra/Day,y for all eight values of the porous layer’s width, and
P1(ys) = —2.27+ 1.44y; all twelve values of Ra, we deduce the lawy,./P,(ep=0.925
a=1.769-0.113IMRa +3.891 10°(In(Ra)%  (19) X (Ra/Da.,)*1%
b=2.512 103xR&3" for Ra<10° As a summary, the analytical fit found for the evaluation of
=5.604 102x R&%% for Ra>10° Ymax @S @ function of Ra, Day, andepis:
Journal of Heat Transfer FEBRUARY 2002, Vol. 124 / 139
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Fig. 15 ¥max (@ and Da ., (b) calculated from the analytical fit versus the same quantities calculated directly from
the model equations. All points shown (12 values of Ra and 8 values of ep).

Ymax= P2(ep) X 0.925%

Ra \0128 analytical formulas givingvg(x) and 6y(x) and from Eq. 17 for
m) (20) the energy balance, and on theaxes the values given from the
fits of Eqgs. 19 and 21. If the fits are correct, all points should fall
P(ep)=1.057-0.68<ep+0.376xep’ on they=x line. Figure 1%a) shows they,,, values and Fig.
From Egs. 18, 19, and 20, the following law relating,Raand 15(b) shows the Dg,, values. All points are show(il2 values of
the Rayleigh number and the porous layer's width may be dea and 8 values afp). The fits seem to be correct, except for the

duced, wheré®;(s), P2(ep), a(Ra), ando(Ra) are given in the estimate of Dg,y for small Ra valueglargest values of Dg, for
referenced equations: all epvalues.

P,(ep)x0.925 78 One interesting quantity is the ratio ¢f,,, versusy; : it mea-
. 21 ici

P1(0.681Ré’9)a(Ra)epb(Ra>) (21)  sures thg effnuenc?y of the.presence of a porous Iay.er.on the hgat
) o ] ) transfer in the cavity. On Fig. 16 are reported the variations of this
This relation indicates which porous material must be usesre (atio versus the Ra number or the Ranumber.
precisely which permeability should be chosemorder to obtain  Regylts show that for a given porous width the presence of a
m%)t(fl]mOL:‘Th\éertloiil Zﬁ? g&ﬂzferérghtﬁ ?ﬁéﬂgse?‘?gs':q; fgrr %ga'l‘r"%brous layer improves the vertical heat transfer in the cavity in
w : porous fay Wi : loerg yer | two specific situations: when external heating is inteflaege
insulating wall for exampleand a given amount of energy SUP_Visiah b hen th dium | .
plied to the material. ayleigh numberor when the porous medium is more imperme-

According to the previous study, one can now determipg, ~20le(small Dawy). .
and Da,,, from the knowledge of Ra anep, according to Egs. 19  After having studied vertical transport of heat, the next para-
and 21 that summarize the fits that were performed. Figure ggaph will be devoted to the determination of horizontal heat
shows the quality of these fits for determinifg,,and Da,,,. On transfer between the two vertical walls of the cavity, and the cal-
the figure are shown on theaxes the values calculated from theculation of Nusselt numbers.

Danax= Rax

1.4 T T

b 1.36 -
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116 |

0
¥ O
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1
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Fig. 16 ymax/7r calculated from the analytical fit ~ (solid curves ) and calculated directly from the model equations (points )
versus (a) Ra and (b) Da,, - All points shown (12 values of Ra and 8 values of ep, bottom ep=0.1to top ep=0.8).
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Fig. 17 Nusselt number Nu versus Da, top:  ep=0.25, bottom: ep=0.75; (left) Rae[10°5.107] (right ): Rae[10%5.10].

6 Nusselt Numbers Therefore heat transfer is more efficient when the porous layer is
- . . . permeable or thin, and when Ra is high. For small Da numbers,
The cavity is submitted to a horizontal heat flux of density Nou is close to 1(conductive heat transfeand variation of Ra

and we saw in the previous paragraph that part of this inject L )
: : : : Oes not affect the value of Nu. This is especially true for larger
energy is convected vertically. Now we are interested in the ho(raorous layer widthep (corresponding to an almost totally solid

zontal propagation of the energy through the width of the Cavitg.avit )
Once a horizontal heat fluxp is imposed, the horizontal Y.
heat transfer capacity of the cavity is characterized by the result-
ing horizontal temperature difference between the vertical bound-

aries AT=T(x=0)-T(x=L). As usual, the Nusselt number 5
is defined as
4.5 I
oL 4t i
Nu= ——, (22)
NAT 35 !
which in dimensionless form, usingy6y= 05(x=0)— 0o(x=1), 3k J
is ep=0.10 ——
5 2 -3 Y S S p—— P 0.20 —— .
Ra 0.25
Nu= —. (23) 2 .30
A6, 15k .40
The efficiency of the horizontal heat transfer through the cavity 1 ;28 i
is measured by the Nusselt number. When the wigjtlof the .75 -
porous layer is fixed, variations of Nu versus the Darcy number 0.5 : : : 80 - 1
for a fixed Rayleigh number are drawn on Fig. 17. In complement 0 i i : ; ; i

when the Rayleigh number is fixed the variation of the Nusselt 1e-9 1e-8 1e-7 1e-6 1e-5 1e-4 1e-3 1e2 fe1 1
number versus Da for several porous layer thicknesses are pr Da

sented on Fig. 18. From the two figures a predominant tendency in

the behavior of the Nusselt number can be deduced: Nu increabgs 18 Nusselt number versus Darcy number for various ep
with the Darcy and Rayleigh numbers, but decreases wjth values, Ra =10°
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These results can be understood, looking back at the horizorgdmenclature
temperature profiles presented on Fig. 4 and Fig. 5. On these .
figures one can see the temperature differenég, which is in- A = aspect ratie-H/L
versely proportional to the Nusselt number through Relation 23. It Sp = isobaric specific he?t]/kgK
clearly appears that the horizontal temperature distribution pre- D& = Darcy numberK/L
sents a large decrease essentially in the porous part. Moreover the_d = Porous layer thickness, m
temperature difference through the porous medium is proportional dS = surface vector )
to the width of the porous layer, and is larger when the porous €p = dimensionless porous layer thickness
medium is impermeabléwith a linear temperature variatiogn g = gravitational acceleration, s
when strong vertical flow develops in the cavity, a large convec- H = cavity height, m
tive heat transport is induced, leading to a small horizontal tem- K = permeability of the porous medium,”m
perature difference. Therefore horizontal heat transfer is essen- L = cavity width, m
tially affected by the presence or the absence of flow. To strong Nu = Nusselt number oL/NAT
vertical flow is associated large heat transfer. Then the influence P = pressure, Pa
of the Darcy number and of the porous part width previously p = dimensionless pressure
described is directly deduced from the base flow characteristics, Pr = Prandtl numbet v/«
which are: the flow is stronger in the fluid layer, and is decelerated r = ratio veg/v
in the porous part as this layer becomes impermeable. Ra = Rayleigh numbergBL*p/\ vk

Concerning the influence of the Rayleigh number, one can look t = time, s
at the heat conservation equation Eq. 5 written in the case of a T = temperature, K
stationary flowAT=Ra&(0.V)T. Thus an increase in the value T = dimensionless temperature
of the Rayleigh number induces stronger vertical heat transport. T, = reference temperature, K
Small horizontal temperature difference is then induced in the AT = horizontal temperature difference, K

cavity. AT* = temperature difference scafeoLRa %\, K

U = velocity vector, m/s

7 Conclusion G = dimensionless velocity vector

We have presented the complete calculation of the one- u-= d!mens!onles:x component of the veloc]ty
dimensional buoyancy-induced flow developing in a rectangular w= dlm_enS|onIesz component of the velocity
cavity, where the vertical boundaries are submitted to a horizontal X — horizontal coordinate
and uniform heat flux, and a vertical porous layer is placed close z= vert!cal coordinate . +
to the heated wall. Our aim was to improve the analytical deter- ¢ — Vvertical temperature gradient, K
mination of the one-dimensional flogWeisman et al[7]) by cal- B = fluid thermal expansion coefficient, K
culating the stratification parameter associated to the plan- ¢ = dimensionless vertical temperature gradient
parallel flow. A6, = dimensionless horlzont_al'temper_ature difference

In the case of a vertically infinite cavity, is a free parameter € = porous layer characteristic function

and we have presented the influence of the characteristic param- ¥ = Stratification parameter(Re"/>5/4)* )
eters of the cavityDa, Ra,ep, and y) on the stationary flow. ys = stratification parameter for an almost solid porous
According to the values of these parameters, we can observe a medium
transition from a double boundary layer fldwith boundary lay- « = thermal diffusivity=\/p.c,, m’s™
ers independent or linkgdo a conductive regime flow. A = fluid thermal conductivity, W/mK
In the case of a closed cavity, we have calculated the value for x = dynamic viscosity, k?ﬁm S
the stratification parameter. The method is based on the use of the ¥ = kln_ematlc_wscosnyé s
balance between vertical convective and conductive heat transfer p = fluid density, kgm™
both in the fluid and in the porous medium. The obtained values of pc = fluid reference density, kg it
y are also in perfect agreement with the values found with the 6o = dimensionless horizontal temperature
two-dimensional numerical simulations. We have shown that the 6. = reference dimensionless temperature
stratification parameter reaches a maximum valyg, for an in- ¢ = prescribed heat flux density, Wfm
termediate value of the porous medium permeability,,RaWe ¢ = porosity
have determined by fitting some simple relations betwegn.,  supscripts
Da,.x, epand Ra. With these relations we can now determine the )
permeability of the porous material leading to maximal vertical O = refers to stationary state _
heat transfer for a given heating strength, and a given porous layer eff = refers to effective properties for a fluid-saturated po-
width. rous medium
Moreover we have characterized the horizontal heat transfer [ = refers to the fluid )
through the cavity by calculating the temperature difference be- P = refers to the porous medium
tween the vertical walls of the cavity, once a given heat flux be-
tween the vertical boundaries is prescribed. This temperature dif-
ference is found to develop essentially in the porous part amgkferences
therefore Nusselt numb.ers are larger when the porous layer b%i] Lauriat, G., and Prasad, V., 1987, “Natural Convection in a Vertical Porous
comes permeable or thin. Cavity: A Numerical Study for Brinkman-Extended Darcy Formulation,”
Now that we have completely characterized the base flow in the ASME J. Heat Transfer,09, pp. 688—696.
cavity, the linear stability analysis of this flow can be performed.[2] Vafai, K., and Kim, S. J., 1990, “Fluid Mechanics of the interface Region

: : Between a Porous Medium and a Fluid Layer—An Exact Solution,” Int. J.
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in Vertical Enclosures Containing Simultaneously Fluid and Porous Layer,” J.
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This study aims at exploring the potential generation of natural convective flows in thermoacoustic de-
vices. To this effect, two thermoacoustic setups are considered without acoustic oscillations, each setup
thus constituting a cavity filled with air and comprising a porous medium heated on one of its ends.
In the first configuration, the porous medium is a ceramic stack. In the second configuration, an ambi-
ent heat exchanger using circulating ambient water is placed on the other end of the porous medium
(which is a regenerator). The wall temperature is measured in several points using thermocouples and
natural convection flows developing in these cavities are measured in a vertical plane using Particle Im-
age Velocimetry. Moreover numerical calculations are performed based on simplified 3D configurations,
using immersed solid bodies at prescribed temperature to represent the heating or cooling elements and
describing the porous media as homogeneous and either isotropic or anisotropic. Navier-Stokes equa-
tions under Boussinesq assumption are solved in the entire domain with the addition of a Darcy cor-
rection term in the porous media. Excellent qualitative and quantitative agreement on velocity fields is
obtained between experimental and numerical simulation results for both configurations, which validates
the model description. It is shown that the observed natural convection flows are fully three-dimensional

and of significant magnitude so that they could potentially interfere with thermoacoustic effects.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Thermoacoustic devices use thermal and dynamic interactions
between the acoustic oscillations of a working inert gas and con-
ducting solid walls to generate either heat pumping for refriger-
ating purposes or mechanical work for engine operating purposes
[1]. These interactions are called the thermoacoustic effect. They
occur nearby the solid walls, in a thermal boundary layer area:
the gas experiences acoustic oscillations, while exchanging heat
with the solid wall. In order to increase the exchange surface area,
a porous medium is used. This porous medium is placed between
two heat exchangers, forming the thermoacoustic core (TAC). The
heat exchangers enable to either impose a temperature gradient
along the porous medium, in order to produce acoustic power
(engine), or to benefit from the heat pumping effect steered by an
imposed acoustic oscillation (refrigerator). The thermoacoustic core

* Corresponding author.
E-mail address: weisman@limsi.fr (C. Weisman).

https://doi.org/10.1016/j.ijheatmasstransfer.2019.119195
0017-9310/© 2019 Elsevier Ltd. All rights reserved.
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represents the active part of the device, where the energy conver-
sion takes place. Usually, thermoacoustic devices also include an
acoustic resonator for sustaining the acoustic wave, and potentially
an acoustic source or a linear electric generator, depending on
the desired conversion effect. Thermoacoustic devices represent
an interesting ecological alternative (almost no moving parts, the
use of inert gas, simplicity) for industrial applications: cryogenics
[2], air conditioning [3], domestic refrigeration, solar powered
thermoacoustic engines [4], electric energy generators (conversion
of the acoustic power into electric power) [5], waste heat recovery
(for example, thermoacoustic heat pumps are used to upgrade the
waste heat for renewed use in the industrial process) [6]. How-
ever thermoacoustic devices still suffer from poor performance
generally caused by the existence of several nonlinear phenomena
interfering with the process of energy transfer and deteriorating
the global performance of the device. These nonlinear phenomena
are related to jet-driven streaming, acoustic streaming, harmonic
generation, end-effects and natural convection, and are not well
described or just partially. Among these phenomena, natural con-
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vection has been the least investigated. The present study focuses
on the effect of natural convection flows.

The influence of natural convection on starting conditions for
a thermoacoustic engine was pointed out in an early paper of
Gardner and Swift [7]. They observed that in the engine under
study, the acoustic oscillation did not start although the design
parameters were respected. This appeared to be due to a distor-
tion of the mean temperature field, which was identified by the
authors as originating from gravity-driven convection in the stack.
The experimental procedure was modified, in order to reduce the
convection flow, by decreasing the mean pressure and start the
oscillation at a lower pressure. Once the oscillation was stabilized,
the mean pressure was changed to its designed value. This is the
option generally chosen by thermoacousticians: try to avoid or to
reduce natural convection; but most of the time it is impossible to
completely avoid it, since the devices come in a variety of geome-
tries. The influence of the tilt angle on the starting condition of a
solar powered thermoacoustic engine was analyzed more recently
using Thermal Infrared Imager temperature measurements in the
TAC [8]. In cousin devices that are pulse tube refrigerators, natural
convection was also pointed out as a major source of losses
[9,10] but no detailed analysis was performed and no estimate or
measurement of the natural convection velocity field is available.

Apart from these few experimental evidence of natural con-
vective flows in real devices, some experimental studies aimed at
characterizing natural convection in simplified academic configu-
rations. Natural convection and heat transfer inside a horizontal
empty resonator, taking place between a hot heat exchanger and
a cold heat exchanger, was investigated experimentally using ther-
mal infrared imaging and particle image velocimetry (PIV) [11],
and for different tilt angles [12]. It was shown that heat transfer
mode changed from natural convection to forced convection with
the addition of acoustic oscillation.

The role of natural convection on the distortion of Rayleigh
streaming flow was exhibited in some recent experimental studies
[13-15]. Measurement of the sole convection velocity field along
a vertical section of the resonator under a temperature gradient
was performed in [14] in order to explain the distorted streaming
velocity field observed, but the measurement was very localized
and there was no theoretical explanation of the complex velocity
measurements obtained. Measurements of the mean velocity
field in the entire cold resonator part of a simple standing-wave
thermoacoustic engine were recently performed by Ramadan
et al. [15]. Using both PIV and LDV techniques, they showed the
existence of a mean flow with or without thermoacoustic oscil-
lations. This flow was identified as natural convection combined,
when acoustic waves are present, with Rayleigh streaming. How-
ever, in this preliminary study, measurements were performed
only in the central horizontal plane, which is limiting for the study
of natural convection. More generally, a characterization of the
3D nature of the natural convection velocity field suggested by all
above-cited studies is still lacking and its influence on the overall
thermoaoustic heat transfer not yet quantified. This is because
dedicated adequate measurements of natural convection flow and
temperature distribution are difficult in real devices, due to the
many coupled intricate physical phenomena.

From the numerical point of view, natural convection is not
yet included in thermoacoustic designing tools. It is therefore
necessary to develop a numerical tool that can predict the mag-
nitude and flow pattern of natural convection flows as well as
the associated temperature distribution. So far it is unrealistic to
integrate all effects in one complete numerical code, for a given
complex device: acoustics, thermoacoustic energy conversion,
acoustic streaming, natural convection without powerful comput-
ing resources. This is due to the existence of several distinct time
scales (acoustic, thermal diffusion) and spatial scales (wavelength,

viscous and thermal boundary layer thickness, device’s charac-
teristic scales). Such simulations would therefore be very time
consuming, since long physical times would have to be discretized
in small time steps, and extended physical domains discretized
with fine mesh. Morever, for a better understanding of how sev-
eral physical processes interact, it seems relevant to study them
separately in a first approach. Therefore, this study focuses on the
natural convection flow in thermoacoustic device configurations,
with no acoustic oscillation. As will be shown further, the geo-
metrical configuration of thermoacoustic devices can generally be
considered as a series of heated cavities, some of which are filled
with a porous medium. Each cavity is submitted to a temperature
difference, which can generate a heat-driven flow.

Convection flows through non homogenous and anisotropic
porous media in cavities heated from the side are quite well de-
scribed, with studies started in the 1980s [16]. The same problem
in mixed fluid and porous cavities was treated extensively in the
literature [17,18]. The convection flow depends strongly on the
geometry of the cavities and the previous general studies cannot
be directly applied to the specific case of a thermoacoustic engine.
The specific geometry of a thermoacoustic stack was considered
in [19], where natural convection in a 2D differentially heated
horizontal cavity, filled with a stack of plates, was considered.
This study showed that a Darcean porous model gives correct
orders of velocity scales, and allows for a qualitative description of
the solutions. A preliminary 3D numerical study of the effects of
natural convection in a cylindrical guide containing an assembly of
a hot heat exchanger and porous medium was conducted recently
[20]. The influence of the porous medium’s physical characteristics
(permeability, thermal conductivity, anisotropy) on the flow and
temperature fields was investigated.

The numerical approach of [20] is pursued in this paper on
realistic configurations, and confronted with experiments resulting
from extending the preliminary study in [15]. In the present anal-
ysis, the experimental and numerical models were elaborated and
calibrated jointly in order to improve the description of natural
convection flows in a thermoacoustic system. The first objective of
this paper is to predict natural convection flows in configurations
that are representative of such systems. The second objective is
to show that the model works well by comparison with possible
measurements in parts of the device.

As mentioned above, to isolate natural convection from other
phenomena, we chose to work with a thermoacoustic cavity but
not with a thermoacoustic device; i.e. no acoustic oscillation was
generated in the cavity. Whether or not natural convection should
be accounted for in the design of a thermoacoustic device is going
to depend highly on the device’s geometry and its orientation
with respect to gravity. It is also going to depend particularly
on the thermo-physical parameters of all constituting elements,
and specifically the thermoacoustic core. Therefore, and in order
to explore increasingly realistic geometries, we investigate two
different configurations: the first one consists in a very simplified
thermoacoustic core that is composed of an electric heater at-
tached to a ceramic stack; the second one is composed of the same
two elements followed by an ambient heat exchanger. These two
configurations are further referred to as horizontal cavity without
ambient heat exchanger (or 1st configuration), and horizontal
cavity with ambient heat exchanger (or 2nd configuration).

In the following, the first configuration is investigated in
Section 2. The experimental setup and method are described
(Section 2.1) and the numerical method is presented (Section 2.2).
Experimental and numerical results are then compared and dis-
cussed, and the potentiality of the numerical model for predicting
purposes is assessed (Section 2.3). The configuration with ambient
heat exchanger is considered in Section 3, following the same
approach.
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2. Horizontal cavity without ambient heat exchanger (1st
configuration)

2.1. Experimental setup, measurement systems and procedure

For this first comparison between experimental and numerical
approaches, a very simple thermoacoustic cavity is used. As shown
in Fig. 1a, the resonator is made of a glass tube with inner and
outer diameters of 39 mm and 44 mm, respectively. The total
length of the resonator is 738 mm and the thermoacoustic core
is placed at a distance of 129 mm away from one end of the
resonator. The thermoacoustic core consists of an electric heater
attached to one side of a 400 CPSI (Cell Per Square Inch) ceramic
stack that has length of 60 mm. The axial coordinate is also
defined in Fig. 1a, with x = 0 corresponding to the right end of
the ceramic stack. In such a simple thermoacoustic engine, apply-
ing high enough temperature gradient along the stack generates
sustainable standing acoustic waves. A more detailed description
for the experimental setup can be found in [15]. In order to isolate
the natural convection flow, the two small plugs at the ends of
the resonator tube were removed to cease any acoustic oscillations
and velocity measurements were performed in the central vertical
plane. It was checked previously [15] that the removal of the plugs
does not affect the natural convection flow.

A PIV system is used to measure the natural convection
flow in the central vertical plane. The PIV system consists of a
double pulse Nd:YAG laser source that illuminates the vertical
plane. Two cameras (Imager Pro X) with spatial resolution of
2048 x 2048 pixels? and maximum repetition rate of 15 Hz are
used to record the images. Each camera is equipped with a Nikon
lens (Model: Sigma 105 mm). The two cameras are placed next to
each other in order to increase the size of the measurement Field
Of View (FOV). An atomizer aerosol generator (Model: TOPAS ATM
210) is used to atomize oil to produce seeding particles with a
mean particle diameter of 0.4 pm. In order to achieve better cor-
relation between the acquired double-images, the time between
laser pulses is adjusted to allow the seeding particles to displace a
distance of about 1/4 the size of the interrogation area [21].

The measurement procedure followed in the current study is
similar to the procedure we followed in our previous work [15]. In
order to have enough seeding particles after the system reaches to
the steady-state conditions (i.e. the change in the temperature over
the PIV measurement period does not exceed 5%), the preheating
technique is followed. A 31.5W + 1% electrical power is applied
to the hot heat exchanger (coiled resistance). After the preheating
of the system, the seeding particles are introduced from one

738 mm
-

e 129 mm < B0MmM _

extremity and flow until reaching the other extremity of the duct
so that the seeding particles are dispersed over the whole duct.
The system is left for 3 min in order to eliminate the effects of the
seeding introduction on the natural convection flow. Finally, the
PIV measurements are started and 100 double-images captured.
The natural convection flow distribution is measured in the central
vertical plane, covering the axial distance from x = 0mm (end of
ceramic stack) to x =520 mm. Since wall temperatures are very
important for the study of the natural convection flow, several
thermocouples are used to measure the wall temperatures and
the temperatures at the center of the two side sections of the
ceramic stack. As shown by Fig. 1b (large dots), on the tube wall
for each axial position there are two temperature measurements
corresponding to the top and bottom of the tube wall.

The uncertainty of the measured quantities (i.e. temperature
and the velocity) is estimated by repeating the measurements (3
times) under the same input electric power to the electrical heater
and calculating the standard deviation of these quantities. The es-
timated value of the uncertainty in the temperature measurements
is thus found to be + 1 % of the reported mean temperatures.
For the velocity measurements, the uncertainty of the measure-
ments is calculated over the whole measurement area and then
the spatial-average uncertainty is calculated. The spatial-average
uncertainty is found to be =+ 13 % of the reported velocities.

2.2. Numerical model

2.2.1. Numerical simulation parameters

A simplified 3D configuration is introduced in order to model
the experimental configuration described in the previous section
(Fig. 2a). The domain under study is a horizontal cylindrical tube
of length L and radius R, filled with air and closed at both ends.

The ceramic stack, constituted of horizontal capillaries of
square cross section with side length a =1 mm, is modeled as
a homogeneous and anisotropic porous medium of length L,
and radius R (see Fig. 2a and Table 1a). Its porosity €, defined
as the ratio of gas volume to total volume is calculated based
on the given geometry. The equivalent permeability in the axial
direction is Kxx = C’ZTG (calculated using [18]), its permeability in
the radial and azimutal directions are approximately zero (in
the code they are set to 1012 m?). The equivalent thermal con-
ductivity is assumed isotropic and homogeneous, of scalar value
kp = €kgyig + (1 — €)kygyg (again based on [18]). The numerical
values of these parameters are given by Table 1b.

The hot exchanger (coiled resistance), placed at a distance
L; from the left end, is modeled as 2 solid rings of width ey,

s
Electrical Ceramic
> 0 >X
7y Heater Stack

ww 6g
>
@

Plug

129 mm:

(a)
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Fig. 1. (a): Schematic for the thermoacoustic resonator and image of the thermoacoustic core. (b): Thermocouples locations and results of measurements (in K) in the 1st

configuration.
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Fig. 2. (a): Numerical configuration for the 1st configuration, (b): temperature prescribed in the numerical model along the tube wall, as a function of axial position (solid
line), and measurements on top/bottom of the outside tube wall (squares) reported from Fig. 1b.

Table 1

(a): Geometrical and thermal parameters, (b): Thermophysical parameters for air and

porous medium, 1st configuration.

R L L €n Ly Thot Teold
mm mm mm mm mm K K
39 738 129 5.8 60 520 293
(a)
P " k Cp € Kix kp
kgm3 kgm's! Wm'l'K! Jkg!K! m? W m~ 1K'
1.07 1.9x10°° 2.8 x 1072 1004 0.64 8.10-8 9.18.10!

(b)

and a central core maintained at certain hot temperature (the
central core being hotter than the outside ring). Temperature
values prescribed in this hot heat exchanger are: 420 K on the
outside ring, 523 K on the middle ring, and 627 K in the central
core. Therefore the “average” hot temperature is estimated as
Thot = 520 K. Along the tube wall, temperature is imposed as a
function of the axial coordinate only, based on the measured
temperature distribution, as shown by Fig. 2b. Since for each axial
position there are two measures of temperature (at the top and
bottom of the outside wall) reported in Fig. 1b, the average value
between the two measured values was calculated and prescribed
for the corresponding axial position. On the left of the HHX, the
temperature distribution is then fit with an exponential function.
Along the porous medium a linear variation is used. Finally on
the right of the porous medium the temperature distribution is fit
with another exponential function (Fig. 2b).

The thermophysical parameters for air are calculated for at-
mospheric pressure and at a reference temperature chosen to be
Ter = 320 K which is the global mean temperature of the air.

2.2.2. Governing equations

In the fluid domain, the Navier-Stokes equations are written
as classically under Boussinesq assumptions. The reference air
density p, thermal conductivity k, heat capacity cp, dynamic
viscosity u, and volume expansion coefficient at constant pressure
B =1/T,s for an ideal gas are constant and equal to their value
for a reference temperature T, and atmospheric pressure.

The thermophysical characteristics of the porous medium are
its porosity €, its permeability tensor K, and its equivalent thermal
conductivity kp. A scalar phase variable X is introduced to identify
the nature of the medium (X = 1 for gas, X = 0 for the porous
medium) so that a Darcy term appears as additional term in the
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right hand side of the momentum equation in the case of the
porous medium zone. Therefore the equations can be written in a
unified form as:

VV=0
+V.(pVeV) = =Vp+ AV — pB(T — Ty)
g— (1-X)uK'v

d(pV)
ot

pcp(?; + (V.V)T) = V[(Xk+ (1 -X)kp)VT]

In the above equations V is the velocity vector, p is the nonhy-
drostatic pressure, T is the temperature, t is time and g is the
acceleration of gravity.

On all solid boundaries (i.e. the cylinder walls and the heat
exchanger solid parts), a no-slip condition is imposed, and the
temperature is prescribed as detailed in the previous section.

2.2.3. Numerical method

Computations are performed with the in-house code SUN-
FLUIDH, which has been developed at LIMSI for simulations of
unsteady incompressible flows. The previous governing equations
are solved in the entire domain using a finite volume approach
with a second order discretization in space and time. An implicit
treatment of the viscous and thermal conductive terms ensures
better numerical stability with regard to the time step which only
depends on the CFL criterion. The equation set is solved by means
of an ADI method [22]. An incremental projection method is used
in order to ensure the divergence-free velocity field [23,24]. This
implies to solve a Poisson’s equation at each time step which
is carried out with a multigrid-SOR algorithm [25]. The solution
corresponds to the time-variation of pressure from which the
correction term is estimated in order to get the divergence-free
velocity field. The mesh is body-fitted regular.

The numerical domain is meshed using 64 points regularly
spaced along the radial direction, 64 points regularly spaced along
the azimutal direction, and 512 points placed regularly along
the axis. The mesh size in the axial direction is Ax =1.4mm.
In the radial direction, Ar = 0.61 mm. It was checked through a
mesh-refinement study that this spatial resolution is adequate for
the given configuration. The time step is adjusted throughout the
simulation in order to satisfy a CFL < 0.5 criterion.

2.3. Results and discussion

Fig. 3 shows the experimental and numerical velocity vector
maps and colored contours of the axial velocity component for
the central vertical plane at the right side of the porous medium,
which corresponds to the measurement field of view (close-up
views for the figures near the porous medium (i.e. x = 0) are also
shown in Fig. 3). Fig. 4 shows the numerical temperature field
over the same region. The vortex flow observed is indeed that of
natural convection of air in a cylindrical fluid cavity, triggered by
a horizontal temperature gradient (the temperature of the right
side of the porous medium is still much higher than the ambient
temperature, as shown on Fig. 4). The numerical temperature at
the center of the right end section of the porous medium is found
to be equal to 320 K, in good agreement with the measured value
of 328 K (see Fig. 1b). Experimental and numerical results agree
remarkably well (Fig. 3), considering the numerous simplifications
and approximations made in the numerical model. It should be
pointed out that the numerical calculation converges to a steady
solution, in agreement with experimental results (in which the
temperature and thus velocity fields only change very slowly in
time). The main difference lies in that for x > 150 mm a small
flow remains observable along the whole experimental field of
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view, while in the numerical simulation it becomes negligible.
This could be due to the fact that the temperature imposed on the
tube boundary is based on the measurement of the outside tem-
perature and not on the inside, which should be slightly higher,
therefore extending the natural convection flow. Also the presence
of the openings on the tube ends (open plugs) is not modeled
(a closed end with no slip condition is imposed in the numerical
domain). In addition, the maximum amplitude and the extent of
the convection flow in the field of view are highly dependent on
the value of the driving AT imposed through prescribed boundary
temperature values. The temperature on the glass tube is not
controlled and the ambient temperature varied slightly during the
experiment (about 2 degrees). The effect of changing AT by + 2 K
(i.e. representing 12% of AT =17 K for the experimental field
of view) could also explain the observed discrepancy between
the measurements and the numerical results : A rough model
gives the max velocity amplitude as a linear function of AT. The
corresponding variation of the extent of the convection cell is
harder to estimate. Fig. 5 shows the axial profile of the vertical
velocity component obtained from experiments and numerical
simulations at the central vertical plane, again on the right side
of the porous medium, for several values of the radial coordinate
r (which on this plane measures the height). Here again the
agreement between experimental and numerical results is very
good, except for the limit x — 0 (end of the porous medium)
where the local geometry changes are not accounted for in the
model (the porous medium being considered homogeneous). Also,
the porous medium being very anisotropic, the model used for
the hot exchanger (and particularly its solid-fluid geometry shown
on Fig. 2a) influences the velocity near x = 0. As expected, the
velocity profiles are not symmetric with respect to the x-axis, and
show the development of the convection boundary layer along the
“hotter” section x =0, in the bottom half between r = —15 mm
until r = 0. The maximum velocity then decreases because when
the flow reaches the top tube wall it is forced to turn. Fig. 6 shows
the axial profiles of the axial velocity component obtained from
experiments and numerical simulations in the same locations
as Fig. 5. Here again the agreement between experimental and
numerical results is very good, except for the limit x — 0 (end of
the porous medium). As expected, the velocity is negative for the
lower part of the tube, and positive for the upper part, forced by
the upward flow along the hotter porous medium end x = 0. Fig. 7
shows the vertical profile of the axial velocity component obtained
from experiments and numerical simulations on the central ver-
tical plane, on the right side of the porous medium, for several
values of the axial position. The agreement between experiments
and numerical simulations is good, but the maximum values are
about 20% off. Also, as noted on Fig. 3, for x > 150 mm, there is a
small discrepancy between numerical and experimental results.

Fig. 8 a and b show velocity vector maps and colored con-
tours of the axial velocity component obtained from numerical
simulations and experimental data from [15] on the central hor-
izontal plane, on the right side of the porous medium. There is
again excellent agreement between experiments and numerical
simulations. Convective velocities are of course a lot smaller on
that plane than on the central vertical plane. Fig. 8c shows the
numerical and experimental transverse profile (as a function of
the radial coordinate) of the axial velocity component on the
central horizontal plane at x = 60 mm. On this plane the flow is
symmetric with respect to the x-axis.

In order to better understand the convective flow observed
in the measurement field of view, contours of the axial velocity
component and temperature in the central vertical plane obtained
from numerical simulations are shown within the porous medium
on Fig. 9a and b, and left of the hot heat exchanger on Fig. 9c
and d. The flow inside the porous medium is indeed character-
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Fig. 3. Velocity vector maps and colored contours of the axial velocity component obtained from experiments (a) and numerical simulations (b) on the central vertical plane,
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on the central horizontal plane at x = 60 mm.

istic of natural convection flow in a cavity filled with a strongly
anisotropic porous medium (Fig. 9a). The flow is constrained to
remain in the horizontal plane, and the permeability being very
small, conduction dominates convection (with mostly horizontal
stratification of temperature), and the flow is very slow. Also,
because of the porous medium'’s anisotropy, the model used for
the hot heat exchanger influences the flow in the right fluid cavity,
i.e. in the measurement field of view: For example the no-slip
condition on the solid core and rings and the zero permeability
in the radial and azimutal directions put high constraints on the
development of the flow in the porous medium. The flow thus

retains the geometry of the hot heat exchanger (Fig. 9a). In the left
fluid cavity the convection vortex turns in the opposite direction,
because the cooler boundary is on the left (Fig. 9c).

In order to get an insight in driving effects in the thermoacous-
tic cavity, the maximum velocity in different regions is examined
thereafter in light of classically defined reference Rayleigh num-
bers and associated velocity scales. On the right side of the hot
heat exchanger, the flow is driven by the temperature difference
AT = Ty — Teoiq- The flow in this region should then be that of a
differentially heated cavity partly filled with an anisotropic porous
medium. Using the axial permeability Kyx and equivalent thermal
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Fig. 11. Numerical configuration for the 2nd configuration.
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conductivity kp, the porous medium Rayleigh number is Ra, =

PEPBATHKxx i _ kp
e with op = -

s the porous medium equivalent thermal
diffusivity, and H a reference height [18]. Using all geometrical
and thermophysical parameters presented previously (Table 1), and
taking the reference height H = R, this porous Rayleigh number is
Rap = 1.1. The associated velocity scale is Vs, = %Rap =0.02 m/s
[18]. The maximum velocity in the region on the right of the hot
heat exchanger is about 0.04 m/s, which is indeed on the order
of this velocity scale. The characteristics of the porous medium
therefore determine the strength of the convection flow.

On the left of the hot heat exchanger, the flow is driven by
the temperature difference between the left end of the cylindrical
tube and the heat exchanger (imposed based on the experiments
and equal to about AT; =110 K). The flow in this region should
then be that of a differentially heated fluid cavity. The refer-
PEBATH?

pa
with o = 76 the fluid thermal diffusivity, and H a reference
height [17]. Using the same reference height H =R, this fluid
Rayleigh number is Ra = 3.36 x 10°. The associated velocity scale is
Vier = $Ra'/? = 0.38 m/s [17]. The maximum velocity in the region
on the left of the hot heat exchanger is about 0.15 m/s (Fig. 9c),
which is indeed on the order of this velocity scale. The strength of
the convection flow in this region will then be determined by the
effectiveness of the isolation of this "hot” part of the tube.

When this simple thermoacoustic engine is functioning (with
plugs in place), acoustic velocities of about 2 m/s and streaming
velocities of about of 1 cm/s have been observed for the same
applied electrical power [15]. Therefore the present results confirm

ence fluid Rayleigh number is classically given as Ra =
k

13

that natural convection is significant and that this phenomenon is
important in understanding mean velocity measurements in such a
device. This phenomenon, as acoustic streaming and jet streaming,
is a source of heat flux that should be taken into account for a
realistic thermal balance in such a device. Moreover, the above
presented results show that a simple model as the one proposed
here gives realistic results, meaning that a thermoacoustic core
is satisfactorily described as a homogeneous porous medium in
terms of natural convection effects. Finally, it was found that the
use of Rayleigh numbers give a correct order of magnitude for the
convective velocity, that can be used for a preliminary estimate.
In the following section we consider a configuration slightly more
complicated and more representative of an optimized system
because an ambient heat exchanger is added. Our aims here are
the same as above, i.e. investigate the natural convection flows in
such a system both experimentally and numerically.

3. Natural convection flow in a cavity with ambient heat
exchanger

3.1. Experimental setup, measurement systems and procedure

In this second experimental setup, many factors were taken
into considerations in the design process to overcome difficulties
encountered in the 1st configuration. First, the resonator duct is
chosen to have a square cross-sectional area to facilitate the PIV
measurements in the vertical plane (x —z plane in Fig. 10a) at
different transverse locations (y-direction). Second, an Ambient
Heat Exchanger (AHX) is added on the right side of the regen-
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erator to keep its temperature constant. At the left side of the
regenerator ends is placed an electric resistance as in the 1st
configuration. Third, a thermal insulation is used to cover the hot
part of the resonator and hence to reduce the heat loss through
the walls of the resonator tube. As shown in Fig. 10a, the setup
consists of a square duct with inner side length of 44 mm and
the total length of the duct is 2655 mm. The left part of the duct
is made of aluminum whereas the right part of the duct is made
of acrylic to grant an optical access for the laser measurements.
Two loudspeakers (Model: PHL - B20/2410) are attached to the
ends of the duct. As before, in order to isolate the natural con-
vection flow, no acoustic wave was generated in the resonator,
that is the loudspeakers were turned off. The thermoacoustic core
consists of a regenerator placed between the Hot Heat Exchanger
(HHX) and the AHX. The coordinate system is also defined in
Fig. 10a, with x = 0 corresponding to the right end of the AHX. As
shown in Fig. 10b, the regenerator is made of stainless steel wire
meshes stacked in a steel canister with a total length of 40 mm.
The volumetric porosity (i.e. the ratio of the gas volume to the
total volume) of the regenerator is 80%. The HHX is made of an
insulated electric heater wire with total length of 450 mm and an
outer diameter of 5 mm. The electrical wire is formed as shown in
Fig. 10c, yielding a porosity of the hot heat exchanger of 43% and
a length in the axial direction (i.e. x-axis) of 10 mm. As shown in
Fig. 10d, the AHX is made of three parts. The central part, which is
responsible for the heat exchange between the gas and the water,
is printed (using 3D printing technology) from steel powder. The
other two parts (white in Fig. 10d) are printed from plastic to
avoid the heat transfer through the walls. The three parts are
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glued together and assembled with the resonator duct. The central
part of the AHX is made of fins with thickness of 1 mm and plate
spacing of 1 mm. Also, there are two water paths where the water
flow direction in one of them is in the opposite direction to the
other to achieve a temperature uniformity over the cross-section
of the AHX. The inner and outer diameters of the water tubes
are 3 mm and 5 mm, respectively. The total length of the AHX
in the axial direction (i.e. x-axis) is 20 mm and its porosity
is 40.5%.

The same PIV system as for the first setup was used and a
similar experimental procedure was followed. Here the input
electrical power was 30 W + 1% and the temperatures of the walls
of the aluminum duct are measured (see Fig. 10e). Thermocouples
are placed beneath the thermal insulation and in contact with the
walls of the duct to accurately measure the wall temperatures.
It was checked that thanks to the AHX, the temperature of the
right part of the resonator duct (i.e. acrylic duct) remains at the
ambient temperature therefore, no temperature measurements
were conducted on the walls of the acrylic duct. The PIV mea-
surements performed in this system focus on measuring the
natural convection flow at the end of the AHX in the vertical
plane (i.e. x — z plane) and at 7 different transverse locations (i.e.
y=0,4+£5mm, £15 mm and =+ 19 mm).

The uncertainty in the temperature measurements is £+ 1 % of
the reported mean temperatures. The value of the spatial-average
uncertainty in the velocity measurements is reduced to + 6 %
(compared to =+ 13 % in the first experimental setup in which a
circular duct is used) because the laser light reflections are less
when the duct walls are flat (i.e. square duct).
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Fig. 13. Velocity vector map overlapped on the color map of the axial velocity component at the exit of the AHX on vertical plane at y = —5 mm (top: experiments, bottom:

numerical simulations).
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3.2. Numerical model

As previously, a simplified 3D configuration is introduced
in order to model the experimental configuration (Fig. 11). The
horizontal duct has a square cross-section (with side length equal
to the inner side length of the experiment | = 44 mm).

The regenerator is modeled as a homogeneous parallelepi-
pedic isotropic porous medium block of length L, =40 mm and
cross-section width 38 mm, inserted in a steel case (as in the
experiment). Its thermophysical characteristics are its porosity
€ = 0.8, its permeability Ky = Kyy = Kz = K = 108 m? (based on
experimental work performed on similar materials [26]), and its
equivalent thermal conductivity kp =3.16 W m~! K-! (calculated
as kp = €kppig + (1 = €)ksolig)-

The hot heat exchanger (electric wire) is modeled as 6 vertical
solid plates of axial width e, = 10 mm (as in the experiment)
and transverse width equal to 4 mm, maintained at given hot
temperature Ty, = 438 K.

The ambient heat exchanger, placed on the right side of the
porous medium, is modeled as 6 horizontal solid plates of axial
width e =20 mm (as in the experiment) and transverse width
equal to 4 mm maintained at given cold (water) temperature
T.q =291 K. In between the solid plates, the vertical fins are
modeled as a homogeneous anisotropic porous medium (i.e. stack
of thin plates). The characteristics of that porous medium are its
porosity € = 0.4 (as in the experiment), its permeability assumed
anisotropic K = Kz = d3/(12d; +d,) = 1078 m? (where d; is
the plate’s interspace and d, the plate’s width, based on [18]),

PR NN

s

SAA AR

Kyy ~ 0, and its thermal conductivity k, =27.4 W m~! K- (cal-
culated from the porosity and thermal conductivities of gas and
plates).

On the left of the HHX, in order to model the thermal insula-
tion, the duct walls are adiabatic. Therefore the steady temperature
in that region should be homogeneously equal to the hot temper-
ature Ty, and the natural convection flow should not extend very
far. For that reason and in order to lower computational costs, the
length of the duct left of the HHX is reduced to L; = 160 mm.

Since the thermal insulation also covers part of the regenerator,
the duct walls are adiabatic along the insulation (with axial exten-
sion identical to that used in the experiment). The temperature of
the remainder of the duct wall along the regenerator is prescribed
equal to T, = 294 K. The ambient temperature T, is prescribed
along the duct walls on the right side of the AHX.

The temperature difference T, — To;g = 3 K being quite small,
the natural convection flow should not extend very far. For that
reason and in order to lower computational costs, the length of
the duct right of the AHX is reduced so that the total computa-
tional length is smaller than that of the experiment and equal to
L =430 mm. The reference ambient temperature T,,, is used to
calculate the thermophysical parameters of the fluid.

The numerical domain is meshed using 64 points regularly
spaced along the cross sectional sides in the y and z directions.
The mesh size in the axial direction is Ax = 1.6 x 10~ m. This
spatial resolution is adequate for the given problem configurations.
The time step is adjusted throughout the simulation in order to
satisfy a CFL < 0.5 criterion.
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Fig. 14. Velocity vector map overlapped on the color map of the axial velocity component at the exit of the AHX on vertical plane at y = 0 (top: experiments, bottom:

numerical simulations).
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3.3. Results and discussion

As for the previous configuration both simulation and experi-
ments reach a steady state. Figs. 12-14 show the velocity vector
map overlapped on the color map of the axial velocity component
of the natural convection flow obtained from experiments and
numerical simulations at the exit of the AHX on vertical plane for
3 different transverse locations y = —19 mm (Fig. 12), y = —5 mm
(Fig. 13), and y =0 (center plane, Fig. 14). Experimental and
numerical results agree remarkably well, both qualitatively and
quantitatively, considering the numerous simplifications and ap-
proximations made in the numerical model. As in the case of the
first experiment -without AHX-, the natural convection vortices
extend for a longer axial distance in the experiments than in
numerical calculation. Again, this could be due to the fact that
the temperatures imposed on the tube boundary are based on the
measurement of the outside temperature instead of the inside. The
convection vortex is in the opposite direction than in the config-
uration without ambient heat exchanger, and the maximum axial
velocity component is about half. The direction of the flow comes
from the fact that the ambient heat exchanger is very effective, so
that the tubes containing the cold water are cooler than the ambi-
ent temperature on the right fluid cavity. Therefore the fluid tends
to move downward in the vicinity of the AHX and then is forced
to turn right at the bottom of the duct. The order of magnitude of
the velocity can be compared to the natural convection reference
velocity in a fluid cavity calculated using ATy = Typp — Ty = 3 K
and a reference height H =44 mm. The calculation gives the
Rayleigh number Ra = 1.63 x 10* and V,,; = 0.07 x 10~ m/s. The

maximum velocity in that region is about 0.025 m/s (Figs. 12-14),
which is indeed on the order of this velocity scale. In order to
better understand the convection flow, contours of the calculated
axial velocity component and temperature in the central vertical
plane around the regenerator (the measurement field of view
does not extend left of x =0) are shown on Fig. 15. Analysis of
this figure and of Fig. 12 shows that in this experiment the AHX
prevents the development of a strong natural convection flow on
the right part of the duct. Therefore the duct is clearly separated
in two parts, left of the AHX and right of the AHX.

Since the regenerator is placed between the heat exchangers,
the flow is similar to the natural convection flow in a porous
differentially heated cavity (Fig. 15). However the regenerator’s
permeability being very small, so are velocities (on the order
of 0.002 m/s) and isothermal lines are almost vertical, i.e. the
regenerator acts like a conducting solid. The order of magni-
tude of the velocity can be compared to the porous natural
convection reference calculated using AT = Ty — Tooq = 147 K,
H =44 mm. The calculation gives the porous Rayleigh number
Rap =126 x 107" and Vo, = 2.2 x 103 m/s. The maximum ve-
locity in the regenerator is about 0.002 m/s (Fig. 15), which is
indeed on the order of this velocity scale. Both the ambient heat
exchanger and the isolation of the hot duct contribute to the con-
centration of temperature gradients in the regenerator only. The
convection flow inside the regenerator depends then mostly on its
permeability.

On the left of the HHX the flow is clearly driven by the
flow between the mesh wires of the regenerator (Fig. 15). The
temperature in that region is almost homogeneously hot.
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Fig. 15. Contours of the axial velocity component (top) and temperature (bottom) in the vertical central plane (numerical simulation results).
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In sum, the simple model proposed here predicts the natural
convection flow inside the entire device, with good agreement
with measurements in the field of view.

4. Conclusion

Natural convection flows were analyzed both experimentally
and numerically for two different horizontal thermoacoustic cav-
ities, when no acoustic oscillations were present. The first cavity
consisted of a cylindrical resonator filled with air and containing
a thermoacoustic core made of a ceramic stack placed next to a
wire resistance (hot heat exchanger). The second cavity consisted
of a duct with square cross-section filled with air and containing a
thermoacoustic core made of a regenerator placed between a wire
resistance (hot heat exchanger) and an ambient heat exchanger
(using a water stream for the heat exchange). Temperature was
measured by thermocouples in several points along the cavities,
and velocity fields were obtained from PIV measurements in
several vertical planes (only the central vertical plane in the first
experiment). The numerical model consisted in solving Navier-
Stokes equations under Boussinesq assumptions inside a simplified
cavity based on each experimental setup. In the first experiment,
the cylindrical cavity was of similar geometry and dimensions as
the experiment, the hot heat exchanger was modeled as several
immersed solid bodies at given temperature, and the ceramic
stack was modeled as a homogeneous anisotropic porous medium.
The temperature along the cylindrical tube was prescribed as a
boundary condition based on the experimental measurements. In
the second experiment, the cavity was also modeled based on
experiments, the regenerator being modeled as a homogeneous
isotropic porous medium and the ambient heat exchanger as an
immersed solid body at given temperature inside a homogeneous
anisotropic porous medium. The temperature boundary conditions
were also based on experimental measurements.

It was shown that the flow and temperature distributions are
fully three-dimensional. They depend on the thermophysical prop-
erties of the working gas and of the porous media constituting the
thermoacoustic stack or regenerator and heat exchangers, as well
as on the geometrical characteristics of the device and the temper-
ature conditions. There was excellent qualitative and quantitative
agreement on the velocity fields between experimental and nu-
merical simulation results for both configurations. Also the velocity
scales observed in the different regions of the thermoacoustic cav-
ities were in good agreement with classical scales for natural con-
vection flows within a porous or fluid cavity. It should therefore be
possible to predict the strength and patterns of natural convection
flows inside functioning thermoacoustic devices using an approach
similar to the one proposed here. It was noted that the observed
natural convection flows could be quite significant in such devices
and potentially interfere with thermoacoustic effects. We hope the
fairly simple models used here will be further used by others to as-
sess potential natural convection effects and contribute to optimal
design of thermoacoustic devices. However, possible interaction
and coupling between thermoacoustic and natural convection
effects was not studied here and is the topic of ongoing work.
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Abstract. There are very few reference solutions in the literature on non-Boussinesq natural con-
vection flows. We propose here a test case problem which extends the well-known De Vahl Davis
differentially heated square cavity problem to the case of large temperature differences for which the
Boussinesq approximation is no longer valid. The paper is split in two parts: in this first part, we pro-
pose as yet unpublished reference solutions for cases characterized by a non-dimensional temperature
difference of 0.6, Ra = 10° (constant property and variable property cases) and Ra = 107 (variable
property case). These reference solutions were produced after a first international workshop organized
by CEA and LIMSI in January 2000, in which the above authors volunteered to produce accurate
numerical solutions from which the present reference solutions could be established.
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INTRODUCTION

Heat transfer by natural convection and conduction in enclosures occurs in numerous practical situations:
solar collectors, cooling of nuclear reactors, heat management in electronic equipment, etc. In many of these
situations, the temperature difference is small enough that the flow may be modelled assuming that the flow
is incompressible with constant physical properties and buoyancy effects modelled as a linear function of the
temperature, the so-called Boussinesq approximation. However, for large temperature differences, the flow
becomes compressible with a strong coupling between the continuity, the momentum and the energy equations
through the equation of state, and its properties (viscosity, heat conductivity) also vary with the temperature,
making the Boussinesq flow approximation inappropriate and inaccurate. Most references in the literature deal
with Boussinesq type natural convection flows. There is a clear need therefore to have reference data (i.e. to
validate CFD codes) for natural convection flows with large temperature differences, where low Mach number
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FicURE 1. Differentially heated square cavity problem.

effects come into play. A test case was designed, extending the well-known de Vahl Davis benchmark problem
[5] to cases with large temperature differences.

In January 2000, CEA and LIMSI organized a first international benchmark [11] dealing with this test case,
with the objective of establishing reference (i.e. grid and model independent) solutions from a code-to-code
comparison of various flow models and solvers. Twenty-two contributions were received and they enabled
to point out several numerical difficulties — such as mass and energy conservation issues, post-processing of
Nusselt numbers and CPU performance constraints. Following this benchmark, several participants performed
further calculations to derive reference solutions. Their results which were not published, are presented here.
In the second part of the paper, we will describe the results obtained in the framework of the conference on
“Mathematical and numerical aspects of low Mach number flows” organized by INRTA and MAB in June 2004.

1. A NATURAL CONVECTION TEST-CASE

1.1. Description

The test-case selected for the numerical conference organized by INRIA and MAB in June 2004 is the
differentially heated square cavity problem depicted in Figure 1. It is similar to the well-known benchmark [5]
for incompressible flow solvers which produced a set of reference solutions for different Rayleigh numbers Ra,
ranging from 10% to 10° [4], later extended up to 10% close to the end of the steady laminar regime [8]. We
recall that for a perfect gas, the Rayleigh number is defined as

(T, — T.)L3

2
9P,
Ra =Pr T, 12 (1)

where Pr is the Prandtl number (0.71 for air), g is the gravity, L the height of the cavity, T}, and T, the hot and
cold temperatures applied to the vertical walls, T, a reference temperature equal to (T), + T%)/2, p, reference
density corresponding to T, and p the coefficient of viscosity at T,. The temperature differences may be defined
by the non-dimensional parameter e:

e=(Tn—T.)/(Th + T¢). (2)

For small enough €, compressibility effects may be neglected, and incompressible flow models with the Boussinesq
approximation are valid and accurate enough to compute the flow and the heat transfer to the walls [7].
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The latter is characterized by the local and average Nusselt numbers Nu and Nu,

Lot

Nu(y) = ———
u(y) ko (T — To) b o .

1 rv=L
, Nu= —/ Nu(y) dy
LJ,

where k(T') is the thermal conductivity and k, = k(T,). For large temperature differences, the Boussinesq
assumptions break down and one needs to resort to a compressible flow model, or since the Mach numbers
remain small, to a low Mach number approximation model. Chenoweth and Paolucci [3] have studied in detail
the effects of Ra and e on flow patterns and heat transfer, but used temperature-dependent properties as well
as varying Prandtl number. Polezhaev [14] studied the e = 0.2 case with temperature-dependent properties and
constant Prandtl number. Le Quéré et al. [9] have also studied the non-Boussinesq cases (up to € = 0.6) with
Sutherland’s laws for viscosity and thermal conductivity.

1.2. Governing equations

We consider in this study the Navier-Stokes equations describing the flow of a compressible, calorically and
thermally perfect gas, with constant Prandtl number. In conservative form, they read:

B
=P+ V- (pu) =0

ot

0

a(pu)+v~(pu®u+p£)=pg+v-§ (3)
0

5 PE) +V - (puH) =V - (kVT) + pg - u

1
p=pRT = (v = Dp(E = S |lul*)

where p, u, p, E and H are respectively the density, velocity, pressure, specific total energy and specific total
enthalpy. g and T represent respectively the gravity and the viscous stress tensor,

T=p <Vu+VTu— %(V-u)I) :

1 and k are respectively the dynamic viscosity and the heat conduction coefficients. At low Mach numbers, the
dissipation term V - (7 - u) in the energy equations may be neglected, and was omitted in the equation.

For non-conservative solvers based on low Mach number asymptotic approximations of the Navier-Stokes

equations, the energy equation may be written in different forms, in terms of specific internal energy, enthalpy

or temperature. For a perfect gas, and neglecting the energy dissipation term, the following form is advocated:

pc, (%TJru-VT) _v. (kvr)+ L0

where P(t) is the (spatially uniform) thermodynamic pressure in the domain, and ¢, is the specific heat at
constant pressure, which may be expressed in terms of the ratio of specific heats v and the gas constant R,
cp =7R/(y—1). B

In the general case the evolution of P(t) is governed by a first order equation invoking the mass and heat fluxes
at the boundary [12]. In the case of a cavity with impervious walls, this equation of evolution reduces to

b =(y— 1)/ kVTndo . (4)
dt 90
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Alternatively, P(t) can be obtained directly from the constraint of global conservation of mass contained in the
cavity at initial time

1
f T—OdU

T .
f Td’l}
In this study, we shall assume either constant or temperature-dependent transport coefficients p(7") and k(T),
given by Sutherland’s law:

P(t) =P

()

) _ ( T ) T+ gy~ MONR

pr \T* T+S’ - (y—=1)Pr
with T* = 273 K, S = 110.5 K, u* = 1.68 x 1075 kg/m/s, v = 1.4 and R = 287 J/kg/K, and Pr = 0.71.
It is noted that at steady state, integration of the energy equation over the volume of the cavity represented in
Figure 1 implies that the average Nusselt numbers on the vertical walls denoted by L (left wall at T},) and R
(right wall at T,.) are equal:

Nuz = Nup. (6)

1.3. Initial conditions

In each case, the problem is completely defined by the Rayleigh number, the value of € and the following
coeflicients:

P, = 101325 Pa

T, = 600 K
R = 287 J/kg/K
P,
Po = RT,
Pr=0.71
vy=14
g = 9.81 m/s%

Spatially uniform initial conditions are imposed, V(z,y) € [0, L]?,

T(a:?y) =T,
p(z,y) = po

P(t=0) =P,
u(x,y) - v(x,y) = 0

1.4. Boundary conditions

On the hot wall, a temperature of Ty, = T,(1 + ¢) is imposed, and on the cold wall, a temperature of
T.=T,(1 —¢) is imposed. On the horizontal walls, adiabatic conditions are applied. On all walls, the no-slip
condition is imposed for the velocity.

1.5. Required results and workshop contributions

Participants were asked to produce solutions for several test cases in a given format so as to be easily
manipulated for the purpose of comparison. More than 25 contributions were received, which are reported in
[11] and will not be discussed here.
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2. REFERENCE TEST CASES AND CONTRIBUTORS

During the round table discussion that took place in the January 2000 workshop, it was suggested that the
comparison exercise would be incomplete if the opportunity was not taken to try to establish reference solutions
for a few of the test cases. It was also proposed that these solutions should be established from a consensus
between different contributors, rather than imposed from a single contributor, given the uncertainties in the
underlying modelling approaches. Several contributors volunteered to perform additional calculations with the
challenge to provide results of assessed quality that could be used to derive these reference solutions. These
participants were asked to produce “grid-converged” results, or to ensure that their numerical results were
sufficiently accurate by refining the mesh until the solutions varied no more (at least for the first four digits).

The three test cases which were selected are the following.

e Test case T1: Ra = 10%, ¢ = 0.6 and constant properties p = p*.
e Test case T2: Ra = 10%, ¢ = 0.6 and Sutherland law p = p(T).
o Test case T3: Ra = 107, € = 0.6 and Sutherland law u = u(T).

2.1. Contributors
2.1.1. J. Locke, British Energy Generation Ltd and U. Warwick, UK

The solutions were obtained by solving the steady-state equations, and using iteration to maintain the correct
mass of fluid. The work was carried out using FEAT [6], a fluid modelling program developed by British Energy
Generation Ltd. FEAT is a Finite Element code, which uses quadratic elements for accurate and smooth
solutions. Upwinding is not usually needed, which allows h* truncation errors, and very fast mesh-convergence.
The method of solution for a steady state of a non-linear equations system is based on Newton-Raphson
iteration, and uses the frontal algorithm to solve the linearized system for each iteration. FEAT is used for low
Mach number flows, but implements the full compressible form of the Navier-Stokes equations in order to deal
with property dependence due to large temperature differences. The local pressure gradients in the equation
for thermal energy conservation are ignored and, as well as this, the enthalpy is assumed to be a function of
temperature alone. This means that the thermal energy is effectively decoupled from the energy in the flow
field, and that FEAT cannot model sound waves.

2.1.2. R. Becker and M. Braack, Heidelberg University, Germany

The authors apply flow equations valid for low Mach number flow, and formulated in primitive variables where
the total pressure is split in a hydrodynamical part and a thermodynamic part [1]. The hydrodynamical pressure
is neglected in the equation of state, because it is several orders of magnitude smaller than the thermodynamic
pressure, which is constant in space. The gas law becomes an algebraic equation for the density, in contrast
to the full compressible formulation where it is the equation for the total pressure. The discretization is based
on conforming bilinear Finite Elements on quadrilateral meshes. The Galerkin formulation is stabilized by
introducing additional least-square terms. The discretized non-linear equations are solved by a quasi-Newton
method and the resulting linear equations by multigrid iterations (V-cycle), with block-ILU smoothing. The
results are obtained on equidistant tensor grids. Further details are available in [2].

2.1.3. J. Vierendeels and E. Dick, Ghent University, Belgium

An AUSM (Advection Upwind Splitting Method) based discretization method is implemented, with an
explicit third-order upwind discretization for the convective part, a line-implicit central discretization for the
acoustic part and for the normal diffusive fluxes. The tangential fluxes are discretized centrally and treated
explicitly [15]. For vanishing Mach number, stabilization terms are added to the mass flux. A low Mach number
preconditioning of the convective fluxes is also used. A semi-implicit line method in multistage form is used
because of the explicit third-order discretization of the convective part. The multistage semi-explicit method is
accelerated with the multigrid method, using a full approximation scheme in a W-cycle with six levels of grids.
The pressure in each node is re-scaled after each MG cycle so as to enforce the mass conservation.
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2.1.4. C. Weisman and P. Le Quéré, LIMSI, France

The algorithm integrates in time the low Mach number equations formulated in primitive variables where the
total pressure is split in a hydrodynamical part and a thermodynamic part. Time advancement is performed
using a fractional time step method derived from the projection method used to compute incompressible flows.
Spatial discretization uses a second order spatial approximation for both convective and diffusive fluxes on a
standard finite volume staggered mesh. The momentum equations are advanced in time using an incremental
ADI solver, using the old pressure field. A projection step is used to compute the velocity field with given
divergence. This step involves the solution of a non separable Poisson equation, which is done using a multi-
grid algorithm. Spatial care was taken to ensure that all compatibility conditions were satisfied at the discrete
level. Steady solutions were obtained by integrating long enough, and it was checked that the steady solutions
were independent of the time step, thanks to the use of the incremental ADI solvers. Most computations were
performed with Chebyshev and uniform grids in the horizontal and vertical direction, respectively.

2.1.5. P. Le Quéré, LIMSI, France

The test cases were computed using the algorithm described in [9]. This algorithm integrates the Low Mach
number equations in unsteady form. The spatial approximation uses Chebyshev pseudo-spectral approximations
in both spatial directions. The time stepping is second order and combines an explicit treatment of the convective
terms with and implicit treatment of the diffusive terms. The resulting non separable Helmholtz equations are
solved iteratively within each time step using an approximate factorization of the finite difference approximation
of the Helmholtz operator as preconditioning. The divergence constraint is imposed using an Uzawa type
iterative algorithm. Steady state solutions are obtained by integrating long enough.

2.2. Accuracy assessment

Assessing the quality and quantifying the accuracy of numerical solutions is a matter of utmost importance
which is drawing increasing attention under the name of verification and validation. For most general programs
and configurations this is a very complex process which is described for instance in [10]. The problem at hand
belongs to a class of configurations for which the process of accuracy assessment involves three different aspects:

e making sure that the computer program is bug free;
e making sure that the steady state solution has been obtained;
e quantifying the spatial discretization error.

Aside from obvious coding mistakes which should never be overlooked, the first point is related to the consistency
of the overall discrete algorithm with the continuous equations, and will not be discussed here.

The second point is particularly important for unsteady algorithms where steady states are obtained by
letting time run to infinity. Infinity corresponds to the time scale for the flow establishment in the cavity and
it is known [13] that this time scale is a diffusive time scale corresponding to the time needed to damp the
internal waves in the cavity core which scales like Ra'/? in the dimensionless units considered here. For explicit
or semi-implicit schemes with the usual stability strains, integrating for such a long time can require hundreds
of thousands of time steps, resulting in very long CPU times.

Quantifying the spatial discretization error in order to produce a solution of increased accuracy can usually
be done through a Richardson extrapolation. Richardson extrapolation consists of computing solutions on
different meshes, determining the leading order of the truncation error and extrapolating these solutions to zero
mesh size. Let fp, fn/, fn» be the numerical approximations for a given scalar quantity f computed on three
corresponding grids of of mesh size h < h’ < h” respectively with % = hh—,', Assuming that these grid meshes
fall within the asymptotic convergence region with the truncation error at leading order characterized by h®, it
follows that:

fu = f+Ch*
fh’ — f+Chla
fh” = f—|— Ch'>.
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TABLE 1. Reference results obtained in 2000.

Locke Becker Vierendeels Weisman Le Quéré | Reference
(FE) & Braack (FE) | & Dick (FV) | & Le Quéré (FV) | (Spectral) | Solution
Test case T1 (Ra = 10%, ¢ = 0.6 and constant properties)
Nu(h) | 8.859785 8.859780 8.859783 8.859781 8.859777 8.85978
Nu(c) | 8.859789 8.859780 8.859783 8.859780 8.859777 8.85978
P/Po | 0.8563379 0.8563379 0.8563383 0.8563376 0.8563380 | 0.856338
Mesh | 160 x 160 | 4 x 10% d.o.f. 512 x 512 512 x 512 80 x 80
Test case T2 (Ra = 10%, ¢ = 0.6 and Sutherland law)
Nu(h) | 8.686678 8.686605 8.686587 8.686583 8.686581 8.6866
Nu(c) | 8.686617 8.686605 8.686611 8.686583 8.686581 8.6866
P/Po | 0.9244872 0.9244874 0.9244877 0.9244872 0.9244873 | 0.924487
Mesh | 160 x 160 | 4 x 10° d.o.f. 512 x 512 1024 x 1024 80 x 80
Test case T3 (Ra = 107, e = 0.6 and Sutherland law)
Nu(h) | 16.240740 16.241060 16.2409905 16.24097 16.2410
Nu(c) | 16.240740 16.241060 16.2411507 16.24097 16.2410
P/Po | 0.9226343 0.9226358 0.92263384 0.92263384 0.92263
Mesh | 160 x 160 | 4 x 10% d.o.f. 512 x 512 1024 x 1024
Combining these equation leads to the values of a and C"
ln(l;z:]fc;{’) fo—1h

)

C:

615

() w7

which allows for the computation of the extrapolated value for f. This procedure works if higher order terms
are really negligible i.e. if f, = f + Ch® is a good approximation of the truncation error for the coarser grid
(see [10] for a thorough discussion).

3. REFERENCE SOLUTIONS (2000)

Table 1 summarizes the converged results obtained for each of the three test cases from the 5 different
contributions. As can be seen, an excellent agreement is obtained between the different contributions and
the last column provides a reference solution with all digits exact given the usual rounding conventions. The
accuracy of reference solution T1 is close to 10~%, whereas that of solutions T2 and T3 is slightly lower and
around 107°. It is to be noted that establishing these reference solutions has required computing solutions over
very fine meshes in most cases (except for Locke) and that significant computing resources were involved. It
should also be noted that the level of agreement is quite exceptional given the fact that all these contributions
do not solve exactly the same physical model (some use the full compressible equations while others use the
low-Mach number equations). The last comment is that one should not try to derive reference solutions of
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infinite accuracy, because the differences in the models, fully compressible or low-Mach number, will eventually
show up in the solutions, at accuracy levels of Ma?, that is around 10~7 or 1078, This still leaves some room
for improvement for cases T2 and T3.

4. CONCLUSION

Reference solutions have been derived for three test cases of steady natural convection flows of gases under
large temperature differences. These reference solutions can be used in the process of validation and verification
of CFD codes at the elementary level, before addressing more complex physical configurations.
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A model of an idealized thermoacoustic engine is formulated, coupling nonlinear flow and heat
exchange in the heat exchangers and stack with a simple linear acoustic model of the resonator and
load. Correct coupling results in an asymptotically consistent global model, in the small Mach
number approximation. A well-resolved numerical solution is obtained for two-dimensional heat
exchangers and stack. The model assumes that the heat exchangers and stack are shorter than the
overall length by a factor of the order of a representative Mach number. The model is well-suited for
simulation of the entire startup process, whereby as a result of some excitation, an initially specified
temperature profile in the stack evolves toward a near-steady profile, eventually reaching stationary
operation. A validation analysis is presented, together with results showing the early amplitude
growth and approach of a stationary regime. Two types of initial excitation are used: Random noise
and a small periodic wave. The set of assumptions made leads to a heat-exchanger section that acts as
a source of volume but is transparent to pressure and to a local heat-exchanger model characterized
by a dynamically incompressible flow to which a locally spatially uniform acoustic pressure fluctua-
tion is superimposed. © 2010 Acoustical Society of America. [DOI: 10.1121/1.3506348]

PACS number(s): 43.35.Ud [RR] Pages: 3438-3448

. INTRODUCTION stack and heat exchangers. The current work presents a well-
resolved model, in which the flow in the stack and heat
exchangers remains fully nonlinear and multidimensional.
Resonator and load are described by a standard linear
one-dimensional acoustic model. Proper coupling between
these two submodels results in a global model that is asymp-
totically consistent in the small Mach number approximation.

The classical thermoacoustic stability analysis by Rott'
was based upon the standard assumptions leading to linear
acoustics, i.e., a formulation in the small Mach number limit,
with length and time in a ratio of the order of the speed of
sound, which he also coupled with a boundary layer model.
Rott proceeded by considering the limit case whereby tem-
perature changes are reduced to a jump with zero thickness
between two uniform values and introducing ad-hoc continu-

The nonlinear nature of the energy exchanges within
the stack plays a crucial role in thermoacoustic engines,
affecting power generation, development of thermoacoustic
instability, frequency selection, and saturation. Classical
linear theory' ™ has been successful in predicting onset tem-
peratures and stability curves for each acoustic mode that
are in good agreement with experiments.*”’ Quasi-one-
dimensional linear codes® yield parameters such as tempera-
ture profile, frequency, power of the saturated regime for a
fixed geometry, working gas, and mean pressure. Subsequent
work based upon linear theory includes, for instance, approxi-
mate relations for the thermoacoustic gain and efficiency,
damping coefficient, oscillation frequency, and onset temper-

ature.”'® So far, extension to nonlinear regimes has either
used simplified quasi-one-dimensional models'"'? or if based
upon multidimensional models,'*'* these rely upon restric-
tive assumptions, or a rather coarse spatial resolution in the
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ity conditions across that singularity. In order to obtain this
limit solution, he thus considered a temperature gradient tak-
ing place over a length that becomes negligible compared
with the wavelength, as the Mach number approaches zero.
In the “short engine” model, Swift® also assumed that
the stack is short compared with the wavelength but long
compared with the sweep by the fluid motion. Indeed, in the
resulting model, pressure is time-dependent but with negligi-
ble phase shift over the stack length, while a linear

© 2010 Acoustical Society of America
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formulation is retained, hence the implicit assumption
whereby the stack is longer than the sweep.

In the current model, the system is split into two different
regions. The length of the stack and heat exchangers assem-
bly is assumed comparable with the sweep by the fluid
motion. While often realistic, this scaling is interesting
because the resulting local model for the heat exchanger as-
sembly retains all the physics included in Swift’s short engine
model to which it adds the physics of nonlinear advection (at
the cost of additional complications). In the resonators, the
usual assumption is made of a length of the order of the
wavelength. With the local flow in the heat exchangers thus
adequately modeled, consistent jump conditions across Rott’s
singularity are obtained, which, coupled with an acoustic for-
mulation in the resonator, result in an asymptotically consist-
ent global model. There is no ad-hoc assumption in this
approach and no phenomenological imposed law.

The model can deal with complex and realistic heat
exchanger and stack configurations, and it retains the essential
advective nonlinearity. Although that nonlinearity remains
fully reversible, it does result in the stack and heat exchangers
behaving as a source in the acoustics, with a strength that will
be reduced as the amplitude grows. It is thus suitable for tran-
sient operation and if the computation is pursued long enough
it should result in a saturation and hence stationary operation.

Different scalings characterize different physics, which
opens the door to a variety of singular perturbation or multi-
ple scales studies. There are situations that require using a
single length scale and multiple time scales, such as slowly
varying acoustics.'""'> Here, the presence of two distinct
regions described by different length scales while sharing a
single characteristic time lead to a singular perturbation prob-
lem (i.e., matched asymptotics or boundary layer methods).

The goal here is to demonstrate the effectiveness of the
singular perturbation analysis. In doing so, the emphasis was
placed on the flow in the stack and heat exchangers, which
was coupled with the simplest meaningful consistent resona-
tor model. On that basis, an exploration of the fundamental
consequences of the current set of scaling assumptions is
presented, but no attempt is made to obtain realistic results
that could be used for practical purposes. To illustrate the
power of the method, results were obtained focusing mainly
upon startup and stability and also saturation due to nonlin-
ear effects in the heat exchangers and stack, in a much ideal-
ized resonator and load configuration.

The two assumptions proposed for the stack and heat
exchangers, of a small Mach number and a sweep of the
order of the stack and heat-exchangers length, lead to a local
model in which spatially uniform pressure fluctuations can
still actually occur at up to leading order. Large temperature
and density variations can also be dealt with, both in time
and in space.'® (If additionally the solution domain would
be connected to a large pressure reservoir such as the
atmosphere, and if the boundary conditions would restrict
temperature variations to some small values, the standard
incompressible Navier—Stokes equations would be obtained;
however, these additional assumptions are not applicable in
the current context.) The resulting model is more or less
standard in Stirling engine and pulse-tube cryorefrigerator
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models, in which leading order pressure Varies,17 in contrast
to the current situation, where due to the presence of the res-
onators, pressure fluctuations only occur at acoustic order. It
has been used in an analysis in straight ducts,'® and simula-
tions motivated by thermoacoustic devices, either using a
vortex method'® or second-order accurate finite volume
method,zo that dealt with the heat exchangers alone, with
boundary conditions meant to represent resonator acoustics.

In the current formulation, the computational fluid dy-
namics (CFD) solution for the local flow in the stack and
heat exchangers is coupled with a consistent acoustic model
in the resonators. Other recent CFD studies have been based
upon a fully viscous, conductive, and compressible solu-
tion.”! Some have relied upon commercial codes to simulate
the thermoacoustic engine.** Given the broad range of scales
present in the fully compressible problem, these approach
leads to extremely large simulations®® or simulation of devi-
ces of very small (miniature) size.>* In contrast, the current
approach allows focusing a smaller computational effort
upon the heat exchangers and stack, where it is important
because this is where small scales truly matter.

Il. PHYSICAL MODEL
A. Geometry

The geometry of the device consists of a duct with rec-
tangular cross-section within which a set of heat exchangers
is placed. The set of heat exchangers is made up of a stack
placed between a cold and a hot heat exchanger. This assem-
bly is inserted within the resonator tube, which is closed at
one end and terminates with a load at the other end, which
thus undergoes a small amplitude oscillation. Dead space
separates the stack from the heat exchangers. In this article,
the expression “heat-exchanger section” is consistently used
to refer to the entire region, including heater, stack, and
cooler. The geometry is shown in Fig. 1 (top).

B. Formulation

The problem that is being addressed consists of an initial
boundary value problem, on the spatial domain shown in
Fig. 1 (top), characterized by the conservation laws of vis-
cous, conducting, compressible fluid dynamics, together
with conservation of energy in the stack walls. The working
fluid is a known ideal gas with constant specific heats.

Boundary conditions include no-slip conditions on the
heat exchanger and stack walls. Resonator walls are free slip
and adiabatic. A temperature boundary condition is provided
on the heat-exchanger walls. Both temperature and heat flux
are continuous on the stack walls. The load is characterized
by a known relationship between the local acoustic pressure
and velocity, which is approximately the same at the mean
load location and the actual load location, assuming its dis-
placement is negligible compared with the wavelength.
These initial conditions are discussed in detail in Sec. II G.

The problem thus described can be solved numerically
without further simplification. However, this entails very
large computations, while, clearly, as long as the Mach num-
bers remain small, flow in the resonators will differ very lit-
tle from linear acoustics. In contrast, in the heat-exchanger
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FIG. 1. Geometry of entire system (top) and of numerical simulation domain (bottom).

section, there is a need for a simulation that deals with tran-
sient and spatially resolved velocities and temperatures.
Next, an appropriate simplified model is derived from as-
ymptotic analysis, reducing the flow in the resonator to an
acoustic model, eliminating the need for an acoustic Cou-
rant—Friedrichs—Lewy condition (time steps smaller than
mesh size divided by the speed of sound) and focusing on
the heat-exchanger section.

C. Scaling assumptions

Since temperatures must be properly resolved through-
out the device, temperatures, hence the speed of sound, must
be taken to be of the same order throughout. Although the
presence of a load requires that one of the extremities of the
resonator must be moving, the displacement will be small as
long as fluid velocities are small. Thus one can introduce a
reference resonator length Lies, a reference temperature,
which here, is set equal to the cold heat-exchanger tempera-
ture fref, and consequently, a reference speed of sound Cief.
Given that the period will be determined by an acoustic reso-
nance, time is scaled by fr = Lres /Cref, Which equals one
half of the resonant period in an empty tube closed at both
ends and at the cold end temperature. This provides a single
time scale for the entire problem.

It is reasonable to expect the heat-exchanger section to be
acoustically compact, i.e., its characteristic length is small
compared with the resonator length. If the heat exchangers are
not overly large compared to the stack, the length of the heat-
exchanger section is of the same order as the stack length,
which provides a suitable reference, and L~Smck < IZrBS.

As to fluid velocities, very low initial values associated
with initial conditions are not particularly representative and
do not provide a meaningful scale. However, close to the sta-
tionary regime, the fluid motion should sweep a length com-
parable with the stack length, over which the temperature
gradient takes place, hence velocities of order LNS[aCk /et
"l:aking~ nto account the definition of 7, above results in
Lstack/ Lies = Uret / Eref’ so that

UI‘C Lsac
M o= 2 =tk (1

Cref Lyes
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Pressure is scaled by its value at rest P, and density by its
value at reference pressure and temperature f,o; = Pref/RT ref-
All variables are scaled uniformly throughout the device
except for the longitudinal coordinate X, which is scaled by
L~Slack in the heat-exchangers section but by Lo in the resona-
tors. Perturbation series in the reference Mach number are
introduced for all dependent variables, using the notation, for
example, for pressure

p =09 +Mp" + M*p® + OMP). 2

For velocity, however, the solution below only includes the
leading order contribution so there is no need to introduce
extra symbols. Below, u is used for the dimensionless longi-
tudinal velocity and v for the transverse velocity; u repre-
sents the dimensionless velocity vector.

If the length of the heat-exchanger section is smaller
than the resonator length by a factor of order M, then it only
contributes to O(M) on the overall length. The symbol X is
used for the longitudinal coordinate as scaled in the resona-
tors and setting its origin at the heat-exchangers location.
Then at the closed end on the hot side, X = —/;, = fiL/Izm.
Likewise, at the mean load location, X = [ = I~R /L~,.es. Both
the stack plate thickness and the distance between plates are
of the order of the viscous and heat penetration depth. In the
heat-exchanger section, the dimensionless spatial coordi-
nates scaled by the stack length are denoted as x and y, with
the origin set at the stack center.

Next, the formulation is written in the dimensionless
variables (without ™) introduced above, respectively, in the
resonators and then in the heat-exchanger section.

D. Resonators

If the resonator cross-section is much wider than the vis-
cous penetration depth, the wall boundary layer thickness is
negligible compared to the resonator width. Furthermore, if
the thermal boundary conditions are adiabatic, the flow is
one-dimensional. Likewise, longitudinal diffusion results in
negligible irreversibility. Thus, the flow is approximately
isentropic, and as long as the Mach number remains small,
temperature, density, and pressure remain constant at leading
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order, hence equal to their spatially uniform initial values:
p(0> =1 and p(o) =1/ T, The temperature is 7O = cold
= 1 on the cold side while it equals TO =Ty = Thot / Tcold
on the hot side. At leading order, these assumptions lead to
linear acoustics. Indeed, the mass and momentum conserva-
tion equations become

001" | 0)u

ou 19p")
ou 1
ot P ox +

’ oty 0% ’

3

in which p" and p'" are related by the isentropic relation:
PP = 9T p™D where 7 is the ratio of specific heats.

Boundary conditions at the two resonator ends corre-
spond, respectively, to a closed end at X = —/;, and a load at
the other extremity, instantaneously located at Xz = I
+ O(M), and characterized by some differential relationship
between velocity and pressure, which becomes linear in the
small Mach number limit. A purely dissipative load is then
represented by a reflection coefficient, applied at the fixed
location X = Iz and denoted by f in dimensionless form. (The
current formulation can readily be extended to more realistic
loads.) Thus,

PV (Ir, 1) = fu(lg,1). 4)

The acoustic problem depends upon continuity or jump con-

ditions at the heat-exchanger location, yet to be determined.

However, based upon the current information, the problem

can be reduced to a single relationship between acoustic

pressure and velocity at the location X = 0, on each side,

based upon a d’ Alembert solution on characteristics.
Eliminating density,

M(—IL, I) =0,

op 0 0
p u u+

opt)
2o 70
a Ve

r ox

=0. 5)

This system is readily diagonalized, adding and subtracting
the second equation to the first one multiplied by VTO),
yielding the Riemann variables, which remain constant on
characteristics moving at the speed of sound VTO), respec-
tively, left and right:

L=yu—VTOpV R =yu+VTOpW. (©6)

At the hot (left) side, the boundary condition is u = 0,
which, since £ + R = 2yu determines a reflection whereby
Ri(—l,t) = —L(—I,t). Since acoustic waves move at the
speed of sound, L(%,1) = L(0,14+%/VTO) and R(%,1)
= R(0,1 —%/VTO), so that R (0,1+1,/VTO)=—L£, (0,1
—1./VT©). Shifting time by 2,/VT©), at the heat-
exchanger location, x=07, taking into account that T
= Thot» One finds

Re(0,1) = —Ly <0,%) (7)

Likewise, on the cold side, taking into account that
L4+ R =2y and R — £ =2VTOpM) and in view of the
boundary condition of Eq. (6), at the heat-exchangers loca-
tion £ = 07, and since 7 = 1,
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Lr(07, 1) = ZRR(07, 1 — 2Ig), ®)
in which
) —f
Z="—" 9
s )

An open end corresponds to f = 0 hence Z = 1 while at a
closed end, f is infinite and Z = —1. Both cases result in a
zero load since the power developed is the time-averaged
value of up‘".

E. Heat-exchanger section

Within the heat-exchanger section, the problem is not
amenable to analytical solution. A numerical simulation is
required.

The stack is made up of a large number of identical uni-
formly spaced plates. It is thus reasonable to assume vertical
periodicity, i.e., flow and heat transfer are identical in all
gaps. The flow in only one slot between two contiguous plates
needs being simulated, as shown in Fig. 1 (bottom). The same
scaling as described above is used but, in contrast with the
resonator model, length is now scaled by Lyack. The perturba-
tion series equations, Eq. (2), are then introduced in the com-
pressible, viscous, and conductive Navier—Stokes equations,
respectively, conservation of mass, momentum, and energy.
The system equations become

ap"

o - (p%) =0, (10)
vpl? =0,
vph =0, an
©)
(pa W, v. (PPueu)=-Vp? + V.1
or) -1
(0) . 1p©
PO [+ o] <2 v,

+Piv (kvT®),  (12)

where T = pu[Vu+ (Vu)' —2(V-u)I], Re is the reference
Reynolds number Re = ﬁrefl}refislack / lyes» Pe is the reference
Péclet number Pe = ﬁrefis[ack /Oes, and u, k, and o are the
dynamic viscosity, thermal conductivity, thermal diffusivity,
respectively, scaled by their value at the reference state fi.,
lgref, and &.¢. Gravity has been neglected. k and u are assumed
to be independent of temperature.

From momentum at leading order, p®
time only. However, this value has to equal the pressure p
= 1 in the resonator. At order M, likewise, p(l) is a function
of time only, but given that in the resonator p'" fluctuates, it
remains a function of time. Taking the leading order equation
of state into account, p® = 1/T?, the problem becomes

is a function of
(0)

op

- (pOu) = 1
5% TV (p™u) =0, 13)
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Ap )

H
(p© — vy L " v. 14
5 V- (pYu®u) Vp' + Re, V-1, (14)

or© H

© 7+(U~V)T(O) =§V2T<0>7 (15)
H

pOT® =1, (16)

introducing Rej;, Pey, based on the distance H separating
two successive plates centerlines, and H being the corre-
sponding dimensionless distance, H = H /I:Smk.

In the solid plates, the heat conduction equation written
in dimensionless form is

ar 1 _,
9 _ L vr
ot Pey v,

a7
where Pe; = PejH oyt /0 is the Péclet number in the wall.

Boundary conditions on symmetry lines (due to vertical
periodicity of the stack) include zero normal velocities
within the fluid domain and zero normal temperature gra-
dients on all symmetry lines. Fixed temperatures are imposed
at the heat-exchanger walls, while continuity of temperature
and normal heat flux are imposed at the interface between
fluid and stack. Both velocity components vanish on all solid
walls. Boundary conditions at the left and right ends are dealt
with below and so are the initial conditions.

F. Matching

In the resonator scaling, the heat-exchanger section
shrinks to zero thickness as M = Lyack /I:res — 0. In the heat-
exchanger scaling, the resonator length becomes infinity. In
other words, in the limit of M — 0, the location x = 07, i.e.,
the right end of the left resonator section corresponds to
x — —oo in the heat-exchanger section. Likewise, £ = 07,
the left end of the right resonator section corresponds to
x — o0 in the scaling used in the heat-exchanger section.
Thus, velocity, pressure, and temperature values must ap-
proach the same values at these locations in both solutions.

First, according to the formulation in the heat-exchanger
section, pressure is spatially uniform to order M; thus, for
acoustic pressures,

pV(07) = p!(0%) = p(0). (18)
Leading order temperatures are constant and uniform in each
resonator side. Thus, leading order temperatures in the heat
exchangers must approach these fixed values for both x
— —oo and x — +o00. The acoustic solution in the resona-
tors provides one equation on each side relating the acoustic
pressure p'V(0), respectively, to longitudinal velocity for
x — —oo, Eq. (7), and x — +o00, Eq. (8). Transverse veloc-
ities vanish in the resonators, hence also for x — *oo.
Finally, integrating the energy equation, Eq. (15), over
the entire heat-exchanger section and making use of continu-
ity, a global energy balance is obtained, relating velocities at
the two ends to heat transfer (with the end boundaries set to
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be adiabatic 9T/On = 0). Taking into account that u(07)
= lim,__ 1, u(0") = lim,_ oo u,

[(07) — u(07)] + %Jvr@ -nds = 0. (19)

H

Finally, solving Egs. (7), (8), and (19) determines u(0"),
u(0"), and p'*(0), providing boundary conditions for both res-
onators and for the low Mach number problem in the heat-
exchanger section. These results show that the heat-exchanger
section is transparent to acoustic pressure but appears in the
acoustics as a point source of volume.

G. Initial conditions

The onset problem is a stability problem, in which the
issue is the growth of initial perturbations. When using nu-
merical simulation, it is often the case that numerical errors
provide an initial perturbation which triggers the instability.
However, here, for initial conditions in which the fluid is ini-
tially at rest, the initial field is uniform. Since our code is,
appropriately, symmetrically implemented, subtracting, how-
ever, approximate but identical binary representations at
neighboring spatial locations yields differences with a binary
representation that is exactly zero; likewise, the value of the
initial velocities is zero, which likewise has an exact binary
representation. As a result, numerical errors do not provide
an initial perturbation. For initial conditions in which the fluid
is initially at rest, it stays at rest, as long as the temperature in
the heat exchangers and the fluid corresponds to a steady so-
lution. However, if the initial temperature field is not uniform
lengthwise, round-off errors result in an initial numerical
value of the integral in Eq. (19) that is not exactly zero.

The current model being nonlinear, different initial con-
ditions might trigger different results, and it might be worth-
while testing different initial models. Since the acoustic
solution in the resonators, Egs. (7) and (8), relates the current
solution to solutions at earlier times, defining initial condi-
tions is equivalent to defining the previous acoustic history.
Likewise, specific temperature distributions can be tested.
These issues are discussed in detail below.

lll. NUMERICAL SOLUTION

A finite volume solver suitable for low Mach number
flows with large temperature gradients and large pressure
fluctuations® was adapted to deal with the present configura-
tion. The solver has been validated on a benchmark problem
of non-Boussinesq natural convection. Time discretization
combines an implicit treatment of the viscous and diffusive
terms with an explicit discretization for the convective
terms. The algorithm implements a second-order spatial and
time discretization on a uniform mesh.

The simulation domain is extended beyond the heat-
exchanger section by a length equal to twice the stack length.
In the matching equations, values on the left and right bounda-
ries are used, where the flow is forced to be one-dimensional.
An additional phase variable is used, specifying whether a
given cell is to be treated as solid or fluid. The equations are
then solved through the whole domain, using appropriate tests
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of the phase variable, ensuring continuity of both temperature
and heat flux through the plate-fluid interfaces.

Spatial discretization is based upon a staggered mesh.
Velocities are defined on cell faces, while density, tempera-
ture, and phase are defined on cell centers. In the continuity
equation, the divergence of the velocity field is adjusted at
each time step using a fractional time step method derived
from the projection method for incompressible flows.

The sequence of steps for advancing in time from time
7" to time " is as follows:

(1) The energy equation, Eq. (15), is solved for the new tem-
perature field """, using density at time 7", by either a
nonincremental alternating direction implicit (ADI)
algorithm or the generalized minimal residual method
(GMRES).%®

(2) The linear system of Egs. (7), (8), and (19) is solved,
determining «(07)""", u(0")"™", and p(0)"*', based
upon values at previous times. The velocity values pro-
vide boundary conditions in the calculation of the veloc-
ity field. These values and the new value of the acoustic
pressure are stored since they will be needed at future
time steps.

(3) The new density is determined from the equation of
state, Eq. (16).

(4) The new divergence, at time z”“, is obtained by combin-
ing the energy equation and the continuity equation,
yielding V - u"*! = (H /Pe;)AT"!.

(5) An intermediate velocity vector is calculated which does
not satisfy continuity, from momentum, Eq. (14), using
ADI or GMRES, with dynamic pressure at ¢,,.

(6) The dynamic pressure correction is determined using the
multigrid method.?” Numerical parameters in the multi-
grid algorithm are adjusted for optimal convergence.

(7) Respective arrays are updated with the new velocity field

u”"! and dynamic pressure.

IV. RESULTS
A. Device and configurations simulated

The various cases that were simulated correspond to a
single engine geometry, based upon an existing experimen-
tal set—up.28 The overall length is Eres =7.57m, with a
stack l:s[ack = 150mm long, made up of stainless steel
plates 0.20 mm thick separated by a spacing & = 0.77 mm
wide. The stack porosity is E/I:I = 0.794, where H is the
distance separating two successive plate centerlines, and h
is the gap or flow passage between two successive stack
plates. The distance between the heat exchangers and the
ends of the stack plates equals h, and the heat-exchanger
length is taken to be Ltack /20. The length of the left reso-
nator section is l~L = 676 mm. The device is filled with he-
lium at 1 MPa and a temperature of 293 K on the cold
side. The heat exchangers are taken to be made of the same
material as the stack plates. The resonant frequency of the
device is 66.6 Hz when filled with helium at 293 K in both
cold and hot sections, no thermoacoustic heat pumping, and
no load. These data result in a ratio of 0.38 between ther-
mal boundary layer and spacing between two successive
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stack plates, which is appropriate for thermoacoustic energy
transfer.”

Using the scalings previously defined, the reference
Mach number is equal to M = 0.02, so that [res = 50L~51ack
[Eq. (1)]. The Péclet and Reynolds numbers, based on H are
Pe; = 1093 and Re; = 1584. The solid Péclet number for
the stack plates and the heat exchangers is Pe; = 4.485
x Pey =31.7.

A combination of values of the dimensionless tempera-
ture in the hot heat exchanger (T}, = 1.2, 1.3, and 2) and of
the load (f = oo, 90) were simulated. Two initial conditions
were tested, with initial velocities and acoustic pressures in a
resonator excited by either: (1) A random noise or (2) a
standing wave at the cold resonator frequency, with no load
and no thermoacoustics. In the heat-exchanger section, both
initial dynamic pressure and velocity were set to zero. Two
sets of initial temperature conditions in the stack and the
fluid in the gap were also considered: A longitudinally linear
distribution between heat exchangers, in both solid and fluid,
or a distribution corresponding to steady-state heat conduc-
tion, with the fluid at rest. The latter was calculated numeri-
cally, taking into account the geometry of the heat-
exchanger section, including the gas layer between heat
exchangers and stack plates, and the thermal conductivities
in the wall and the gas.

B. Convergence analysis

A convergence analysis was performed for Ty, = 1.2,
with a closed cold end, starting from random noise, and
assuming balanced initial temperatures due to conduction in
the heat-exchanger section, with spatial resolutions of 1024
x 32, 2048 x 32, and 2048 x 64 grid points. The coarse
mesh allows for three grid points inside each half-plate
width and three grid points in the fluid gap between heat
exchanger and plate end. The time step was chosen as large
as possible, maximizing the Courant number while ensuring
stability. The coarsest resolution used was about 600 time
steps per dimensionless unit of time, which, since initially
velocities are small, is appropriate. As velocities increased,
the time step was decreased by a factor of 10, to a value of
1/6000. The CPU (Central Processing Unit) time was about
1 us per time step and per mesh point on a NEC SX8. The
numerical parameters for the multigrid algorithm dealing
with pressure correction and the divergence of the velocity
field are adjusted so that for the coarsest grid, an average of
only three or four iterations is needed. On the coarsest grid,
the average CPU time per run is 2 h when only simulating
the early phase of the process, showing amplification of the
initial perturbation. It took about 50 h until saturation was
observed, when the wave amplitude no longer increases.
These are good performance figures when compared with
current literature reports.”

While qualitatively the results were observed to be inde-
pendent of the grid size, quantitative differences of about 10%
in the growth rates were noted between coarse and fine mesh,
but only of 1% between the two finest meshes. For each spa-
tial grid, solutions were obtained using three different time
steps, from 1/600th to 1/6000th of the unit time. In order to
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assess any effect of the truncation error inherent to the ADI
solver, while GMRES yields an exact solution of the discre-
tized equations, results using both solvers were compared. For
all the time steps that were used, they were nearly identical.
Since GMRES is more costly, all results below were obtained
using the ADI solver, and for the coarsest mesh.

V. DISCUSSION
A. Initial amplification

Figures 2 and 3 show results obtained for an initially lin-
ear temperature profile between the heat exchangers, with T},
= 1.3, in a tube closed at both ends (f = oo). The initial exci-
tation of the resonator was a standing wave of small amplitude
at the resonator fundamental frequency in cold fluid. The
results shown correspond to the early part of the process,
while wave amplification is taking place, for 0 < ¢ < 410. Fig-
ures 2(a) and 2(b) show respectively, the evolution of acoustic
pressure Mp(l)(O) and velocity #(0™) (on the left side of the
heat exchangers). The results show the thermoacoustic insta-
bility resulting in an approximately exponential amplitude
increases. Indeed when acoustic pressure is plotted on a loga-
rithmic scale, Fig. 3(a), the envelope of the signal appears to
be linear. However, in Fig. 3(b), the positive and negative
parts of the acoustic pressure and velocity signals are notice-
ably asymmetric, as predicted from nonlinear theoretical mod-
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FIG. 2. Acoustic pressure Mp(l)(O) (a) and left velocity u(0~) (b) history, f

= 00, Thoy = 1.3, with linear initial temperature distribution and initial
standing wave.
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FIG. 3. Acoustic pressure Mp(”(O) history, in semi-log scale (a) and detail
(b) of acoustic pressure pV(0), left velocity u(07), right velocity u(0") his-
tory, f = o0, Thor = 1.3, with linear initial temperature distribution and
standing wave as initial condition.

els and observed in experiments.'"'**® Predictably, the
dominant frequency is very close to 0.5, corresponding to the
resonance in a tube at a uniformly cold temperature, closed at
both ends, with no thermoacoustic power generation and no
load. For the relatively modest temperature ratio of 1.3, the
Lees/Rott dispersion relation,l'29 which accounts for a tem-
perature discontinuity at the location of the heat-exchangers
section, yields a frequency that only differs by 0.053% from
the resonant frequency in a tube entirely filled with cold fluid,
which was used as the initial excitation. The effect of the ther-
moacoustic load resulting in a nonzero growth rate, which
also shifts frequencies, is small too, as readily verified in a lin-
ear model accounting for a source of volume at the location of
the temperature jump. The fundamental is the most energetic
mode, which is consistent since the initial excitation starts by
feeding energy in the fundamental exclusively. However,
closer analysis of the signal shows that the first harmonic,
oscillating twice as fast, is also unstable, as reported in both
theoretical studies and experiments.****

The difference between the left and the right velocity
amplitudes is shown in Fig. 3, which presents a close-up view
of acoustic pressure and axial velocities at the end of the
computation. The phase shift between pressure and left veloc-
ity is close to 90°. Since the acoustic energy flux is propor-
tional to the integral of the product pressure times velocity,
which on the left, becomes zero in the stationary regime, a
phase shift of 90° corresponds to a standing wave. Here,
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FIG. 4. Acoustic pressure Mp‘"(0) history, f = 00, Tho. = 1.3, with linear
initial temperature distribution and random noise as initial perturbation.

however, the amplitude is still increasing, which requires a
nonzero energy flux, smaller on the left than on the right
since the left side represents only about 9% of the resonator
length.

In Fig. 3(b), corresponding to the end of the run in Fig. 2,
the drive ratio at the heat-exchanger section location [defined
as max|Mp'”(0)|] is 3.5% and dimensionless velocities are
approximately 0.15. Pursuing the simulation with such high
velocities requires the time step to be significantly reduced.
With no load (closed end, infinite f), saturation will only
occur on a time scale of 1/M. Indeed, the irreversibility due
to damping in the heat-exchanger section is smaller than the
acoustic energy fluxes by order M, while the resonator model
is isentropic.

Figure 4 shows the growth of pressure for the same con-
figuration and parameters (Ty,o = 1.3, f = 0o, and linear ini-
tial temperature distribution), except for the initial
excitation, which is a random noise. Since, in this case, there
is no significant energy initially deposited in any mode in
particular, the effect of the strong growth rate of the first har-
monic becomes clear. Both the fundamental and the first har-
monic appear to be unstable.

When increasing the hot temperature to T}, = 2 in Fig. 5,
starting from a standing wave, the first harmonic (second
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FIG. 5. Acoustic pressure Mp“)(O) history, f = 00, Thor = 2, with linear ini-
tial temperature distribution and standing wave as initial perturbation.
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FIG. 6. Acoustic pressure Mp'"(0) history, t > 2500, f = 90, Ty, = 1.2,
with linear initial temperature distribution (a) or steady-state heat conduc-
tion initial temperature (b) and initial random noise.

mode) is clearly unstable and can be seen already very early
on. Similar observations are made when starting with noise.

B. Periodic regime

In order to show the evolution of the wave toward a sta-
tionary regime, a purely resistive load was introduced at the
right end. For f ranging between 80 and infinity, increasing

2 T T T T T T T 0.04
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FIG. 7. Time history (detail) of acoustic pressure p(”(O), left velocity u(07),
right velocity u(07), difference u(0™) — u(0™) (scale on right vertical axis),
t =1/ (2rer), f = 90, Tnor = 1.2 with linear initial temperature distribution
and initial random noise.
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the impedance f leads to an increase in the growth rate, and
saturation comes sooner. Results below were obtained for
f =90, which leads to saturation with a reasonable pressure
amplitude level and in a reasonable time. Two separate cal-
culations were done for f = 90, both for a temperature ratio
of 1.2. The first one started from an initially linear tempera-
ture distribution between heat exchangers, with results shown
in Figs. 6(a) and 7. In the second simulation, temperature ini-
tial conditions considered a steady-state heat conduction field.
Results are shown in Fig. 6(b). In the former case, saturation
occurs after + ~ 4500 (which corresponds to about 35 s in
real time). Figure 7 shows acoustic pressure, axial velocities,
and the difference between axial velocities for a narrow time
window at the end of the simulation. The phase shift between
acoustic pressure and left velocity is very close to 90° and the
period is approximately 0.998, which is again very close to
the first harmonic, and even more so if taking the presence of
a temperature jump into account. Indeed, its period is 0.9986
in a tube closed at both ends (i.e., with no load) according to
the Lees/Rott dispersion relation.® At the stationary re-
gime, acoustics on the left side is a monochromatic standing
wave since there is no longer any energy transfer. On the
right side, however, the power developed by the heat-
exchanger section acting as a source of volume is carried to
the load by the acoustics, which consequently do no longer
behave as a pure standing wave (Fig. 7). The final drive ratio
(max|Mp'"(0)|) is about 3.2% and the velocity amplitudes
are 0.59. The signal in Fig. 7 is now much more symmetric
than for infinite . An overshoot is clearly noticeable in the
pressure amplitudes, before the stationary oscillatory regime
is reached. The same observation has been reported in previ-
ous theoretical, numerical,“"23 and experimental studies. This
overshoot may be due to interaction between the evolution of
the stack temperature and the thermoacoustic wave amplifica-
tion, which are taking place simultaneously, each of which is
characterized by its own time scale. The initially linear tem-
perature gradient evolves mostly by conduction in the solid
plates and in the fluid, toward a stationary solution which, for
heavy stack plates, will be nearly steady. The time scale char-
acterizing conduction in the stack is of the order of 1-2 h,
i.e., approximately 3.5 x 10° dimensionless time units (based
on the stack length and the thermal diffusivity of the stack
plates t ~ L2_, /o). Meanwhile, the thermoacoustic engine
provides for an increase in amplitude and delivers power to
the load, until reaching an equilibrium. Here equilibrium,
hence a nearly periodic regime, appears to be reached while
the stack temperature is still adjusting due to its high thermal
mass. In contrast, in the case of steady-state heat conduction
field, the initial temperature profile has already been adjusted
for conduction (but not for the effect of oscillating flow), and
it is much closer to its final profile.

In the case of steady-state heat conduction, as a result of
relatively poor conduction between heat exchangers and
stack, the actual temperature gradient in the stack is much
lower already when the device starts, the engine is clearly
weaker, and wave amplification is slower, as observed by
comparing times in Fig. 6(b) with those in Fig. 6(a). Figure 8
shows the initial temperature field, zooming between heater
and stack plate, due to conduction but no motion, which is
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FIG. 8. Temperature field detail between the hot heat exchanger and the
stack plates due to conduction (no motion), T, = 1.2, same view as Fig. 1
(bottom).

clearly two-dimensional. The initial temperature gradient in
the stack plates is significantly smaller than the linear profile
used as initial conditions in the previous case and much
closer to the final profile, as shown in Fig. 9. This is due pri-
marily to the gap between the heat exchangers and the stack
ends. The gas layer in this gap is much less conductive than
the solid plates and, therefore, it absorbs much of the temper-
ature difference, resulting in a smaller gradient in the stack.
The same drive ratio is reached eventually but, as Fig. 6(b)
shows, there is almost no overshoot.

The unavoidable presence of a fluid layer between heat
exchangers and plates has a definite impact on the growth
rate. Thermal edge effects and gaps between the stack ends
and the heat exchangers were further analyzed through linear
and nonlinear studies in order to derive improved heat
exchange laws and to optimize the systems.**>* The current
model will allow for optimization of its width and explora-
tion of the optimum values of other design parameters, such
as stack and heat-exchanger location.

VI. CONCLUSION

A globally consistent low Mach number model of the
thermoacoustic engine has been developed, based upon the
assumption that the stack and heat-exchangers length is

T
Permanent solution

T Heat conduction ——— [
Linear temperature distribution - - - -

1.15

1.05

FIG. 9. Temperature distribution along the stack symmetry plane and in the
gas from left to right heat exchanger, showing both initial conditions, linear
distribution and heat conduction solution, and the mean stationary periodic
solution for f = 90, T},,, = 1.2, and initial random noise.
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comparable with the fluid particle displacement, resulting in
a heat-exchanger section that is transparent to acoustic pres-
sure but acts as a source of volume.

Transient processes whereby amplitude grows and even-
tually reaches a steady value are predicted, including fre-
quencies and power fluxes. The key components of the
thermoacoustic device are included. Yet by virtue of not
needing a numerical solution in the resonator, and because
the flow in the stack and heat exchangers is reduced to a low
Mach number flow, implementation is orders of magnitude
faster than compressible models of the entire device. Indeed,
the current model entails solving numerically for only a
small fraction of the overall volume, and the time step is not
restricted by an acoustic Courant—Friedrichs—Lewy condi-
tion. The current approach is a good example whereby the
singular perturbation technique can be used successfully,
allowing the computational effort to be concentrated where
it truly matters. Even so, large computations are still
required, since the direct simulation of a transient period
flow in the heat-exchanger section is still required.

The model will allow for exploring and understanding
crucial trade-offs on stack position, stack wall thickness and
thermal mass, heat-exchanger size and location, and load
impedance including the trade-off between optimizing for
device performance and optimizing for its ability to start,
which may lead to conflicting requirements.

The resonator and the load models that were used are
admittedly much simplified. However, the current approach
can readily be extended to more realistic resonators as long
as they can be described by linear acoustics, and to more
complex load models, including multidimensional resonators
with losses, complex losses, and loops, or in which the long
acoustic resonator is replaced by a free piston, hence allow-
ing for arbitrarily large pressure amplitudes, and a much
higher power density. In particular, losses due to heat and
momentum diffusion can readily be included, since these are
linear in nature. Wave steepening cannot be dealt with; how-
ever, until shocks appear, wave steepening remains a fully
reversible phenomenon, which as such does not directly con-
tribute to losses.
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The influence of a resistive load on the starting performance of a standing-wave thermoacoustic
engine is investigated numerically. The model used is based upon a low Mach number assumption; it
couples the two-dimensional nonlinear flow and heat exchange within the thermoacoustic active cell
with one-dimensional linear acoustics in the loaded resonator. For a given engine geometry, pre-
scribed temperatures at the heat exchangers, prescribed mean pressure, and prescribed load, results
from a simulation in the time domain include the evolution of the acoustic pressure in the active cell.
That signal is then analyzed, extracting growth rate and frequency of the dominant modes. For a given
load, the temperature difference between the two sides is then varied; the most unstable mode is iden-
tified and so is the corresponding critical temperature ratio between heater and cooler. Next, varying
the load, a stability diagram is obtained, potentially with a predictive value. Results are compared
with those derived from Rott’s linear theory as well as with experimental results found in the litera-

ture. © 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4927092]

[JDM]

I. INTRODUCTION

A thermoacoustic engine is a device absorbing heat at
the hot heat exchanger and releasing heat at the cold heat
exchanger while producing acoustic work as an output.
Engines are meant to carry a load, which in the case of an
acoustic device might include a thermoacoustic refrigerator,’
a pulse tube refrigerator,” a (possibly linear) electric genera-
tor,? or a piezoelectric transducer.* The strong coupling that
will exist between the engine and the load influences both
starting performance and steady (periodic) operation.

Thermoacoustic devices have been studied extensively
for more than 30 years. Most of the work in the literature is
based upon the linear theory developed by Rott® and later
extended by Swift e al."® The theory can handle different
geometries for the various parts of the system, such as stack,
heat exchangers, and ducts. Numerical implementation is
based upon a lumped element approximation.” The linear
theory will then yield the acoustic field and, as a result, the
performance of a given system when in the periodic regime.'
Linear theory can also predict the onset conditions (critical
starting temperature gradient) as a function of the mean
pressure by performing a stability analysis for a fixed geome-
try and working fluid. Results from linear theory are in good
agreement with experiments®'° for the onset of a standing
wave thermoacoustic engine inside a resonator closed at both
ends. Recently, a completely analytical boundary layer theory
extending linear theory was developed by Sugimoto,'"'?
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reducing the problem to a one-dimensional model. That
theory was then used in an analytical stability analysis for
systems with a stack under given temperature gradient inside
straight or looped resonators, for given acoustic frequency,
without resorting to lumped elements. Linear theory has
important limitations: the stability analysis is performed in
the frequency domain for each mode, the transient regime is
not described, and nonlinear and multidimensional effects are
not considered or are only partially taken into account.

Transient regimes were addressed by de Waele'? who
developed a one-dimensional time-dependent model of a ther-
moacoustic Stirling engine taking into account the dynamics
of individual components, again using a lumped-element
approximation. de Waele studied engine start phase and tran-
sient effects while acoustics is still considered linear. A mixed
empirical and theoretical one-dimensional model was devel-
oped by Guedra and co-workers'*!'> based upon a transmis-
sion matrix formulation, also assuming linear acoustics. The
transmission matrix was obtained experimentally from imped-
ance measurements. Using that model, they studied the onset
of oscillations for both a basic standing wave engine and a
traveling wave-engine. None of these studies included the
influence of a load on onset conditions.

In contrast, the influence of the load has been accounted
for in studies of thermoacoustic devices in the periodic
regime. The performance of a loaded thermoacoustic engine
was investigated by Olson e al.,'® and also others,'”"'® using
linear theory' and the lumped elements approximation. More
recently, Hatori er al.'® developed an experimental method
based on measuring the acoustic impedance of the engine
and of the load separately, and predicted the operating point

© 2015 Acoustical Society of America 847



of the combination engine plus load. Coming to nonlinear
models, some numerical simulations of the full compressible
Navier—Stokes equations in loaded thermoacoustic devices
with complicated geometry have been performed.’**' These
simulations were performed using commercial codes and
gave a good description of thermoacoustic engines in the
transient and periodic regimes. However, each test case
required extremely large and time consuming simulations;
therefore, these are not appropriate for a parametric study of
a variable load coupled with an engine.

The aim of the current work is to study the influence of
a variable load on the marginal stability conditions of a
standing-wave thermoacoustic engine. The model used
implements a hybrid low Mach number approximation. It is
based on coupling the two-dimensional nonlinear flow and
heat exchange in the thermoacoustic active cell with one-
dimensional linear acoustics in the loaded resonator. For a
detailed description, see Ref. 22. In the load model used in
the present study, instantaneous acoustic pressure and veloc-
ity are assumed to be in phase at the loaded end, and the load
is thus reduced to a real scalar value measuring the ratio of
velocity over acoustic pressure. For a given engine geometry
and a given temperature ratio between heater and cooler,
numerical simulations of the active cell show that depending
on the load value, the engine will or will not start. From the
numerical results, for any given configuration, a critical
temperature ratio is thus determined, corresponding to the
onset of thermoacoustic oscillations, together with the fre-
quency of the corresponding, most unstable mode. The anal-
ysis is performed using a time-dependent nonlinear model
that takes into account two-dimensional effects as well as
multi-frequency content. Finally, the influence of the load on
the starting phase of the engine is discussed and the results
are compared, both with results derived from the linear
theory and with Atchley’s experiments,® bringing new
insight into the engine-load coupling.

Il. PHYSICAL MODEL
A. Low Mach number approximation

The geometry consists of a long tube with length Ly,
within which an active cell is placed at a distance I:L from
the left end. The active cell consists of a stack of horizontal
solid plates with length Loacks placed between two heat
exchangers also consisting of solid horizontal plates that
have the same periodicity as the stack (see Fig. 1). The
geometry can then be reduced to a domain consisting of two
half-plates plus the gap between them, plus a region that
extends away from the solid plates.

First, a dimensionless coordinate system % is introduced,
that resolves the acoustic aspect of the device, which is thus
scaled by the resonator length L,es. The inert resonator end
located at x = —lL = —LL/L,g\ is a closed end. The second
resonator end consists of a load placed at a fixed location
X = ZR =1- IL, described in more detail below. The active
cell is positioned at & = 0. It has negligible size when scaled
by L+, as discussed below [see Fig. 2(a)].

Next, a different dimensionless coordinate system (x, y)
is introduced, that characterizes the active cell geometry,

848  J. Acoust. Soc. Am. 138 (2), August 2015
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Closed end Heater Stack Loaded end

FIG. 1. Simplified geometry of a thermoacoustic engine.

where lengths are scaled by the stack length I:S,ack, in both x
and y. The corresponding dimensionless geometrical parame-
ters include the vertical gap or flow passage between two
stack plates /, the stack porosity #/H, where H is the domain
height, equal to the vertical gap plus the thickness of one stack
plate, the vertical gap between two heat exchanger plates #,,
the horizontal gap between heat-exchangers and stack L, and
the heat-exchanger lengths L, and L., [see Fig. 2(b)].

The low Mach number model is described in detail in
previous work.”> The model assumes that the particle dis-
placement spans a length on the order of L., hence typical
velocities on the order of U,.e_f = Lyack /%, where 7 is on the
order of the fundamental acoustic period of the empty resona-
tor, T = L, /¢, and ¢ is the speed of sound. A reference
Mach number M = U ref/ € can then be introduced which also
equals M = Ltack / Lyes. In the following, the Mach number is
assumed to be small or equivalently the stack is then taken to
be much shorter than the resonator. The active cell size is
then negligible in the & coordinate system.

Flow in the resonator is then described by linear acous-
tics. The solutions are expressed as a pair of planar traveling
waves that move respectively left and right at the speed of
sound. The two Riemann invariants £(x,f) and R(x,r) are
used, defined by

L=yu—-VTp', R=ypu+VTp )
with y the ratio of specific heats, u(t,) the dimensionless
gas velocity, T the dimensionless temperature (using the
cold temperature as a reference) which is assumed to be con-
stant in each resonator part (T =T, on the left side of the

Closed end Active cell Loaded end

00

T

FIG. 2. Geometry of resonator (a) and of active cell geometry (b) in dimen-
sionless coordinates.

Ma et al.



active cell, and T = T, = 1 on the right side), and p’(%, ¢) the
dimensionless order M (acoustic) pressure (using the mean
gas pressure as a reference). At each tube end, the boundary
condition results in a relationship that determines the out-
going wave as a function of the incoming wave, as explained
in Ref. 22. The order M pressure and acoustic velocity on
both sides of the active cell (£ = 0") are expressed using
these same quantities at previous times accounting for propa-
gation on each side and reflections at the respective ends.
The specific treatment of the loaded end will be described in
detail in Sec. II B.

Flow in the active cell is described by two-dimensional
Navier—Stokes equations, with order M* pressure gradients
superimposed to a pressure spatially uniform up to order M,
and varying density and temperature. The solid stack plate
problem is described by the heat conduction equation. In the
stack and heat exchanger plates, physical properties such as
density, thermal conductivity, and heat capacity are taken to
be constant. Thermal conductivity and heat capacity of the
gas are also constant, with values corresponding to cold tem-
perature, chosen as the reference temperature. Reference
density of the gas is that corresponding to the reference
(cold) temperature and the mean gas pressure.

At the solid-gas boundaries, continuity of temperature
and heat flux are imposed, as well as a no slip condition. In
the heat exchangers, uniform, constant temperatures are
imposed with dimensionless values T.=1 in the cooler
plates, T, > 1 in the heater plates. Given the periodicity,
open active cell boundaries are effectively adiabatic.

Boundary conditions at the open ends of the active cell
are provided by appropriate matching of the inner (active
cell) and outer (resonator) solutions. The latter are expressed
using the Riemann invariants £ and R defined by Eq. (1),
traveling respectively left and right in the resonator, at the
speed of sound. At each extremity of the active cell, the out-
going invariant is determined as a function of the incoming
one, taking the corresponding resonator boundary conditions
into account. These consist respectively of a zero velocity at
the closed end, and the load, described in Sec. II B, at the
loaded end.*” Finally, a global energy balance over the
active cell relates velocities at the two cell extremities to
heat transfer.

From the standpoint of resonator acoustics, the active
cell is transparent to pressure but provides a source of vol-
ume. From the standpoint of the active cell, matching with
the resonator occurs at infinity so that, in principle, the active
cell has infinite length on both sides. However the numerical
domain has to be finite. Its length is chosen equal to 5 times
the stack length, which ensures proper matching, as
confirmed by validation. The dimensionless parameters char-
acterizing the problem are then the reference Mach number
M, the relative position of the active cell in the resonator ) L,
parameters describing the geometry of the active cell (H, A,
hy L Lie L), a Péclet number P, = U ,A(,fl-? /%ref, Where
o, is the reference thermal diffusivity, a Reynolds number
R, = ﬁmf(j ,.(,fl:l /Byefs Prer and [i,,, being the reference den-
sity and viscosity, and the Péclet number P,; = P, 0. /0 in
solid walls, where o is the thermal diffusivity of the solid
material.

J. Acoust. Soc. Am. 138 (2), August 2015

B. Load model

The present study considers a purely resistive load, so
that instantaneous acoustic pressure p'(z,t) and velocity
u(iR, t) at the loaded end are assumed to be in phase. The
load is thus characterized by a scalar value equal to the
ratio of dimensionless acoustic pressure to velocity, i.e.,
f=p'(g, 1)/ u(lg,t), with f a positive real. Such a load
behaves as a pure resistance in the electrical analogy. Actual
loads may include inertial and capacitance effects; these will
depend not only on mechanical design, but also on the driven
devices. A detailed study of these issues is beyond the scope
of the present work.

The limit value f — 0 corresponds to an open end, with
P (fR, t) = 0, while the limit value f — oo corresponds to a
closed end, with u(lg, ) = 0.

The boundary condition at the load location X = Ig is
carried along the returning (left-moving) characteristic,
resulting in the corresponding boundary condition at the
right end of the active cell, at £ = 0". Specifically, the
boundary condition at £ = 0" relates the current local value
of the left-moving Riemann invariant and the value of the
right-moving Riemann invariant at the same location but at a
previous time that differs by the round trip time between the
active cell and the load at the speed of sound VTe,

L(0%, 1) = ZR(0", 1 — 2ig/\/T.), )

in which a real coefficient Z was introduced, defined as

y—f
Z=1— 3
— 3)

While f goes from zero for an open end to infinity for a
closed end, Z has the finite span from —1 for a closed end to
+1 for an open end. Furthermore, the expression emphasizes
the particular value f = 7, for which Z vanishes, correspond-
ing to a left-moving Riemann variable with zero value,
regardless of the right-moving variable, hence to a non-
reflecting load. If Z=0, the solution no longer depends upon
the length of the right side of the resonator; such a load may
be difficult to implement, and of little practical value, as
results below will confirm; however, that case still has some
interest as it separates different regimes. In the framework of
the harmonic approximation, it is possible to relate f or Z to
the reflection coefficient at the loaded end hence to the
standing wave ratio.>® In that context the absolute value of Z
is equal to the modulus of the reflection coefficient. The limit
values Z = *1 correspond to a pure standing wave in the
resonator, while the limit case Z=0 corresponds to a pure
traveling wave moving from the active cell towards the load.
Between those limit cases, the wave is a combination of two
waves traveling in opposite directions with unequal ampli-
tudes, i.e., neither standing or purely traveling. In the current
study, however, the effect of the load parameter on starting
performance will be investigated in the time domain with no
a priori on the nature of the wave developing in the engine.
Critical temperature ratio between heater and cooler and
starting frequencies will be analyzed by varying the value of
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fin the range 0 to +oo. Results will be more conveniently
shown as functions of the coefficient Z in the range [—1, 1].

lll. NUMERICAL SIMULATION
A. Algorithm

The problem in the active cell is solved numerically
using a finite volume code.** Diffusion is dealt with implic-
itly while advection is explicit. The scheme is second-order
accurate in space and in time. A fractional time step projec-
tion method adapted for variable density is used to enforce
continuity. The ADI algorithm is used to solve the
Helmholtz equation for time advance of temperature and
velocities. A multigrid algorithm determines the pressure
correction. Solutions of the coupled equations providing
velocity boundary conditions and acoustic pressure at the
active cell location from resonator acoustics and energy
balance are appropriately integrated in the solution
sequence.

B. Procedure

Simulations account for a specific engine geometry,
characterized by the reference Mach number M, the relative
distance of the active cell to the left end /, 1, and the dimen-
sions of the active cell H, h, h,, L,, and L, Most of the
current results were obtained for L., equal to h. Reference
Péclet number P,, solid Péclet number P,,, and Reynolds
number R, are maintained constant. The evolution in time of
the velocity and temperature fields is computed for given
heater and cooler temperatures and load. The required initial
conditions consider fluid at rest and temperature profiles,
obtained numerically, corresponding to steady conduction in
the walls and in fluid at rest. Initial conditions also need to
be specified for resonator acoustics, and these need to be
nonzero since the steady solution to the global problem
consists of fluid at rest, together with a stationary conduction
solution. To that effect, and in order not to favor specific
modes, an initial random noise is imposed in the resonators.
Small O (10~*) random values are thus assigned to the
Riemann invariants at the active cell entrance and exit for a
time window prior to zero, of length equal to the round trip
time between active cell and the respective resonator end.

Starting from initial conditions specified above, the
velocity u(x,y,t), dynamic pressure p(x,y,?), temperature
T(x,y,t), and density p(x,y, t) fields are calculated inside the
active cell at each time step. Coupling at the active cell
entrance and exit provides the velocity at the entrance
u(07,¢) and exit u(0",¢) of the active cell, as well as the
value of the acoustic pressure at the active cell location
p'(0,7) at each time step. The velocity values at the entrance
and exit of the active cell serve as boundary conditions for
velocity inside the active cell. The order M acoustic pressure
p'(0,7), which is included in the active cell model only
through boundary conditions, is an outcome of the simula-
tion. That quantity is analyzed here to characterize the devi-
ce’s regime: motion damping or amplification.

850  J.Acoust. Soc. Am. 138 (2), August 2015

C. Post-processing

Acoustic modes are characterized by amplitude and
complex frequency, i.e., frequency and growth rate. If the
temperature ratio between heater and cooler is small, growth
rates are all negative, i.e., the amplitudes of all modes
decrease in time and motion stops. A critical temperature
ratio is obtained when one of the modes exhibits positive
growth: instability occurs and the device starts. In order to
find the critical temperature ratio T,,;; = fh(.,.i, / T~C for a given
load, repeated simulations are performed for increasing
values of the hot temperature, until a first growth rate
becomes positive.

The pressure signal p’(0,7) is analyzed to extract the
growth rate and frequency of the dominant modes, by fitting
the signal to an approximation of the form

P'(0,1) = ZAie“"cos(wit) + B sin(w;t), 4)
i=1

where 7 is the desired number of modes, with typical value 4.
The fitting uses a window that includes m consecutive data
points, collected after several reference periods have elapsed
so that a dominant exponential mode has emerged from the
initial phase affected by initial conditions. In Eq. (4), o, is the
growth rate of mode i, w; is its angular frequency, and A;, B;
are amplitudes.

Fitting the (A;, B;, 6;, ;) coefficients is performed using
an iterative two stage procedure. Starting with an initial
guess (0;,@;), the (A, B;) coefficients are determined by
least mean square error minimization, using the m data
points. Then the (o;,w;) coefficients are obtained using a
simplex algorithm. Iterations continue until the fit satisfies a
given criterion, with the quadratic error below some
adequate lower bound. The whole procedure is iterated until
an error below 10~ on (a;, @;) is reached.

IV. RESULTS
A. Conditions

Numerical simulations were carried out on an existing
prototype of thermoacoustic engine,?” with a “short” ther-
moacoustic active cell inserted in a long resonator closed at
both ends. The engine is modeled as the simplified device
introduced in Fig. 2, assuming acoustics is lossless in the res-
onators and concentrating all dissipation at the loaded end.

The working fluid is helium. The dimensions (resonator
length, stack length, distance between the left end and the
active cell, plate spacing) and the conditions of the experi-
ments, such as mean pressure and cold temperature, are kept
constant. The relevant dimensionless parameters are sum-
marized in Table I, and the relevant fluid properties are sum-
marized in Table II.

Numerical simulations were carried out using a regular
two-dimensional mesh for the active cell, with either
2048 x 32 or 4096 x 64 grid points. The simulation domain
is long enough to ensure that the flow velocity near the
entrance and exit is parallel to the resonators. The time step
is adjusted in order to satisfy the numerical stability
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TABLE I. Dimensionless parameters characterizing the reference experi-
mental device (Ref. 22).

M P, Py R I H WH h/H Ly L. Ly

0.02 1100 4900 1600 0.09 0.007 0.73 0.73 0.05 0.05 0.005

condition, with about 200 (coarse grid) to 2000 (fine grid)
time steps per reference acoustic period. Typically only
60min of CPU time are necessary for each numerical run
(about 100 periods), such as the one shown in Fig. 3.

For given load value and given heater temperature, the
time history of acoustic pressure in the active cell was
recorded from the computation. An example of the time
signal is shown in Fig. 3(a). The first oscillations are rather
erratic [details are not shown in Fig. 3(a)] and they depend
upon initial conditions. The signal eventually becomes
smoother and amplitudes appear to correspond to a super-
imposition of exponentially varying modes. The signal
appears to remain multi-frequency. This is confirmed in
Fig. 3(b) which shows the corresponding spectrogram. In
the figure, the angular frequency is scaled by a reference
angular frequency w,.r equal to the fundamental angular
frequency of the empty resonator closed at both ends, filled
with gas at a mean pressure P,, and a temperature equal to
the cold temperature T.. At any given time, the power
spectrum exhibits successive peaks corresponding to the
resonant frequencies of the engine for the specific load
value. As time evolves, most modes are damped while
some are amplified. A more accurate determination of the
frequencies and growth rates of the dominant modes is pre-
sented in Sec. IV B.

B. Results at a given active cell location

First, the effect of the load on the critical temperature
ratio is studied, for a single active cell location.

Analyzing the pressure signal using the approach
described in Sec. III C, the growth rate and frequency of the
four dominant modes are calculated, for a range of increas-
ing values of the temperature of the heater 7, for a given
load f, until unstable modes appear. The most unstable mode
is identified as the first mode for which the growth rate o
goes from negative to positive, as T}, is increased. Plotting ¢
as a function of the dimensionless temperature 7}, helps one
to identify the precise value of the critical temperature ratio,
as Fig. 4 shows. In the vicinity of the critical value, ¢ varies
nearly linearly with 7), and a precise determination of the
critical temperature ratio is obtained by interpolation. For

TABLE II. Fluid properties in reference experiment (Ref. 22).

Helium gas

P, T, P i é k
MPa K kgm~? Pas Jkg 'K Wm'K!
1.0 293 1.6 2x107° 5193 0.15
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FIG. 3. (Color online) (a) Typical time signal of acoustic pressure p'(0,7)
and (b) associated spectrogram (the magnitude is the square root of the
power density spectrum). Z=0.988. T}, = 1.08.

example in Fig. 4, the critical temperature ratio is found to
be T, =1.845.

Next, varying the load and reproducing the same proce-
dure for each load value results in a stability diagram (Fig. 5)
in the (Z,T,) plane showing stable and unstable zones.
The zones are separated by a stability curve connecting all
the critical temperature ratios causing the engine to start. The
region above the stability curve corresponds to instability.
Figure 5 shows a stability domain roughly delimited by a
symmetrical triangle peaking at Z=0, when a semi-log scale
is used.

x 10

_12.16 1.17 1.18 1’1“19 1.2 121 1.22
h

FIG. 4. Growth rate of most unstable mode as a function of the hot
exchanger temperature, Z = —0.963.
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FIG. 5. Stability diagram in the (Z,T)) plane, showing the stability curve
(—+—). The region above the curve corresponds to instability.

Figure 6 shows the angular frequency w of the first
mode to become unstable as a function of Z. As |Z]
decreases, the frequency of the most unstable mode is
observed to increase. Although the general shape of the
curve is approximately symmetrical as it is in Fig. 5 for the
critical temperature, the values of @ do not display any sym-
metry. Indeed, critical modes near Z= —1 are of the closed-
end type (multiples of A/2) whereas critical modes near
Z =1 are of the open-end type (odd multiples of 1/4). This
results in distinct sets of onset frequencies, as is further dis-
cussed and analyzed in Secs. IV C and V when commenting
on Figs. 7, 8, and 11.

For Z close to zero, Fig. 5 shows a very large critical
temperature ratio, too large to be realistic. Likewise, frequen-
cies become so high that resolution, both of the wavelength
in space and of the period in time, becomes quite poor.
Furthermore, these curves were obtained assuming constant
viscosity and thermal conductivity conditions, which is unre-
alistic at high temperature. These results are thus somewhat
dubious and, therefore, Fig. 5 merely gives a qualitative pic-
ture for Z close to zero. While such numerical critical temper-
ature ratios may be of limited value, the conclusion is valid
that in the vicinity of Z=0 the device will not start for any
realistic temperature ratio (7, less than about 10), all modes
remaining stable.

20}
15_ .. [ ]
3 10t ° .
5' .o ° ‘ °
-1 -0.5 0 0.5 1
7

FIG. 6. Angular frequency of the most unstable mode scaled by @, as a
function of Z.
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FIG. 7. Growth rates as a function of the active cell location for
0</,<0.5,Z=-0963, T, =1.2. (—--) fundamental mode (the 1/2
mode), (——) first harmonic mode (the 2 mode).

C. Results varying the active cell location or
configuration

The stability diagrams shown in Figs. 5 and 6 can be
used, for a given configuration, to predict the critical temper-
ature ratio and the dominant frequency as a function of the
load.

2
1.8
1.6f
=
[
1.4
].2 - E\B\S\S\Z
1 1 1 1 L
0 0.1 02 , 03 0.4 0.5
IL
(a)
2.5
2 L
=
[
1.5¢
1 B\B\B—E-E—EE—B—E——“E‘
0 0.05 0.1 0.15 0.2 0.25 0.3
)
L
(b)

FIG. 8. Stability diagram showing the critical temperature ratio as a function
of the active cell location for (a) (-{J-) Z = —0.99, (—x—) Z = —0.92, (—-)
Z = —0.85, the critical mode is the fundamental mode (1/2), and (b) (—-)
Z=0.79, (=) Z=0.90, (-[-) Z=0.99, the critical mode is the first har-
monic (31/4).
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These diagrams are modified if the location of the active
cell measured by /; is varied. The stability curve becomes a
stability surface, which can be used to predict the critical
temperature ratio for a given setup. For given load and heater
temperature values, the position of the active cell has to be
within a certain region for the engine to start. For an active
cell outside this region, all modes are dampened and the
engine will not start.

Figure 7 shows the growth rate of the fundamental mode
and of the first harmonic as a function of the active cell loca-
tion for Z = —0.963 and T, = 1.2. It is found that if the
active cell is positioned at 0.083 < fL < 0.12, the first har-
monic is the most unstable mode. In contrast, if it is placed at
0.12 < fL < 0.43, the fundamental mode is dominant. For
that parameter setting, the overall optimal position for start-
ing performance is I, = 0.27, for which the growth rate is
maximum. Another way to address the issue is to determine
the active cell location for which the critical temperature ratio
is minimum. Figure 8 shows the value of the critical tempera-
ture ratio for varying active cell locations and for selected
load values. Figure 8(a) shows results for negative values of
Z near Z= —1, in which case both ends are closed. For each
value of Z, there is one stack position that minimizes the criti-
cal temperature ratio. The optimal position is approximately
0.25 for Z = —0.99. Since the fundamental mode (the 1/2
mode) is the critical one in that region, this corresponds to a
stack located at 1/8 ~ 1:,.” /4 as expected (LA,TS =1). As Z
departs from Z= —1, the wavelength increases so that the
optimal position shifts towards the center of the resonator.

Figure 8(b) corresponds to positive values of Z, near
Z =1, for which the cold end is open. The optimal position
is approximately 0.16 for Z=0.99. Now the first harmonic
(the 34/4 mode) is the critical mode in that range of
stack locations. This corresponds to a stack located at
2/8 ~ LA,~ES/6 ~ 0.17. For decreasing values of Z, below
Z =1, the wavelength increases so that the optimal position
again shifts towards the resonator center. Note that here the
active cell is located at fL < 0.25. If the stack were placed
further away, the fundamental mode would become the criti-
cal one and the optimal position would shift towards 0.5.

The effect of varying the distance between the heat
exchangers and the stack L,; was also studied. In all previous
cases the horizontal spacing L,; was equal to the vertical
stack plate spacing h. Figure 9 shows the stability diagram
for two other situations: for heat-exchangers and stack in
direct contact (L,;=0) and doubling the horizontal spacing
(Lys = 2h). While placing the heat-exchangers and stack
incontact together results in significant reduction of the criti-
cal temperature ratio for all values of the load (potentially
leading to a significant increase in longitudinal conduction
losses), the effect of doubling the spacing is insignificant.
The nature of the critical modes will be discussed in Sec. V
(see comments of Fig. 11).

V. COMPARISON WITH THE LINEAR THEORY

In this section the critical temperature ratio associated to
a given acoustic mode is estimated following Rott’s linear
theory,”* which is outlined here using dimensional values
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FIG. 9. Stability diagram in the (Z,T,) plane, showing the stability curve
(critical temperature ratios) for three distances between heat-exchangers and
stack, (<[-) L,y =0, (——) Lyy = h, (=) Ly = 2h. (a) —1 < Z < —0.6, (b)
06<Z<I1.

for the various parameters. Linear results were obtained for a
slightly different configuration, with the same total resonator
length, stack length, and position of the stack center within
the resonator as above. However, the detailed heat exchanger
geometry used above was replaced by imposing a linear wall
temperature profile in the stack, constant mean temperatures
T, on the left side of the stack, and constant mean cold tem-
perature T on the right side.

The flow in the resonator tubes left and right of the stack
was taken as one-dimensional isentropic linear acoustics with
different speeds of sound corresponding to the respective tem-
peratures T, and T'.. The boundary conditions on the left and
right ends were the same as previously, with a load modeled
as a real impedance R relating acoustic velocity and acoustic
pressure. The acoustic pressure and velocity amplitudes
[p},(X), @;(X)] on the left resonator part and [p’.(X), #.(X)] on
the right resonator part are functions of position which can be
expressed simply in terms of two unknowns, namely, the
complex maximum amplitudes U 5 and U o

The stack region is described as a two-dimensional chan-
nel of height 2y, equal to the vertical distance between stack
plates, extending from X =0 to X = L ek Following Rott’s
approach, solutions of the viscous flow equations are sought
for as harmonic functions in time with angular frequency @,
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using a boundary layer approximation and integrating verti-
cally over the channel height. Also, the stack is assumed to
be acoustically compact, so that the acoustic pressure ampli-
tude p’ is homogeneous through the stack. Since temperature
varies linearly through the stack, dT /dx is a constant.

The resulting dimensional equation for the acoustic
velocity in Fourier space is*’

dii,
ax

1dT i .
=~ = - = 1+ 71 K ~/7
P,A)deul “/Pm[ (r—DfJp
Q)

where }5,,, is the gas mean pressure, Rott’s factors are defined
as

)(

fl{ ~V
1—f,)(1—

in which C, is an integration constant.
That expression can be rewritten using the relationship
between position and temperature as
de]

7, -
o]l 2 il

J“ F0)=F,(07) 1 de*]

o [1=F, ()] (1-P)0"

Boundary conditions are provided by matching with res-
onator acoustics. While the resonator acoustics yield veloc-
ities uniform transversally, the boundary layer model
incorporated in the linear theory used in the stack results in a
specific nonuniform velocity profile. Matching the mean
velocities values is justified based upon a multiple length
approach similar to that used above. Indeed the transition
region is small compared with acoustic lengths, so that mass
and pressure corrections due to the transition zone occur at
higher order. For known boundary conditions at the outer
resonator ends, acoustics yield a relationship between acous-
tic pressure in the stack, p’, and the uniform acoustic veloc-
ities, U , and U ¢, respectively, on the left and right side.
Continuity conditions require mean velocities and acoustic
pressure to match at both stack ends.

Requiring the resulting globally homogeneous problem
to have non-trivial solutions results in a dispersion relation
that cannot be solved in closed form for the complex

_Jﬂ F0)=F,(0) 1
i@ [1-f,(0)](1-P,)0

it (¥) =exp

i@

[4 stack 40

X exp =
Tc - Th

}.

®)
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T (4 i)5e/ V20 (pB)
tanh{(lJri)y})/ 2/5/@5,,@)}

f}\' = ~
(1+0)3o/+/2k/ (pEp@)

(6)

with constant gas properties i, ¢, k (therefore the Prandtl
number P, is constant also), and density p depending on
position through variation of temperature. The f,, and fK fac-
tors are functions of X. Equation (5) is a first order linear
inhomogeneous equation, so the solution is expressed as

dT
= dx,

fo(@2) —f,(%2) 1 o
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frequency . A numerical solution was thus implemented
using a shooting method, integrating over the stack length,
and iterating until the relationship between pressure and
velocity at the end match the acoustic boundary condition.
The method requires an initial guess for the complex fre-
quency, conveniently provided by the numerical results of
Sec. IVB.

Figures 10 and 11 show a comparison between numeri-
cal results and results obtained using the linear theory. Only
the range |Z| > 0.6 is shown, which contains all cases of
practical interest.

In Fig. 10, the critical temperature ratio is shown as a
function of Z. There is very good agreement between the
two approaches, with the ratio obtained through the linear
theory slightly above the numerical values, which may be
ascribed to a shorter length for lossless acoustics in the lin-
ear approach. As Z — —1, the critical temperature ratio
becomes very close to 1. For instance, for Z = —0.997, the
critical temperature ratio is found to be T,;, = 1.024 numeri-
cally while linear theory gives T,,;, = 1.14. Similarly, for an
almost open-end resonator, Z=0.998, numerical simula-
tions yield a value T,;,=1.025 vs T,,;;=1.13 from linear
theory.

In Fig. 11, the onset frequency normalized by w, is
shown as a function of Z for both approaches, again showing
excellent agreement. Also plotted (continuous lines) are the
resonant frequencies of a lossless resonator with a tempera-
ture discontinuity positioned at * = 0, for hot temperature T},
set to the critical value T,;(Z) determined by the simulation,
for a closed right end in Fig. 11(a) or an open right end in
Fig. 11(b). The small frequency increase as T}, increases is
barely noticeable on the continuous (nearly horizontal) lines.
The load itself has a small effect since the points from both
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FIG. 10. Stability diagrams in the (Z, T;) plane showing critical temperature
ratios, (¢) numerical simulation, (— — —) linear theory. (a) —1 < Z < —0.6;
(b)0.6 <Z < 1.

numerical results and linear theory, and the points on the
horizontal lines, which only take into consideration the
changes in temperature due to Z, but not the values of Z itself
only differ slightly. However, the most visible effect of the
load is the switch in the first mode to become unstable (and
thus of the onset frequency), represented by vertical lines in
Fig. 11. In Fig. 11(a), each vertical range corresponds to a
multiple of 4/2, and in Fig. 11(b), each vertical range corre-
sponds to an odd multiple of 4/4. As |Z| diminishes, progres-
sively higher frequency modes are the first to become
unstable. For the current configuration, |Z| has to be
extremely close to 1 for a fundamental mode to be the first to
become unstable. The results, both numerical and from lin-
ear theory, show that as |Z| decreases, the wavelengths of
each mode increase. Thus the position within the resonator
maximizing power shifts away from the closed end for each
mode. Hence, the optimal position of the active cell for
destabilizing any mode (/,/8, n =1,2,3,...) shifts to the
right, as was already shown in Fig. 8. Mode n will remain
the most unstable until 4,/8 of the nth mode shifts too far
away from the active cell location and 4,./8 of the next
mode becomes more favorably located, resulting in step
increases in the frequency of the most unstable mode as
shown in Fig. 11.
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FIG. 11. Frequency of the most unstable modes vs Z. ((J) Linear theory, (x)
simulations, (a) —1 < Z < —0.6; (—) resonant frequencies of a closed-
closed lossless resonator with temperature discontinuity at X =0 and T
= T,i(Z) determined by numerical simulations, (— — —) approximate verti-
cal separation between modes (multiples of 1/2). (b) 0.6 < Z < 1, (—) reso-
nant frequencies of an open-closed lossless resonator with temperature
discontinuity at £ = 0 and T}, = T;1(Z), (— — —) approximate vertical sep-
aration between modes (odd multiples of 1/4).

VI. COMPARISON WITH EXPERIMENTAL RESULTS

In this section, numerical results from the current model
are compared with the experimental results of Atchley et al.®
The experimental setup consists of a thermoacoustic cell that
is about 6.5 cm long, with a 3.5 cm long stack inserted inside
a 1 m long resonator closed at both ends, at about one tenth
of its length, 0.87 m from the right end.*® The inner radius of
the resonator is 1.91 cm. Here its cross-sectional area is
denoted by A. The only “load” on the engine is dissipation in
the gas contained in the resonator (helium under pressure,
initially at ambient temperature). The experiments® show
that at low mean pressure, the most unstable mode is the first
harmonic, while at higher pressure, the fundamental mode
becomes the most unstable. There is also a region where
both modes are unstable.

For comparison, simulations were performed for several
mean pressure values. One of the model assumptions is that
acoustics is lossless in the resonators so that all dissipation is
due to the load, while the experimental results® were
obtained with no load but with losses. For comparison, the
load value in the present model was identified such that the
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critical temperature ratio obtained by simulation matches the
experiment. For };m = 0.44 MPa, it is found that a dimen-
sionless load value of f=45 in the present model yields a
critical heater temperature that coincides with the value
obtained experimentally, 7) = 660 K. This value corre-
sponds to a dimensional resistive load value R
= fMP,,/(AU,) =17.1 MPa s m >. The mode that
becomes unstable is the fundamental mode, which is also
consistent with the experiments. As the heater temperature is
increased in the simulation while keeping the load value con-
stant, the first harmonic also becomes unstable when fh =
821 K, which is again in agreement with the value T, ~ 800
K found in the experiment.

For P,, = 0.15 MPa, a load value f= 16 is necessary to
reproduce the measured critical heater temperature T), = 718
K, corresponding to dimensional value R = 2.1 MPa s m °.
For that mean pressure value, the mode that first becomes
unstable is the first harmonic, again in the experiments as
well as in the present simulations. The load value that
matches the experimental stability diagram of Atchley
et al.® shown in Fig. 12, is found to depend only on the
mean pressure. In the electro-acoustic analogy, the cold
resonator in the experimental configuration is a simple right-
ended duct filled with helium prone to viscous and thermal
dissipation. In the present model, the lossless resonator is
connected to a purely resistive load, which is found to
mainly play the role of thermal resistance. Indeed the ther-
mal resistance in the experiment may be estimated based on
the classical expression,! R, = 2yP,,/[w(y — 1)S5,], where
S is the surface area of the resonator side and J, the thermal
boundary-layer thickness. If P,, = 0.44 MPa (respectively,
0.15MPa), T.p.s = 293 K, the thermal resistance is found to
be on the order of 40MPa s m ° (respectively, 5
MPa s m ). For P,, =0.15 MPa, the angular frequency cor-
responds to the first harmonic, since this is the mode that
destabilizes first. These values are found to be in qualitative
agreement with the abovementioned values R obtained
numerically, thus lossless acoustics with a loaded end can
adequately model a dissipative resonator. Moreover, the
value of the load strongly influences the ability of the ther-
moacoustic engine to start on its own.
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FIG. 12. Dimensional load R yielding the critical temperatures of Atchley
et al. (Ref. 8) vs mean pressure P,,.
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VIl. CONCLUSION

The dynamics of a thermoacoustic engine was investi-
gated numerically for varying mean pressure and tempera-
ture ratio between heater and cooler. The model is based
upon a low Mach number assumption, leading to a combina-
tion between a numerical solution of the flow and heat
transfer in the active cell and an analytical solution of linear
acoustics in the resonator. Numerical simulations were
carried out on existing thermoacoustic engine configura-
tions,”>® showing how a resistive load influences the onset
of thermoacoustic oscillations.

The resistive load was varied to encompass a full range
of situations from a resonator with a closed end to an open
end, hence values range from infinity to zero. To that effect,
for a large number of load values, the critical temperature
ratio was determined, as well as the angular frequency of the
most unstable mode. Results show that for a wide range of
intermediate load values, the critical temperature ratio is so
high that, in practice, the engine will not start on its own.

The active cell consisted of a stack of parallel plates
placed between heat exchangers also made of plates aligned
with the stack plates. For this simple configuration, compari-
son was possible between the numerical results and a
theoretical analysis based on Rott’s linear theory. Good
agreement was found for both the critical temperature ratio
and the dominant oscillation frequency. The hybrid numeri-
cal model will be most useful whenever a realistic active
cell with complex geometry must be dealt with, for example,
for misaligned plates or even fully three-dimensional
configurations.

The current model of a lossless resonator associated
with a resistance placed at the resonator end can be extended
to describe real loads to which the thermoacoustic engine is
coupled. The approach used also allows one to account for
dissipation in a simple experimental resonator with a closed
end,® provided the resistive load value is adequately chosen.
In that case, the load is mainly associated with the thermal
resistance of the resonator.
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Rayleigh streaming in a cylindrical acoustic standing waveguide is studied both experimentally and
numerically for nonlinear Reynolds numbers from 1 to 30 [Rey, = (Up/ co)z(R / 5y)2, with U, the
acoustic velocity amplitude at the velocity antinode, ¢ the speed of sound, R the tube radius, and
0, the acoustic boundary layer thickness]. Streaming velocity is measured by means of laser
Doppler velocimetry in a cylindrical resonator filled with air at atmospheric pressure at high inten-
sity sound levels. The compressible Navier-Stokes equations are solved numerically with high reso-
lution finite difference schemes. The resonator is excited by shaking it along the axis at imposed
frequency. Results of measurements and of numerical calculation are compared with results given
in the literature and with each other. As expected, the axial streaming velocity measured and calcu-
lated agrees reasonably well with the slow streaming theory for small Rey; but deviates signifi-
cantly from such predictions for fast streaming (Reyz; > 1). Both experimental and numerical
results show that when Reyy, is increased, the center of the outer streaming cells are pushed toward
the acoustic velocity nodes until counter-rotating additional vortices are generated near the acoustic
velocity antinodes. © 2013 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4817888]

PACS number(s): 43.25.Nm, 43.25.Gf [TB]

I. INTRODUCTION

Rayleigh streaming refers to the second order mean ve-
locity that is generated by effects related with the interaction
of a solid surface and an acoustic wave in a fluid. In ther-
moacoustic devices, acoustic streaming results in convected
heat flow that can reduce the efficiency of the devices.
Because the power density of a thermoacoustic device is
roughly proportional to the square of the acoustic pressure
amplitude, the study of high acoustic amplitude phenomena
is important to the field of thermoacoustics. A better under-
standing and characterization of the corresponding so-called
“fast” Rayleigh streaming is therefore useful to assess its
impact on the efficiency of thermoacoustic devices.

The reference solution derived by Rayleigh' concerns
streaming generated by a standing wave between two infi-
nite, widely separated plates. Together with further studies
by Nyborg2 and Westervelt,” this work yielded the so-called
Rayleigh-Nyborg-Westervelt (RNW) streaming theory. For
a better application to thermoacoustics, this theoretical
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description has evolved in order to refine thermal effect
description and to remove the restrictions to wide channels
and to slow streaming. Concerning the first two points, dur-
ing the last decades, thermoacoustic applications have moti-
vated several theoretical works to take into account thermal
effects*” and/or to remove the restriction to large chan-
nels.®’ However, all these theoretical developments were re-
stricted to slow streaming where fluid inertia is neglected.
The dimensionless number characterizing the inertial effects
with respect to viscous effects is the nonlinear Reynolds
number Rey; defined by Menguy and Gilbert.® For slow
streaming the nonlinear Reynolds number is such that
Renr < 1. The influence of fluid inertia was studied only by
Menguy and Gilbert and for Rey;, up to only about two;
using a perturbation method with asymptotic expansions fol-
lowed by time-averaging, they developed boundary layer
streaming equations, matched with nonlinear streaming
equations in the main acoustic field, thus demonstrating a
noticeable distortion of the streaming velocity field.

Previous simulations of acoustic streaming in the linear
regime were conducted by solving the flow dynamics
between two plates inside a thermoacoustic refrigerator.’
More recently, Aktas and Farouk'® performed numerical
simulations in the linear and nonlinear streaming regimes,
solving the full compressible Navier-Stokes equations in the
plane case with a flux corrected transport scheme. The
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acoustic excitation was provided by a moving wall. Their
results show a distortion of the streaming field and the exis-
tence of multiple streaming cells for small values of Rey,
even for values less than one. In their analysis, the authors
correlate the existence of the nonlinear streaming regime
with the values of the aspect ratio of the waveguide and with
a different streaming Reynolds number [Re, = U3/ (vw), @
being the angular frequency]. When their results are analyzed
as a function of Rey;, the tendencies depicted are in contra-
diction with experiments.'""'* One of the goals of the present
paper is to present direct numerical simulations of the
Navier-Stokes equations in the cylindrical case using a
recently developed high resolution numerical scheme'? tested
successfully in several cases (including acoustics and stream-
ing"*'%). In the present simulations, the acoustic wave is
excited by shaking the entire resonator and there are no
restrictions on the value of the Rey,..

With respect to experimental studies, thanks to improv-
ing techniques in fluid dynamics, measurements of the
streaming in a standing wave guide have been performed
recently.'"''® Experimental works by Sharpe, Greated,
and collaborators'® and by Thompson and Atchley'® first
allowed quantitative study of streaming velocity in the core
region on the basis of particle image velocimetry (PIV) or
laser Doppler velocimetry (LDV) measurements. Moreau
et al." first performed LDV measurements of streaming in
both the core and the near wall region to characterize inner
streaming vortices. Their measurements were performed for
Rey, up to 140 but they mainly focused on inner streaming
cells evolution. In their experimental study, Thompson and
Atchley'’ considered streaming for Rey; up to 20 and found
that the streaming fields is distorted for high nonlinear
Reynolds number in correlation with the increasing tempera-
ture gradient along a streaming cell. Nabavi e al.'* analyzed
streaming in a square channel on the basis of PIV measure-
ments; they found that for Rey; up to 25, streaming cells are
regular and correspond to ‘“classical” streaming flow,
whereas when Rey;, exceeds 25, streaming deforms to irreg-
ular and complex shaped patterns. Another goal of the pres-
ent work is to present results of measurements of the
streaming velocity field generated by an acoustic standing
wave in a cylindrical resonator by means of LDV from low
to high acoustic amplitudes (up to Rey;, greater than 25).

In the present study, numerical and experimental results
are successfully compared with available theoretical expect-
ations in the linear regime. For this purpose, a slow stream-
ing analytical model that has been developed previously® for
the calculation of Rayleigh streaming in a cylindrical wave-
guide is used. Then the analysis of the nonlinear regime is
conducted for the first time with a coupled numerical/experi-
mental approach on a cylindrical geometry, and the results
are confronted. Both simulations and experiments show that
streaming at high Rey;, is associated with additional outer
streaming cells appearing at a critical value of this number
of about Rey;, = 30.

Section II presents the different methods for the calcula-
tion of streaming that are used or referred to in this paper
(direct numerical method, work by Bailliet et al .,6 and work
by Menguy and Gilbert®). The dimensionless numbers used
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to describe the problem of Rayleigh streaming in a standing
wave guide are presented as it is necessary to consider the
respective values of these numbers in order to validate the
comparison between numerical and experimental results. In
Sec. III, experimental setup and procedure are presented.
Section IV presents the numerical method used to calculate
streaming velocity. Finally in Sec. V, these numerical and
experimental results are compared with each other and with
the available literature.

Il. FUNDAMENTAL EQUATIONS AND
NONDIMENSIONAL ANALYSIS

All the methods used to calculate the streaming flow in
this paper are based on the fundamental equations that
describe an acoustic wave propagation in the laminar regime
along the z axis, in a cylindrical tube of radius R filled with
air at atmospheric pressure. The ratio of the wavelength to
the transverse dimension is supposed to be large so that the
wave is plane. Air is considered as a Newtonian compressi-
ble fluid and there is no mean flow apart from acoustic
streaming. Gravity is neglected. Neglecting the bulk viscos-
ity in comparison with the shear viscosity, these fundamental
equations (Navier-Stokes equations) that describe the fluid
motion are written as

p _

o TV (pu)=0
%-&V-(pu@u)—i—szV-ﬁ)
a(gtE)_;’_v(pEu + pu) ZV'(kVT)+V'(%u)7

6]

where p is the density, p is the pressure, u is the flow veloc-
ity vector, E=e¢+ (1/2)u-u is the total energy, with e
p/(y — 1)p the internal energy, y the specific heat ratio,
= —(2/3)u(V - u)l +2uD the viscous stress tensor, with
I the identity tensor, D = (1/2)(Vu + Vu) the strain rate
tensor, p the dynamic viscosity, & the thermal conductivity.
The gas is considered as a perfect gas obeying the state law
p = rgpT, where T is the temperature and r, is the constant
of the perfect gas (air in the present case).

1l ||

A. Nondimensional analysis

In the previous equations, there are 6 unknown physical
variables, p, u (three components), p and T [the internal
energy e can be replaced by (c¢,/y)T, ¢, being the specific
heat capacity at constant pressure] and six equations. The
problem is written in a dimensionless form, using standard
fluid mechanics scalings

-V .t . u . p . P
V:_7 t:_7 u=_-, =" =
Ly fo Uo u Po g Po
. T u ~ k
T:_a A:_v k:_a (2)
Ty K Ho ko

where Lo, ty, Uy are reference scales for length, time and ve-
locity (based on the acoustic propagation), and po, pg, To, >
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ko are scales for pressure, density, temperature, dynamic vis-
cosity and conductivity (based on fluid properties at rest).
In the context of acoustics, the adiabatic speed of sound
is defined as ¢o=,/(0p/0p), > also written as c¢g
= /7(po/py) using the first-order Taylor expansion of
pressure. The characteristic acoustic time and length scales
are given by 7= 1/w, Ly=co/w, where @ is the
fundamental acoustic angular frequency. Uy is a reference

op f

=+ MV - =
6t+ V-(pu)=0
a(pa) R O pp
ER +MV - (pu®u) yMV —ReV T

I Y

e o\ pla
10(pT) | o < 2 M
—— 4+ M(y—1 = —
A

The working fluid being air, the Prandtl number is fixed,
of order 1. This leaves out two nondimensional numbers to
monitor wave propagation in the tube (M and Re). In order
to characterize the streaming flow associated with a standing
wave, the V operator should be separated into an axial and a
radial part, that is, a separate reference length scale for the
radial direction has to be introduced, inducing that a supple-
mentary nondimensional number is needed. Menguy and
Gilbert® showed that this additional required number is the
Shear number, defined as Sh =6,/R, 0, = y/2v/w being
the acoustic boundary layer thickness in the near wall region
(with v = p/p, the kinematic viscosity).

Here, the acoustic wave amplitude ranges from linear
(M <« 1) to weakly nonlinear. The Reynolds number com-
pares inertial effects and viscous effects over the wavelength
and is large with respect to 1 for the present range of audible
frequencies. Then, the third dimensionless number compares
the boundary layer thickness to the tube radius. The hypothe-
sis Sh <« 1 corresponds to large tubes, which is the case in
all the studies we deal with in this paper. Finally when work-
ing with air, the same flow behavior is expected for studies
where M < 1, Re > 1 and Sh « 1. This asymptotic simi-
larity will be considered as valid for the numerical and ex-
perimental flows under study in the following. In order to be
able to compare our experimental and numerical results to a
reference, in the following section, two available models for
streaming flow are briefly presented: a linear model devel-
oped by Bailliet er al.® (used for quantitative comparison
with direct numerical simulations and experiments in the
slow streaming regime) and a nonlinear model developed by
Menguy and Gilbert® (used for the description of the evolu-
tion of the streaming flow for moderate streaming regime).
The latter shows that when dealing with streaming flow, an
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value of the acoustic velocity, for example the maximum
amplitude of the fundamental component of the wave. With
these reference scales, three independent dimensionless
numbers are defined by rewriting the set of Eq. (1): the
acoustic Mach number M = Uy/cy, the acoustic Reynolds
number Re = pycj/pow, and the Prandtl number
Pr = pycp /ko.
Equation (1) in dimensionless form is indeed

3)

additional dimensionless number has to be considered, as
discussed in the following.

B. Slow streaming

In the literature, there are several analytical models for
slow streaming.>> In this paper, the model developed by
Bailliet er al.® is used. This model is based on the fundamen-
tal equations presented above. Additional assumptions allow
us to obtain an expression of the second order time averaged
axial velocity as function of the first order acoustic quanti-
ties. The streaming is supposed to be slow so that the effect
of inertia on the streaming motion is neglected by compari-
son with viscous effects. The solid is supposed to have an in-
finite heat capacity. Under these assumptions, the method of
successive approximation is applied, the first order quantities
having a e~ dependence. Through time averaging a combi-
nation of the continuity equation and of the axial component
of the Navier-Stokes equations written to the second order,
the following equation is obtained:

1 1
27 KoV (u2) = 0:p + 0:(po(ui.) + 1 Va(polurzinng))

1

— 2 Yl V), @

where (—) denotes the time average and 1 = r/R, with r the
radial coordinate. An expression for the second order pres-
sure gradient 0.p; is obtained by writing that, in a closed res-
onator, there is no net mass flow across the section, i.e., the
second order time average mass flow rate across the cross
section must be zero. Successive integration of the expres-
sion obtained yields the second order pressure gradient as
a function of the first order acoustic quantities. In turn,
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successive integration of Eq. (4) yields the axial streaming
velocity [see formula (16) from Bailliet et al®]. In the case
of widely spaced parallel plates, this velocity is equal to the
one obtained by the RNW theory, but the calculation is valid
also for narrow guides (that is in the near wall region of any
guide) and it takes into account the dependence of viscosity
on temperature. This calculation is also valid in the presence
of a temperature gradient (not set in the present study). This
analytical study will be used as a reference for our experi-
mental and numerical results. However, high acoustic ampli-
tudes will be considered here and therefore the slow
streaming assumption is expected to be restrictive, and the
effect of streaming inertia should be analyzed.

C. Effect of inertia on streaming

The only available theoretical study that is not restricted
to slow streaming is the one by Menguy and Gilbert.® By
writing the fundamental equations up to the third order in the
main acoustic field followed by time averaging over the
acoustic period, Menguy and Gilbert derived the governing
equations for the streaming field in the boundary layer and in
the main central part of the tube. Under the above presented
assumptions (M < 1, Re > 1, Sh <« 1), an asymptotic anal-
ysis can be performed, allowing to derive the fluid behavior
at the first and second order. A time averaging over the
acoustic period yields equations for streaming flow both
inside and outside the acoustic viscous/thermal boundary
layer. Under the previous hypotheses on M, Re, and Sh num-
bers, streaming equations inside the boundary layer are
always linear. Outside the boundary layer, streaming equa-
tions can be linear or nonlinear depending on the ratio
between inertia and viscous terms. Menguy and Gilbert®
showed that in the central part of the tube, the equation that
governs the streaming velocity #; has a unique nonlinear
term

thzlg <caﬁé‘>
wror\ or )

This clearly shows that the outer streaming nonlinearity
depends only upon one dimensionless number

M2

RCNL = Sh2
called the nonlinear Reynolds number, which compares iner-
tia and viscosity. For Rey, = O(1) the classical streaming
models are no longer valid and the nonlinear effects of iner-
tia must be taken into account. The latter cause distortion of
the streaming velocity field in the tube and Menguy and
Gilbert® discuss the distortion of the toroidal vortex patterns.
When Rey;, < 1, inertia terms are negligible with respect to
viscous terms and the streaming equation reduces to the lin-
ear model of streaming (see Sec. II B).

Finally, four dimensionless numbers are to be consid-
ered when dealing with Rayleigh streaming. At fixed Pr, for
asymptotic similarity when M < 1, Sh < 1 and Re > 1,
the nonlinear Reynolds number is expected to be the driving
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parameter for acoustic streaming. The behavior of the
streaming flow will then be analyzed and discussed upon the
values of the nonlinear Reynolds number.

lll. EXPERIMENTAL APPARATUS AND PROCEDURE

The setup used to observe the phenomenon of acoustic
streaming is shown in Fig. 1 and consists in a cylindrical
tube connected at each end to a loudspeaker via connecting
tubes designed to avoid separation effect related to the singu-
larities in change of section. The cylindrical part of the
waveguide has inner radius R = 19.5 mm and the waveguide
is filled with atmospheric air. The total length of the wave
guide is Leyp = 2.13 m and the system is tuned on two dis-
tinct frequencies corresponding to two different resonant
modes: the first mode corresponding to Ley, = 4/2 and the
third mode corresponding to Lex, = 34/2, A being the wave-
length of the fundamental mode.

In the following, results will be presented for acoustic
streaming across one or two cells and whatever the working
frequency, the position along the guide axis will be given by
the axial coordinate z, with z = *1/4 corresponding to two
adjacent streaming cells.

The acoustic wave is generated by two loudspeakers
driven by a wave generator whose frequency and amplitude
are controlled. Wood smoke is used as seeding particles in
order to perform LDV measurements. The single component
LDV system is a Dantec Dynamic model 2580, the probe is
mounted on a three-axis positioning system. The argon kryp-
ton laser has an optical wavelength of 514.5 ym and a power
of 25W. The parameters of LDV system are adjusted for
sound measurements>’ and the axial streaming velocity is
measured following the work of Valiére er al.*' along the
centerline of the guide. The LDV measurements yield the
Eulerian particle velocity. In agreement with Moreau
et al.,ll measurements were performed more than 26 min af-
ter the acoustic field is switched on and are stable after this
time. Also, following this latter reference, in order to reach
convergence in the measured streaming velocity, we choose
to acquire either 70000 points or to stop acquisition after
10s. This gives a good compromise between a sufficient
number of measured tracer particles per point for a precise

Connecting ) Connecting
tube Waveguide |tu/bV
Loudspeaker Loudspeaker

FIG. 1. (Color online) Photo and diagram of the experimental apparatus.
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streaming velocity measurement and a small measuring time
resulting from a correct seeding.

In order to get as close as possible to the isothermal
boundary conditions used in the numerical calculation and
because it was found in the literature that temperature gra-
dients along the guide walls greatly influence Rayleigh
streaming,'® the resonator wall is forced to correspond to an
isothermal boundary condition with the help of fans used to
insure that the wall temperature is equal to the room temper-
ature. The temperature is measured along one streaming cell
using seven thermocouples with a resolution of about
0.05°C. These thermocouples are placed at the outer wall of
the resonator and are insulated from the external environ-
ment by a polystyrene covering. Using fans to force heat
transfer from the guide to the environment yields a residual
temperature difference of 0.3 °C between the acoustic veloc-
ity node and antinode at Rey;, = 31.8. This temperature dif-
ference would be equal to 3.1°C if no fans were used.

IV. NUMERICAL APPROACH
A. Numerical method

In order to initiate an acoustic standing wave in the cy-
lindrical tube of length L, it is shaken in the longitudinal
direction z, so that an harmonic velocity law is imposed,
V(1) = (0, V(1))", with V(1) = z,o cos(wt), z, being the am-
plitude of the tube displacement. The flow can be modeled
by the compressible Navier-Stokes Eq. (1), expressed in the
moving frame attached to the tube, so that a forcing source
term /4° is added to the system of Eq. (1). The model can be
written in vector form

ow 10 v 0 v s
* n ot v

Wi T T s rivay2). vy =firag.) = rica) iV
Hok ot v

Wi =W T e s, 0is =Fiap) = riea/m,ili-
n 1 n Hk 1 r "

Wil = > Wi+ wij) + ri (riv(/2),/Chr /), = Ti-0/2),Ci

In (7), the subscripts (i*£1/2, j) denote a value at the
interface between cells (7, j) and (i1, j). The viscous fluxes
are discretized at each interface using centered second order
finite differences. The corrective terms C fi(l /2).j provide the
third order accuracy and upwinding for the inviscid terms.
Details on the model can be found in Daru ef al.'*'>*?

The physical boundary conditions employed in the mov-
ing frame are: no slip on the wall, symmetry at the ends of
the tube, and isothermal walls.

The acoustic streaming is generated by the interaction
of the imposed plane standing wave and the tube wall.
Resonant conditions are imposed, for which L = 1/2, A
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where w is the vector of conservative variables
(p, pu, pv, pE)', f and g are the inviscid fluxes f
= (pu, pu® + p, puv, pEu+pu)’ and g = (pv, puv, pv* + p,
pEv —i—pv)T, f°, and g being the viscous fluxes f*
=10, Ty, Trz,  k(OT/Or) + ut,, + vr,.Z]T, &' =10, 12, Tz,
k(0T /0z) +u‘c,-z+v‘c:z]T. The source terms read h=|0,
—(z00/r)+ (p/r),0,0], ¥ =[0,0,~p(dV /dt), — pu(dV d)]"

The model is numerically solved by using high order fi-
nite difference schemes, developed by Daru and Tenaud.'?
An upwind scheme, third order accurate in time and space, is
used for convective terms, and a centered scheme, second
order, is used for diffusion terms. Traveling shock waves are
present in the flow for high acoustic levels, which generate
numerical oscillations. However they are of weak intensity
and produce very small oscillations that do not spoil the so-
lution. Thus it was not necessary to add a costly shock cap-
turing procedure.

The numerical procedure is briefly described thereafter.
Denoting by w;; the numerical solution at time ¢ = not and
grid point (r, z) = (ior, joz), with o¢ and or, oz the time and
space discretization steps respectively, the following Strang
splitting procedure is used to obtain a second order accuracy
every two time steps:

W;ITZ = L&)'L(SZL&L(;)'W;’ (6)

where L;, (resp. L;;) is a discrete approximation of L,(w)
=w+ot[—-(1/r)(f), + (1/r)(if*), + h+ B*] [resp. L.(w)
=w+ 0t (—g.+ g’)]. The 1D operators being similar in
both directions, only the r operator is described. The scheme
is implemented as a correction to the second order Mac-
Cormack scheme. It consists of three steps, as follows:

)

(1/2).)- ©)

being the wavelength calculated for a dissipative gas. The
boundary layer J, is of small thickness and must be correctly
resolved by the discretization mesh. After several trials, it
was found that a value of five points per boundary layer
thickness is sufficient for reasonable accuracy of the simula-
tions. All results presented below are thus obtained using a
Cartesian mesh of rectangular cells of constant size ér and
0z, composed of 500 points in the axial direction z, and of
5 X R/, points in the radial direction.

The flow being assumed to be axisymmetric (at least in
the range of parameters treated), only the region 0 <r <R
and 0 <z < L was considered. Also, the scheme being fully
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explicit, the time step of is fixed such as to satisfy the stabil-
ity condition of the scheme. In all cases considered here, the
time step limitation is acoustic, it reads ér < %51’ /co. Taking
ot = %5r/ co and or = 9,/5, this results in a number of time
steps Ny per period of oscillation proportional to +/L,
Nr = 1/(fot) = 10/(2nco) /vV/L.

Because the LDV measurements yield the Eulerian par-
ticle velocity, the numerical results are based on the Eulerian
time-average of fluid velocity. The numerical streaming ve-
locity is obtained by calculating a simple mean value of the
particle velocity over the discretized acoustic period, thus a
time average made with respect to the fixed measuring posi-
tion, for each mesh point.

B. Simulation parameters

A cylindrical tube is considered, initially filled with air
at standard thermodynamic conditions, po = 101325 Pa,
po =12 kgm >, Ty = 294.15 K. The thermo-physical prop-
erties of air are i, = 1.795 x 107> kgm's!and ko = 0.025
Wm ™" K. Viscosity is expressed as a power law of temper-
ature, u(T) = py(T/To)""". Also for air, y =14 and r,
= 287.06Jkg "' K~'. The Prandtl number Pr is equal to 0.726.
This results in an initial speed of sound ¢y = 343.82 ms ™.

In the experimental case presented in Sec. III, the half-
wavelength is about 0.7 m long, which would yield a limit-
ing time step corresponding to Np ~ 25000+/L, that is
21000 iterations per period. Since transients of several hun-
dreds of periods may be needed in order to reach stabilized
streaming flow, several millions of iterations are necessary
for each simulation. Considering these numerical constraints,
a high-frequency wave is chosen for numerical calculations,
with f = 20000 Hz. Taking into account the viscous dissipa-
tion, this corresponds to a shorter wave guide with L
= 8.396 mm. The resulting boundary layer thickness is J,
= 1.54 x 107> m. For computational ease, the Shear number
was fixed in the numerical simulations to be 1/40.

The time step 6t = 8 x 10 s is chosen in order to sat-
isfy the numerical stability condition, corresponding to 6250

time iterations per period. The acoustic velocity produced in
the wave guide depends on the imposed amplitude of the
horizontal displacement z,. It varies approximately linearly
with z,, for a given ratio R/J,. Therefore it is possible via
the only choice of z, to approximately set the value of the
desired nonlinear Reynolds number Rey;, so that to approxi-
mately fit the ones obtained in experimental configurations.

V. RESULTS AND DISCUSSION

As seen in Secs. III and IV, several differences exist
between experimental and simulated configurations. As dis-
cussed in Sec. II these differences should not be associated
with different behaviors of acoustic streaming if the nonlin-
ear Reynolds number Rey; is the same, and if the other rele-
vant dimensionless numbers Sh, Re, and M are of the same
order of magnitude. The acoustic amplitude of the funda-
mental mode at the velocity antinode z = 0 is chosen as the
velocity reference Uj.

Table I summarizes then the values of these dimension-
less parameters for both the experimental and numerical con-
figurations together with the ones for several studies of the
literature®'%1%1% that are used for comparison with the pres-
ent study.

As shown by Table I and as stated in the previous Sec.
IV, all numerical calculations were performed for a given
frequency in air at atmospheric pressure, corresponding to
one acoustic Reynolds number Re. Because the experimental
setup could be tuned at two different resonant modes, two
different Re numbers could be achieved. Whatever the fre-
quency condition is in numerical and experimental configu-
rations, the acoustic Reynolds number is always much larger
than one. Therefore, we can expect similarity to hold
between the different configurations studied here in terms
of Re.

When working on the 1/2 experimental mode, the Sh
number is 1.2 - 1072 (the corresponding experimental config-
urations are labeled E; and E,), whereas when working on
the 37/2 experimental mode, the Sh number is 7.2 - 1073

TABLE I. Nondimensional numbers used for the present study together with those of several studies in the literature.

Reference Name Reny M Sh Re
Experiments (present study) E, 0.47 821073 1.2-1072 1.4-107
E, 4.8 2.6-1072
E; 7.7 2.1072 7.2-1073 5.2-10°
E4 14.6 2.7-1072
Es 31.8 41072
Numerical (present study) N, 0.25 1.2-1072 251072 6.3-10*
N, 4.91 55-1072
N; 7.93 7.0-1072
Ny 15.2 9.7-1072
Ns 38.6 15-1072
Menguy and Gilbert® [0.5 2] <1 <1 > 1
Thompson et al."’ 2.1 -22] [8—25]-107° 53-107° 4.1-10°
Nabavi et al."? (6.6 — 78] [7.7 -34] - 107 [3-4]-107 [1—19]-10°
Aktas and Farouk'® [0.035 — 16.4] [3.7-179]-107° [2-10]-1072 6.6-10%
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FIG. 2. (Color online) Variation of the axial streaming velocity component
along the central axis of the guide normalized by Ugayicigh = (—3/8)
(U2 /co). (—) Ny numerical simulation at Rey;, = 0.25; (- -) analytical results
using the conditions of the simulation; () E;, experimental measurements
Rey, = 0.47; (- - -) analytical results using the conditions of the experiment.

(labeled E5 to Es). In the numerical simulations the Sh num-
ber is 2.5 - 1072, As will be shown in the following section,
such differences in Sh numbers do not yield any significant
difference in the acoustic streaming regime.

Finally, by changing the acoustic amplitude, the M and
Rey, numbers are modified. Since the Rey; number is the
relevant parameter to study nonlinear acoustic streaming, nu-
merical and experimental configurations were chosen such
that the Rey; numbers are as close as possible for compari-
sons. The corresponding acoustic Mach number ranges from
8.2-1073 to 4 - 102 for experiments and from 1.2 - 1072 to
1.5-107" for numerical simulations, and therefore attention
should be paid to the possible effects of such different
dynamic ranges.

In the following Secs. V A—V C, results for experiments
and numerical simulations are presented for different ranges
of Reyy, then in Sec. VD the effect of other dimensionless
numbers are considered and discussed.

A. Streaming velocity at low nonlinear Reynolds
number

The results presented in this section refer to situations
where the nonlinear Reynolds number Rey;, is smaller than
one. The experimental case selected for this comparison at
low nonlinear Reynolds number corresponds to Rey;, = 0.47
(E1), and the numerical simulation case corresponds to
RCNL =0.25 (N])

Figure 2 displays results from measurements and from
numerical simulations for the axial streaming velocity com-
ponent u; along the scaled central axis z/(1/2) together with
two different results from the analytical analysis presented in

Sec. II corresponding to the numerical and experimental
cases respectively. In all figures, the velocities are normal-
ized by URrayieigh = (3/ 8)(U3/co) that corresponds to the am-
plitude of the streaming velocity in Rayleigh’s theory. The
nonlinear effects being negligible for these values of Rey;,
the axial streaming velocity should follow Rayleigh’s law
for linear streaming, which is uayieieh = (—3/8)(U3/co)
sin(4nz//) in the present coordinate system. Figure 2 shows
that it is indeed the case for all results presented in the figure,
except for a slight difference between numerical and both
analytical and experimental results. The source of this differ-
ence is unclear. The acoustic wave is created in a different
manner in the three studies (analytical, numerical, and exper-
imental). This can create discrepancies between the results.
Moreover, it is important to recall that the numerical simula-
tions are long and the streaming flow is of the second order.
These are difficult conditions, especially for small values of
the nonlinear Reynolds number. Therefore this difference in
streaming velocity between numerical and analytical results
is very satisfying.

The streamlines of the streaming flow are plotted in
Fig. 3. Two outer streaming cells and two inner cells can be
observed, corresponding to the classical Rayleigh streaming
pattern. The streaming vortices are present either sides of the
central axis and spaced at interval of 1/4. For outer stream-
ing, the flow along the central axis is directed toward the
acoustic velocity antinodes and returns in the vicinity of the
wall to complete a closed loop. In the near wall region, the
inner streaming vortices have directions of rotation opposite
to those of the outer cells. In the cylindrical resonator, those
vortices form toroidal flows around the central axis.

Figure 4 shows the variation of the axial streaming ve-
locity component along the radial axis on a cross-section
positioned at z = —A/8, for the same cases as in Fig. 2.
There is good agreement between all results in the core flow,
away from the walls. Small discrepancies between numerical
and experimental results can be observed near the walls,
when 0.8R < r < R that can be attributed to the difference
between the Shear numbers in the experimental and numeri-
cal configurations. To cope with this effect of different Shear
numbers, the evolution of the streaming radial dependency
us(r) will no further be discussed, but only the evolution of
the axial dependency u,(z) along the axis with Rey.

Also, given the similarity between the two analytical
curves along the center line, it is chosen in the following to
plot only the analytical result corresponding to the experi-
mental configuration.

r/R

FIG. 3. Streamlines of the streaming flow, from numerical simulation at Rey; = 0.25.
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FIG. 4. (Color online) Variation of the normalized axial streaming velocity
component along the radial axis, at z = —1/8. (—) Ny, numerical simulation
at Rey, = 0.11; (- -) analytical results using the conditions of the simula-
tion; () E;, experimental measurements at Rey; = 0.47; (---) analytical
results using the conditions of the experiment.

B. Streaming velocity at moderate nonlinear Reynolds
number

Figures 57 display results of measurements and calcula-
tions for the centerline streaming velocity along the axis for
increasing values of Rey;, up to Rey, ~ 15. They show that
as Rey; increases, the streaming velocity departs from the
linear theoretical expectation, especially at streaming antino-
des [i.e., z/(4/2) = *£0.25 in the considered figures] where it
gets significantly lower than Rayleigh expectation. As shown
in Fig. 6, the streaming structure keeps its symmetry with
respect to the z = 0 position, both in numerical simulations
and in experimental measurements. It was checked that this
symmetry is kept even for higher amplitude, and therefore, in
the rest of the figures, measurements are presented along one
cell only [from about z = 0 to z/(4/2) = 0.5].

The figures clearly show a continuous decrease of the
maximum value of the streaming velocity as Rey;, increases
both in the experimental results and the numerical simula-
tions even so the decrease is not as pronounced in the numer-
ical simulations as in experiments (see Fig. 7). Potential
sources of this discrepancy will be discussed in Sec. V D.

C. Streaming velocity at high nonlinear Reynolds
number

As the Reynolds number is further increased, as shown
in Fig. 8, the difference between measured and calculated

o

Us / UHayleigh

FIG. 5. (Color online) Variation of the normalized axial streaming velocity
component along the central axis of the guide. (- -) Analytical results using
the conditions of the experiment; () E,, experimental measurements at
Rey, = 4.8; (—) N,, numerical simulation Rey;, = 4.91.
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FIG. 6. (Color online) Variation of the normalized axial streaming velocity
component along the central axis of the guide. (- -) Analytical results using
the conditions of the experiment; (¢) E3, experimental measurements at
Rey, = 7.7; (—) N3, numerical simulation at Rey;, = 7.93.

streaming on one hand, and linear theory on the other hand
is even more pronounced.

In Fig. 8, experimental results are very different from
the linear theory along the axis except near the streaming ve-
locity nodes [z = 0 and z/(4/2) = 0.5 positions]. In the z = 0
region, the curve for the measured streaming velocity along
the central axis has successive changes of slope. The maxi-
mum measured streaming velocity keeps on decreasing when
Rey;, is increased until it crosses the zero-velocity axis for
Reyn, > 30, corresponding to the apparition of a new stream-
ing cell.

The numerical simulation shows an overall similar
behavior, although the new cells appearing around the cen-
tral axis are smaller in the z extent. Near the ends of the
guide small additional cells appear in the numerical simula-
tions. The streamlines obtained numerically are shown on
Fig. 9 enabling the visualization of the new streaming cells.
Even if the experimental and numerical results do not super-
impose perfectly, it is remarkable that the same qualitative
and overall quantitative behaviors are observed for close val-
ues of the Rey;, number. Figure 10 shows the numerical
results for the modification of the streaming field as Reyy,
increases, clearly exhibiting the emergence of new streaming
cells for Rey,, greater than 30.

D. Discussion

As seen in the previous sections, numerical, experimen-
tal and analytical results all agree for small values of Rey;.

Us / UF(aerlgn
o

o
o

FIG. 7. (Color online) Variation of the normalized axial streaming velocity
component along the central axis of the guide. (- -) Analytical results using
the conditions of the experiment; (+) E4, experimental measurements at
Rey, = 14.6; (—) N4, numerical simulation at Rey; = 15.2.
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FIG. 8. (Color online) Variation of the normalized axial streaming velocity
component along the central axis of the guide. (- -) Analytical results using
the conditions of the experiment; () Es, experimental measurements at
Rey, = 31.8; (—) N5, numerical simulation at Rey; = 38.6.

As Reyy, increases, the tendencies are similar for numerical
simulations and experiments: the levels of dimensionless
streaming decrease and new streaming cells appear at a criti-
cal value Rey;, ~ 30. In order to identify a physical source
for this evolution of streaming with Rey;, several hypotheses
are discussed in the following sections on the basis of the
present literature review.

1. Thermal effects

Following Thompson ez al.,'® the influence of thermal
effects can be questioned. They performed measurements in
a standing wave guide for nonlinear Reynolds numbers up to
22, the three other dimensionless numbers (M, Re, and Sh)
respecting the above mentioned asymptotic conditions of our
study, see Table I. They explored the evolution of the
streaming for three different thermal conditions: isothermal,
uncontrolled and insulated and for different nonlinear
Reynolds numbers. They observed that when the magnitude
of the temperature gradient was increased by changing the
thermal condition for a given high nonlinear Reynolds num-
ber, the magnitude of the streaming decreased and the shape
of the streaming cell became increasingly distorted. They
found that the thermoacoustically induced axial temperature
gradient strongly influences the axial component of the
acoustic streaming velocity and concluded that the deviation
from the theories of Rott (characterizing slow streaming
with an axial temperature gradient) is due to the influence of
thermal effect more than fluid inertia.

In our numerical simulations, isothermal boundary condi-
tions are imposed and thermal effects are accounted for.
Nevertheless, the axial streaming velocity profile is deformed

Re,, =0.25
Rey, =7.93
Rey, =152
Rey =23.68
- Rey=35.54
Re,, =38.61

Us / URaylelgn

o
o

FIG. 10. (Color online) Numerical simulations: variation of the normalized
axial streaming velocity component along the central axis of the guide for
several values of Rey; .

with increasing Rey,. The same tendency is observed in the
experimental results presented in Figs. 5-8, even if the ther-
mal condition maintained for our set up is only quasi-isother-
mal (as a 0.3°C temperature difference between acoustic
velocity node and acoustic velocity antinode is measured).
For Rey, = 31.8 the streaming flow already presents addi-
tional vortices compared to Rayleigh expectation, as shown
by the change of sign of the axial streaming velocity in Fig. 8.
Therefore, if we agree that thermal effects are very impor-
tant in understanding acoustic streaming (the difference
between experimental and numerical thermal conditions could
be at the origin of the difference in results) it appears from our
study that the presence of a temperature gradient is not the
cause of the divergence from slow streaming expectation at
high Rey;, observed both numerically and experimentally.

2. Irregular streaming

Another possible cause of streaming distortion at high
amplitudes exposed in the numerical and experimental litera-
ture is the change of regime from “regular” (or classical) to
“irregular” streaming. In the literature the term “regular” is
used when streaming flow exhibits the well-known patterns
(toroidal outer and inner cells), while the term “irregular” is
used to characterize any streaming flow that deviates from
these patterns.

Aktas and Farouk' studied acoustic streaming in a 2D
rectangular channel numerically. They found that there is a
limit in the value of the enclosure height to wavelength ratio
above which the streaming flow structures are always irregu-
lar and complex. Since their working frequency is constant,
it is equivalent to consider a limit value of the inverse of the
Shear number. Based on their numerical results, they

FIG. 9. Streamlines of the streaming flow, from numerical simulation at Rey; = 38.6.
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FIG. 11. (Color online) Distribution of
the harmonics along the guide. (a)
Numerical simulation Ns; (b) experi-
mental study Es.

estimate this limit value of 1/Sh between 30 and 40. In the
present paper, results for values greater or equal to 40 are
shown, and we do observe regular streaming for low values
of Rey, (cases E; and N;). The results presented by Aktas
and Farouk'® do not exhibit any clear correlation between
the regularity of the streaming and the value of Rey;. For
example, for two nonlinear Reynolds numbers corresponding
to slow streaming cases Rey, = 0.10 (called C-3 in their pa-
per) and Rey;, = 0.08 (D-2), they observe two different
streaming structures, respectively classical and irregular.
The case with irregular streaming structure has a value of
1/Sh of 40. This last case is almost similar to our simulation
Ny where Rey;, = 0.25, shown in Fig. 3. In this figure, the
streaming velocity field is clearly regular. Although our
results are obtained for axisymmetrical configurations,
whereas those of Aktas and Farouk'® concern a rectangular
enclosure, previous work'* showed similar behavior in pla-
nar geometry compared to the present observations in the
axisymmetrical case. This is indeed coherent with the as-
ymptotic approach.

In the experimental literature, Nabavi et al.'? mentioned
irregular Rayleigh streaming for nonlinear Reynolds number
above 20. Their experiments were performed in the case of
isothermal boundary conditions. They found that for nonlin-
ear Reynolds number above 25, the classical streaming
deforms to an irregular and complex flow structure. The de-
formation they observe is similar to what we observe for
some of their irregular cases, however the pattern of the
irregular streaming is not always consistent among the
experiments and with the value of Rey;. In the above pre-
sented results, the streaming flow remains stable, consistent
and show a continuous evolution from low to high ampli-
tudes. Measurements have been repeated several times, they
were always performed for steady flow and the results
obtained are very reproducible.

Finally, we choose not to use the terms “regular” or
“irregular” to describe the streaming flow regimes observed
both numerically and experimentally. Instead, we would
rather describe them as “regular” streaming flow regimes
with either two (Rey; < 30) or three (Rey; > 30) toroidal
structures, with a smooth transition as Rey;, increases.

3. Nonlinear propagation

Our analysis has been done under the assumption of
low Mach number. But as the nonlinear Reynolds number

1800  J. Acoust. Soc. Am., Vol. 134, No. 3, September 2013

increases, so does the Mach number, creating situations
where nonlinear acoustic propagation should be of impor-
tance, thus the generation of higher harmonics has to be con-
sidered. This brings up the question of higher harmonics
influence on the streaming in competition with inertial effects
associated with high values of nonlinear Reynolds number.
Figure 11 shows the harmonic distribution of the acous-
tic field, obtained by projecting the total velocity signals on
a sine basis, in both numerical [Fig. 11(a)] and experimental
[Fig. 11(b)] results for Rey;, ~ 30. It shows that the nonlin-
ear propagation induces the existence of shockwaves in the
simulations whereas the magnitude of higher harmonics
never reaches more than 4% of the magnitude of the funda-
mental in the experiments, due to the difference in geometri-
cal configurations between experimental and numerical
studies. Now for a first approach a superposition principle is
applied in order to identify the acoustic streaming due to
multiple frequency components. But this crude assumption
cannot cope with nonlinear effects. So, as stated in Sec. II C,
because the boundary layer can be considered as a region
where the streaming is linear, we choose to superimpose the
streaming fields resulting from higher harmonics in the vi-
cinity of this region. We choose the particular radial position
corresponding to the limit between inner and outer streaming
cell, which is at (R —r) =~ 3J,, at which the streaming is
expected to be close to linear streaming. Figure 12 shows the
streaming velocity obtained from the numerical simulation
at Rey, = 38.6 (Ns), the analytical calculation resulting
from the fundamental component of the numerical signal,

0.25 0.5

0
z/ (M2)

FIG. 12. (Color online) Streaming velocity profile along the axis of the
guide at (R —r) ~ 30,, for Rey, = 38.6. (=) Analytical solution; (---)
Streaming velocity from analytical superposition of frequency components
of the numerically calculated acoustic velocity; (- -) Numerical simulation.
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and the analytical calculation resulting from the linear super-
position of all the harmonic components of the numerical
signal. First, the distortion of the streaming close to the
boundary layer (Fig. 12) is found to be much weaker than in
the core of the resonator (Figs. 8 and 10). The effect of the
harmonics superposition at (R — r) & 30, results in a shift
of the streaming velocity maxima toward the acoustic veloc-
ity nodes associated with a small change in the velocity
magnitude. The same type of distortion can be observed on
the numerical profile (Fig. 12), but with a stronger change in
the velocity magnitude (the maximum value and the slope of
the curve at z = 0 are much smaller). Moreover, as the dis-
tortion in acoustic streaming is qualitatively the same in
both experimental and numerical study along the centerline
of the guide, we conclude that while the harmonic content of
experimental and numerical signals are very different, the
influence of higher harmonics is not the main cause of the
divergence of the streaming field from Rayleigh’s
expectation.

Finally we are left with only one hypothesis to explain
this divergence: the inertial effects cannot be neglected any-
more when the streaming is fast.

VI. CONCLUSION

In this paper a coupled experimental and numerical
study of Rayleigh streaming from low to high acoustic
amplitudes was conducted. As expected, slow streaming
(both numerically and experimentally obtained) agrees
with analytical slow streaming expectations for small Rey;.
The divergence from these analytical results that occurs
when the Rey; is increased is very similar for numerical
and experimental results. As Rey;, increases, the cell cen-
ters are pushed towards the acoustic velocity nodes and the
maximum axial streaming velocity decreases with respect
to the analytical Rayleigh reference amplitude. It was also
shown that for Rey; larger than about 30, additional outer
cells are formed through a smooth transition between
coherent streaming flow patterns. This is why the streaming
flow regimes can be called “regular” throughout the transi-
tion between two (Rey, < 30) and three (Rey, > 30) toroi-
dal structures. After having considered all potential sources
for the observed divergence from slow streaming flow, we
have concluded that inertial effects on acoustic streaming
are the main source. Logically the Rey; is the driving pa-
rameter for the acoustic streaming in the regime considered
here.
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HIGHLIGHTS

Nonlinear inertial effects produce patterns different from DNS and experiments.
Time evolutions of streaming cells near the wall and in the core are analyzed.

The full streaming equations are solved numerically to obtain the established flow.
Nonlinear inertial effects produce patterns different from DNS and experiments.
Nonlinear inertial effects cannot explain the mutation of streaming at high levels.

ARTICLE INFO ABSTRACT

Article history: The effect of inertia on Rayleigh streaming generated inside a cylindrical resonator where
Received 27 October 2016 ) a mono-frequency standing wave is imposed, is investigated numerically and experimen-
Received in revised form 21 April 2017 tally. To this effect, time evolutions of streaming cells in the near wall region and in the
Acc?pted > June 2017 resonator core are analyzed. An analogy with the lid-driven cavity in a cylindrical geometry
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is presented in order to analyze the physical meanings of the characteristic times.
Inertial effects on the established streaming flow pattern are then investigated numeri-

gg{/ﬁ?grﬁsétreaming cally using a code solving the time averaged Navier-Stokes compressible equations, where
Standing wave a mono-frequency acoustic flow field is used to compute the source terms.

Inertial effects It is shown that inertia of streaming cannot be considered as the leading phenomenon
Nonlinear streaming to explain the mutation of streaming at high acoustic levels.

Transient evolution © 2017 Elsevier B.V. All rights reserved.

1. Introduction

Acoustic streaming is often pointed out as being responsible for misunderstood thermal losses in thermoacoustic
machines [1]. Among the different streaming flows found in such devices, Rayleigh streaming consists of a mean flow,
of second order, which is produced by the interaction between the acoustic wave and a solid wall [2]. The pioneering
work of Rayleigh was continued with the studies, among others, of Schlichting [3], Nyborg [4], Westervelt [5], Rudenko
and Soluyan [6], yielding the steady streaming theory. Later, thermal effects were taken into account by Rott [7], the
compressibility of the fluid by Qi [8] and more recently semi-analytical models adapted for thermoacoustic applications
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Fig. 1. Streamlines of streaming velocity fields without (a) and with (b) the extra contra-rotating cell (results of numerical simulations Ny and N;).

were developed (see for example [9,10]). These theoretical models, used to describe the streaming flow in the slow regime,
are based on the method of successive approximations in powers of the Mach number, performed up to the second order
and followed by time averaging over the acoustic period, yielding linear equations for streaming flow.

For high intensity acoustic waves, the streaming flow is referred to as nonlinear streaming or fast streaming. In this
case, the effect of fluid inertia was first considered by [11-14] in unbounded or semi-infinite spaces, and more recently by
Menguy and Gilbert [15] in resonators and thus for Rayleigh streaming. In the weakly nonlinear study proposed by [15], the
method of successive approximations is performed up to the third order and separate solutions are obtained for the near-wall
region (inner streaming) and in the resonator core (outer streaming). The global solution is obtained by applying matching
conditions to the streaming velocity components. The inner streaming approximate equations were shown to remain linear
in the weakly nonlinear case, while the outer streaming flow is affected by inertia [15].

Numerical simulations for acoustic Rayleigh streaming can be found in the literature starting in the 1990’s. Two
approaches are used: one is based on solving the full Navier-Stokes equations for low and high intensity waves and extract
the mean flow from the instantaneous flow [16-18], and recently [19-22] and the other approach is based on solving
streaming equations for the mean flow in the linear case [23,24] or in the nonlinear case [25]. Numerical simulations as well
as experimental studies (for example [26,27]) in large resonators have shown the two regimes of streaming flows associated
with standing waves: slow streaming similar to Rayleigh type streaming or fast streaming where the mean flow is strongly
modified when the intensity of the acoustic wave is increased. The dimensionless number commonly used to differentiate
between slow and fast streaming is the nonlinear Reynolds number Rey; [15], defined by Rey; = (M x R/8,)?, where M is the
acoustic Mach number, M = Up,ax /o, With Upax the acoustic velocity amplitude at the velocity antinode and ¢, the speed of
sound, R the guide radius and §, = +/2v/w the acoustic boundary layer thickness, w being the pulsation and v the kinematic
viscosity of the gas. Fig. 1(a) shows the streaming flow pattern (i.e. the streamlines for the steady mean velocity field, with the
average performed over an acoustic period) in a half-plane containing the axis of a cylindrical waveguide of axial extension
A/2 in the slow streaming regime (result from the numerical simulation Ny further described in this paper). This pattern is
symmetrical with respect to the guide center and is composed of four streaming cells: two inner toroidal cells close to the
tube wall and two outer toroidal cells in the core. The established streaming flow behavior for high acoustic amplitudes (i.e. in
the nonlinear regime of streaming) was previously analyzed numerically [19] (with a DNS code) and experimentally [28]:
additional streaming cells were observed inside the resonator [29]. Fig. 1(b) shows the distorted streaming pattern (result
from the numerical simulation N, further described in this paper) in the fast streaming regime, when two new streaming
cells are observed in the center of the guide, near the acoustic velocity antinode (z/L = 0)[19,28,29]. Several sources could
potentially be responsible for this mutation of streaming pattern: thermal effects were considered [26], as well as nonlinear
propagation [29] and it was concluded that inertial effects on acoustic streaming could be the main source [29]. In the
literature there is no study available that allows to conclude about the role of inertia in the behavior of streaming when the
latter is “fast”. The current study aims at investigating the hypothesis that inertia is responsible for the mutation of streaming
flow at high levels by using both experimental and numerical results.

In Section 2, numerical methods and experimental setup are presented. Section 3 describes the establishment of slow
and fast streaming using numerical and experimental observations. Time evolutions of inner and outer streaming cells are
discussed. In order to analyze the associated physics, Section 4 shows the streaming flow equations and a scale analysis used
to point out the leading parameters. The characteristic time scales are estimated according to the configuration parameters
and compared with numerical and experimental results.

172



V. Daru et al. | Wave Motion 74 (2017) 1-17 3

A

_\l
/ 19.5 zum radins

B
|
T
1

acoustic velocity (m's)

n
o o

T

|

z (m)

Fig. 2. Sketch of experimental setup and wave pattern for the working frequency.

In order to further isolate the driving effect of inner streaming on outer streaming, the problem of a flow inside a
cylindrical tube with prescribed axial velocity on the walls is solved and analyzed in Section 5. Then the role of inertia on
the established nonlinear streaming flow patterns is examined (Section 6) by solving the time-averaged isentropic Navier—
Stokes compressible equations (AMS), where a mono-frequency acoustic flow field is used to compute the different terms
that are sources of streaming flow. The effect of increasing the amplitude of the acoustic flow field on the streaming flow is
analyzed. The results are compared with the predictions of the asymptotic model developed in [ 15] for the weakly nonlinear
regime.

2. Methods and set-up

In this section, the experimental setup and the numerical configurations and methods used to investigate the effect of
inertia during the establishment of the streaming flow and on the steady state flow are presented briefly (see [29] for more
detail). The experimental and numerical configurations are very different in physical dimensions and in frequency but it
was checked in [29] that they are asymptotically similar for acoustic and streaming flow. It was shown indeed that the same

2
flow behavior is to be expected if M <« 1, Resc >> 1and Sh « 1 (where Re,c = %(;Tv) ,Sh = %”, A being the acoustic

wavelength). Both experimental and numerical configurations match these conditions (see Table 1 in [29]).
2.1. Experimental set-up

The set-up used to study acoustic streaming consists of a cylindrical glass tube of radius Rex, = 19.5 mm filled with air
at atmospheric pressure and at ambient temperature (Fig. 2). In order to reach high acoustic levels, the acoustic sound wave
is generated by two loudspeakers (one at each end of the guide), tuned at the same frequency, that are driven in opposite
phase. Those loudspeakers are connected to the main part of the guide via connecting tubes designed to avoid separation
effects related to the singularities in change of section. The total length of the wave guide is L.y, = 2.13 m and the system is
tuned at a frequency f., = 240 Hz so that to excite the third mode of the system. This choice of working frequency allows
to perform measurements on a streaming cell away from singularities. The set-up geometry prevents the wave distortion
even at high levels.

A wave generator provides the loudspeakers input signal, whose frequency and amplitude are controlled, as well as a
trigger reference signal, used to synchronize the laser Doppler measurement system. Velocity measurements are started
when the acoustic field is switched on in order to measure the transient evolution of the streaming velocity field. Those
measurements are performed at different locations within the streaming cells. The laser system used and the processing of
the laser signal are described in [28].

2.2. Numerical methods

For the numerical calculation, we consider a cylindrical tube of length L and radius R, initially filled with air, considered
as an ideal gas. An acoustic standing wave is initiated by shaking the tube in the axial direction (z) with given amplitude
and frequency, so that a harmonic velocity law is imposed, V(t) = V(t)é,, with V(t) = z,w cos(wt), ® being the angular
frequency and z, the amplitude of the tube displacement.

The flow verifies the compressible Navier-Stokes equations expressed in the moving frame attached to the tube, with an
additional forcing source term depending on V:

9
P v (pv) —0

o v (1
IV G (v LYy = V- (5)

R . — (T)— 0p—

ot p p Pt
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Table 1
Parameters of different presented cases (N: numerical, E: experimental).
Name f (Hz) R/3, R/L Umax (Mm/s)(z = 0) M Rent
Ny 20000 50 0.09 0.5 1.45 x 1073 0.005
N, 20000 50 0.09 61.83 0.18 80.84
E; 240 138 0.027 23 0.067 85.22
where p is the pressure, p is the density, v = ué, + ve, is the flow velocity, T = — %u(v -V)I + 2D the viscous stress tensor

of a Newtonian fluid, D the strain tensor, ,uzthe dynamic viscosity which is supposed to be constant. In this formulation we
have neglected the bulk viscosity since ShIZVITez < 1[30].
ac
We consider an isentropic state law for the ideal gas, given by

p—po=c3(p — po). 2)

where pg, oo and ¢y are respectively the constant initial pressure, density and sound velocity. Therefore the energy equation
is decoupled from the other equations and we only solve the mass and momentum equations (Eqs. (1) and (2)), excluding
thermal effects in our study.

No slip conditions are used on the solid boundary r = R, i.e. v(r = R, z) = 0. On the axis r = 0, symmetry conditions
are used, i.e. v(r = 0, z) = u(z)é, with %(r = 0, z) = 0. On the vertical boundaries z = 0, L, symmetry conditions are also
used, i.e.v(r,z =0,L) = v(r)é, with 2(r,z = 0,L) = 0.

Due to the geometry, shock waves are generated in the simulations but it was checked that they are of small intensity
and do not affect drastically the streaming flow [ 19,29]. The presence of harmonics will also be addressed in Section 6 of the
present article.

The unsteady equations (Eq. (1)) are solved numerically using third order finite difference schemes [19,29]. The mean
(streaming) flow is obtained from calculating a simple mean value for each physical quantity (velocity, pressure, density)
over an acoustic period.

For simulations, the reference air pressure is po = 101325 Pa and the density is po = 1.2 kg/m>. The reference speed of
sound is ¢y = 343.82 m/s. The air viscosity is © = 1.795 x 107> kg m~! s~!. Resonant conditions are imposed, for which
L = A/2.Numerical values are fy,;; = 20 000 Hz, so that A /2 = 8.396 mm and the acoustic period is Ty, = 50 x 1076 s, All
results presented below are obtained using a regular mesh of rectangular cells composed of 500 points in the axial direction,
and of 5 x R/, points in the radial direction. The time step 8t is fixed equal to 8 x 1079 s.

3. Establishment of acoustic streaming

In order to study the establishment of the streaming flow generated by a sinusoidal standing wave independently from
the transient of its acoustic source, the numerical code described in Section 2.2 is used in the following modified manner: for
time stepping during the transient of acoustics, at the end of each acoustic period, the instantaneous fields are reinitialized
by subtracting the mean flow over that period. Hence, the streaming flow is calculated here only once the acoustics is
established, in order to dissociate the transient of streaming from the establishment of acoustics. Of course this cannot
be done in experiments so we chose to discuss only experimental results for which the establishment of streaming has its
own time scale, which is not the case of experimental results at low levels.

The different case parameters are summarized in Table 1. Subscript 1 is used to denote slow streaming and subscript 2 is
used to denote fast streaming.

3.1. Slow streaming

Figs. 3 and 4 address the case of slow streaming flow (for N;). The established streaming flow pattern is very regular
and corresponds to the representation in Fig. 1(a). Fig. 3 shows the time evolution of the streaming pattern: contours of
axial streaming velocity are displayed (with color code) and streamlines are superimposed on the right half plane section.
On Fig. 3(b) are also displayed two specific locations that will be used for further investigations: I(r = R — 36,,z = L/4)
representing the place of maximum inner streaming velocity and O.(r = 0, z = —L/4) representing the center of the plane
section and the place of maximum outer streaming velocity in the slow regime. Note that the aspect ratio (height/length) of
the displayed figures is equal to 0.25 which is much larger than the actual aspect ratio (height/length = 0.09) so that both
inner and outer streaming are visible. One can observe that the establishment of the streaming flow occurs in several stages:
The inner streaming cell is established first (Fig. 3(a)) and then does not evolve very much. The magnitude of the outer
streaming velocity increases on a longer time scale (Fig. 3(b), (c) and (d)). This is in agreement with the results of previous
numerical simulations [25].

The time evolution of the streaming velocity at some specific points can also be displayed. Fig. 4(a) shows the time
evolution of the axial streaming velocity at I (see Fig. 3(b)). Fig. 4(b) shows the time evolution of the axial streaming velocity
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Fig. 3. Contours of the axial streaming velocity (with color codes in m/s) at different times during the transient evolution of N;. Streamlines are
superimposed on the right half plane section (real aspect ratio height/length=0.09). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

at the center of the plane section O, (see Fig. 3(b)). In agreement with Fig. 3 the inner streaming (Fig. 4(a)) is established
much faster than outer streaming (Fig. 4(b)). As expected from Rayleigh calculations [2], the steady state values at O; and O,
are roughly equal.

In the experiments, the establishment of acoustics at low amplitudes is very long (see Fig. 13 of [28]). In this case, the
evolution of streaming is intrinsically linked to that of acoustics and the associated establishment time scales, determined
by fitting an exp(—t/t) law to experimental data, are very close (t;,c = 190 s and 7 = 233 s). As will be shown in the
next section, acoustics’ transient is much shorter for high amplitudes (7, is of the order of tenths of seconds) so that the
establishment of streaming can be observed for different locations in the wave guide.
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Fig. 4. Time evolution N;. Axial streaming velocity at (a) I and (b) O..

3.2. Fast streaming

Figs. 5-7 address cases of fast streaming flow (for N, and E, respectively). The established streaming flow pattern is
strongly distorted with respect to the slow streaming case, and two extra contra-rotating streaming cells are present near
the acoustic velocity antinode (see Fig. 5(d)), in agreement with Fig. 1(b).

Fig. 5 shows the time evolution of the streaming patterns: contours of axial velocity are displayed on the left, and
streamlines are displayed on the right. On Fig. 5(d) are also displayed two specific locations that will be used for further
investigations: O, representing the place on the axis corresponding to the maximum velocity inside the extra contra-rotating
cell and Oy, representing the location on the axis, close to the position z = L/4, where measurements were performed to
characterize the transient of the main outer streaming cell (both locations are on the right half side of the resonator). Here
also the aspect ratio of the displayed figures is increased so that both inner and outer streaming are visible. One can observe
that the establishment of the streaming flow occurs in several stages:

The inner streaming cell is established first, typically after 3 x 1073 s (see Fig. 5(a)) and then does not evolve very much. It
is not as symmetrical as in the case of slow streaming (Fig. 3(a)), the cell centers being shifted towards the resonator closed
ends (acoustic velocity node).

The magnitude of the outer streaming velocity increases on a longer time scale, and the main outer cell centers
progressively shift towards the resonator closed ends (Fig. 5(b), (c) and (d)). Conversely to the slow streaming case, the
maximum velocity of the outer streaming cell is smaller than that of inner streaming, as can be seen on the color code.

The emergence of the extra contra-rotating cell happens last (Fig. 5(d)).

On Fig. 6 are presented numerical time evolutions of the streaming velocity at I, O, (defined in the previous section,
Fig. 3(b)) and at the place on the axis corresponding to the maximum velocity inside the extra contra-rotating cells O, (refer
to Fig. 5(d)). First, this figure show that the time evolution of the inner streaming velocity at I (Fig. 6(a)) is similar to the case
of slow streaming (similar time scale).

Conversely in the core, the velocity increase for the location O, (Fig. 6(b)) depicts clearly an inflection point so that
two characteristic time scales can be distinguished. Finally for the location O, (Fig. 6(c)) the velocity is first positive before
becoming negative meaning that the contra-rotating cell appears after a certain time. A third time scale emerges from this
time evolution. Note that the appearance of the extra cell does not modify the time evolution of streaming outside the extra
cell (see Fig. 6(a) and (b)).

On Fig. 7 are presented experimental time evolutions for inner streaming at location I (Fig. 7(a)), for outer streaming on
the axis r = 0 at location O, (Fig. 7(b)) and at the extra contra-rotating cell center O, (Fig. 7(c)) for the fast streaming case
E2. Similar behavior to numerical results for equivalent positions can be observed on the experimental measurements and
several distinct time scales are visible. The inner streaming is established first. Time evolution of outer streaming at Oc_exp
shows a distinct time scale. The magnitude of the contra-rotating cell maximum velocity is very small but the establishment
of the extra streaming cell at O, is on a distinguished time scale from the last two.

In the experiment E, the established value in the inner cell (Us ~ 0.5 m/s atI) is much greater than the established value
in the core of the guide (Us; >~ 0.01 m/s at O...p), as can be seen on Fig. 7. Similar observations were made on the simulation
results in Fig. 5(b). Therefore, both experiments and numerical simulations show that nonlinear phenomena have very small
influence on the streaming velocity in the boundary layer.

In summary, for slow streaming flow, only one time scale is necessary to describe the dynamics of streaming in the core
of the waveguide. On the contrary for fast streaming flow, three different time scales were observed numerically and two
experimentally in the core of the waveguide. At this stage the results seem to indicate that inner streaming flow is hardly
modified by nonlinear effects (inertia included) at high levels. On the contrary the outer streaming is very strongly modified.
This is in agreement with Menguy and Gilbert findings [15] which stated that inertia affects outer streaming but not inner
streaming. However, it is necessary first to clearly identify the effect of inertia on the establishment of streaming. At this
stage one cannot indeed assess whether inertial effects are truly responsible for the emergence of the new streaming cell.
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In the next section, the equations governing the streaming flow are presented along with a scale analysis in order to
exhibit governing dimensionless numbers and time scales for the establishment of inner and outer streaming flows. The
expected time scales for the configuration under study are then calculated and compared with fits to the curves shown in
the present section.

4. Scale analysis of slow and fast streaming flow

In order to analyze the dynamics of the streaming flow and particularly the competition between diffusion at the origin
of streaming and convection associated to nonlinear inertial effects, a scale analysis based on the full equations governing
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the streaming flow is conducted below. Our approach is similar to that developed by Boufermel et al. [24] for computing the
average mass transport velocity 2 in the slow streaming regime, as well as to that developed by Moudjed et al. [31] in the
somehow different configuration of bulk streaming.

Focus is on outer streaming, whose transient and established regimes was shown to be drastically modified in the fast
nonlinear regime.

4.1. Equations governing the streaming flow

Particle velocity v, fluid density p and pressure p are decomposed into a fluctuating, periodic component, and a steady
component (corresponding to the time average of the variable over the period, i.e. corresponding to the streaming flow)

(v,p,p) = +V, 0 +p,p +D), (3)
the fluctuating component being denoted by a’ superscript and the average operator by an overline. The time average of the
fluctuating component is zero. Conversely to usual models of slow streaming, in the present approach no assumption is done
on the magnitude of the fluctuation with respect to the steady component. The equations are therefore correct whether the
streaming flow is slow or fast.

With this decomposition, the double and triple averaged products between any three variables f, g, h become:
e =[a+fg .
feh = fgh+f'g'h+fhg+g'hf+fgh.
The equations governing the streaming flow are obtained by averaging over the acoustic period the full compressible

(isentropic) instantaneous Navier-Stokes equations (1) and the isentropic state law (2). Using the double and triple averaged
products detailed in Eq. (4) then results in the following time averaged equation system:

(4)

ap __

§+V'(pV) = =V (p'V)

PV - (5)
W'ﬁ'v'(ﬁ\_l@\_l)'i‘vﬁ = V. (T)+F,

andp — pg = Cg(ﬁ — po), where 7 is the averaged viscous tensor and F is the excitation force given by:

F=-V - (0 VRV+VQpV +oV RV + p'VQV). (6)

Note that F is the sum of the source terms, representing the nonlinear contribution of the imposed acoustic field.
4.2. Scale analysis

The equation system (5) is written in dimensionless form, using standard fluid mechanics scalings, detailed in the
following. As stated previously, focus is on the resonator core. In a cylindrical wave guide, streaming cells are toroidal of
axial dimension A /4 and radial dimension R in the core of the resonator. Therefore the axial variable z is scaled with A /4 and
the radial variable r with R.

Mean velocity is scaled with a reference value of the axial streaming velocity Us. Density is scaled with pg. Pressure
variations are scaled with (§p), not specified at this stage of the scale analysis. The aim of the study is to determine the role
of inertia on streaming in the fast regime. Therefore, time is scaled with the characteristic convection time scale in the axial
direction t. = A/(4Uj).

Scalings can then be summarized as follows:

. r 7* Z v v * ¢ * ﬁ p* 13 — Do (7)
= —, = —, = —, = —, 10 = —, = —].
R A4 Us te Po (ép)
Also, the fluctuation variables required to assemble the source terms are scaled with the acoustic amplitudes as follows:
V/ I
Vi = , ,0/* — p , (8)
Unax Pmax

Pmax being the amplitude of density fluctuations at acoustic antinode position in the standing wave. Whenever two different
spatial derivatives are involved, the coefficient multiplying each dimensionless term is chosen with respect to the dominant
spatial derivative under plane wave assumption: R < A. In particular, scaling the viscous stress tensor yields a %Js factor,

and scaling the divergence operator V - (v*) yields a ;’754 coefficient. The following dimensionless equations are deduced from
(5):

ap* U U
Po 0P +IOO sv'(p*v*):_lomax maxv.(
t. ot | A/4 2/4
poUs dp*v*  poU? (8p) pUs o =+ —
V- (p'V V) + —Vp' = .
e sy WVevIt Rz

)
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with
Fe_ PmaxUmaxUs V-(p *V/* RV +V' ® ,O/*V/* + 00Umax _*‘W +
A4 PmaxUs Us

Then, multiplying the mass equation with A /(4poUs) and the momentum equation with A /(4poU?2) and using t, = A/(4Us)
one can obtain:

Umax /

0V Q V), (10)

2p* U, -
o £V (V) _ _ Pmax max o (V™)
at* po  Us (11)
dp*v* (3p) 1
V- (p*Vv' ® v* Vp* = —V. F,
Py + V.- (pV'® )+p0US2 p Re ( )+
where the dimensionless excitation force, gathering all the source terms is expressed as:
= U, S —
F* — _ Pmax ln;ax V- (p*V* @ VF + Vv @ p/*v)
:0;) s (12)

Unax = Pmax Ur%]ax o o
_ V V/* v/* _ V *V/ * V/* .
U2 (P*V* @ v*) o U2 (p*V* @ V™)

The system equations (Eq. (11)) is the dimensionless form of the general governing streaming equations (Eq. (5)). The

Reynolds number Re = % % that appears in the momentum equation is the Reynolds number characterizing the mean
flow in a thin tube, defined as the ratio between the diffusion time scale in the radial direction t; = R? /v and the convection
time scale in the axial direction t, = A/(4U;), Re = t4/t.. Note that t4 is equivalent (with a different length reference value)
to the characteristic time for streaming development defined by Amari et al. in [32] and used to obtain the transient linear
streaming equations. Under the assumptions that acoustic perturbations are small (i.e. of order M = Ug‘—oﬂ" « 1) and the

streaming field is of order M? (U; = MUpax), this Reynolds number can be rewritten as Re = %M—Z = %ReNL. Rep; being the

. . Sh2
commonly introduced nonlinear Reynolds number.

Under these assumptions, the Reynolds number Re and the nonlinear Reynolds number Rey; are thus of the same order of
magnitude. However, since the Reynolds number Re is defined directly with the value of the maximum streaming velocity,
it describes more accurately the influence of inertia in the nonlinear regime in the core of the wave guide than Rey;. Indeed,
previous numerical and experimental studies [29] have shown that in the nonlinear reglme the maximum value of the axial
streaming velocity on the tube axis is much smaller than slow streaming expectations 3U2,,, /(8c). Therefore the nonlinear
Reynolds number Rey; overestimates the influence of inertia on the streaming flow. For example, in the numerical case
N,, the Reynolds number based on the maximum value of Us on the axis is Re = 17.1 while the corresponding nonlinear
Reynolds number is Rey; = 80.84. Nonetheless Re cannot be estimated before the simulations/experiments whereas Rey;
can be calculated from the acoustics and thus remains useful.

Another Reynolds number used in the literature to distinguish linear from nonlinear reglme was the streaming Reynolds

number used by Stuart et al. [11] defined as Re; = an It can be expressed as Re; = ReZ; = and also has the drawback to
overestimate the nonlinear inertial effects on Rayleigh streammg

In the case Re < 1(whichalso means that convection time is much greater than diffusion time) and under the assumption
of small perturbations (M = U‘g;“ = < 1), the inertial term and the time depending term can both be neglected with
respect to the viscous term. The magnitude of source terms is then estimated :

U, ; — 1
Pac 2o - (p *v’*®v*+v*®p*v/*):O(M~—) = 0(1), (13)
po Us M
U2 N 1
lr;l;XV (,O*V/* ®"/*)=O(W> s (14)
Pmax U2 — 1 1
—=V . - (p*V*'QV¥*)=0|M-— | =0|—). 15
oo U2 (p ® v*) [Ye o (15)
F" is then of order . The pressure gradient must have the same order of magnitude as F* which yields also the pressure
variations scale ((Sp) = poUZ., = poM?. The magnitude of the source term in the mass equation is estimated as previously:
"““X Umax v/ . (p*v*) = O(1). Finally, the steady linear equations for the streaming flow (dimensional form) are then deduced

Us
from the first order approximation of the momentum equation and (5) gives:

V.-(pv) = =V - (pV
2 _) o oY) (16)
Vp = V-(T)—F,
where F ~ V - (pV ® V).
As the Re number is increased i.e. Re > 1, inertial and time depending terms cannot be neglected anymore and the

~

complete unsteady form of streaming equations (5) with all the source terms should be used. In this case the diffusion time
scale becomes larger than the convection time scale, thus the overall process is faster and the steady state is reached earlier.
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Table 2
Reynolds numbers of different presented cases (N: numerical, E: experimental).
Name Us (at ) (m/s) Us (at O¢) (m/s) Rent Re(I) Re(O;)
Ny 2.42 x 1074 2.63 x 1074 0.005 2.24 x 1073 2.43 x 1073
N, 3.18 1.84 80.84 29.44 17
E; 0.5 0.01 85.22 35.26 0.7

4.3. Reynolds numbers and time scale values for slow and fast outer streaming

Table 2 displays the values of the axial streaming velocity at points I or O, and of the corresponding Reynolds number of
previously described cases Ny, N, and E;.

The previous analysis can also be used to estimate quantitatively the expected time scales of the streaming time
evolutions for outer streaming, in the slow and fast streaming regime, that was described qualitatively in Section 3.

In the slow streaming case, diffusion of momentum in the radial direction is expected to be dominant. The convection
time variations take place over a very long scale and they are very small, therefore only time variations over a diffusion time
scale are significant. The associated characteristic time scale for the establishment of outer streaming is t; = R? /v, which,
using the parameter values in Table 2 for Ny, amounts to t; = 0.026 s. Taking into account the fact that the streaming velocity
at O in Fig. 4(b) is not established in 0.01 s, this is a coherent result.

Based on known analytical solutions of the unsteady pure diffusion equation, if diffusion were dominant the time
evolution curves should be in the form u(t) = u.(1— e~"/7), where the time constant 7 is the time needed for the value u to
reach 63% of the established value u,, and the time constant needed to achieve 99.999% of the established value is equal to
107. The time evolution curve at O, in Fig. 4(b) is actually very well fitted with such a diffusion curve, and the quantitative
fit gives T >~ 0.0015 s and therefore 10t = 0.015 s, which is the same order of magnitude as t.

In the fast streaming case N,, in the core, transverse diffusion is expected to compete with convection in the axial
direction. The value of the theoretical diffusion time scale ¢; is still the same, since it does not depend on the excitation level
(t4 = 0.026 s). The first velocity increase in the time evolution curve at O, (Fig. 6(b)) can be fitted by assuming dominant
diffusion and the obtained characteristic time scale is the same as in the slow streaming case. Therefore transverse diffusion
is dominant at first in the establishment of the outer streaming, just like in the slow streaming case. Assuming next that
the second velocity increase in the time evolution curve at O, (Fig. 6(b)) is related to convection, the theoretical time scale
associated with convection along the length A /4 with velocity Us at the location I is t, = A/(4U;) = 1.6 x 1073 s based on
the parameters in Table 2. This increase is 20 times faster than that of the diffusion process. A linear fit of the second velocity
increase at O. on Fig. 6(b) gives t.s ~ 1073 s, which is of the same order as t,. This shows that the second velocity increase
is indeed related to convection in the axial direction. Note that convective transport is much faster than diffusive transport
and that the steady state is reached earlier than in the slow streaming case Ny, in agreement with the analysis given at the
end of Section 4.2.

In the experimental case E2, Fig. 7 shows the evolution of streaming at the three different locations I, O¢.exp and O.. Two
separate slopes in the time evolution of streaming at O...x, are also observed, but these are not due to the competition
between diffusion and convection as was the case for numerical results. Actually our experimental set up does not allow to
observe this competition: the theoretical value of the radial diffusion time scale is t; = 24 s and the convection time scale in
the axial direction calculated for E; based on the maximum value of Us at I location (read in Fig. 7(a)) is t;z; = 0.71s. It can
be observed that acoustics requires about 3 min to be established. The transient of acoustics is therefore too long to allow to
separately identify the establishment of streaming. Moreover one measurement point actually corresponds to an integration
of results of particle velocity measurements over several seconds: indeed in order to obtain converged results of the particle
velocity estimate, several thousands of seeding particles need to have crossed the measuring volume [27,33]. The associated
measuring time depends on the data rate associated with the seeding density; in our set up this process can take as long as
10 s. Therefore it is impossible to distinguish time scales as short as t; or t.. The evolution of streaming shown in Fig. 7 can
be supposed to result from heat transfer effects. Indeed measurements give an estimate of the mean velocity, that is equal
to streaming velocity only if no heat convection occurs. In the case of E; experiments, a 4 K temperature difference in the
guide wall temperature was measured across a distance of A /4. The temperature establishment was found to last for 20 min,
probably due to the time needed to reach thermal equilibrium between thermoacoustic, conduction and convection heat
fluxes. It can thus be assumed that the measured time evolution of mean velocity is not the only result of acoustic streaming.
In the following, only the numerical results will be considered.

In the next section, the driving effect of inner streaming on the outer streaming will be analyzed. Indeed, an analogy with
the lid-driven cavity in a cylindrical geometry is presented in order to identify the physical meanings of the characteristic
times.

5. Lid-driven cavity analogy
Based on the observation that inner streaming drives outer streaming with competing diffusion and convection, and in
order to mimic the establishment of outer streaming, we introduce an equivalent fluid-mechanics problem. We therefore

consider the establishment of flow in a lid-driven cavity, but with a cylindrical geometry, and assume that the “lid” is the
tube envelope where the inner streaming velocity is imposed.
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Fig. 8. Schematics of the lid-driven cylindrical flow problem: geometry and boundary conditions.
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Fig. 9. (a) Time evolution ( —) of U (z = L/4,r = 0) in lid-driven cavity for U,, from Ny, and ( — —) of Us at O, from Fig. 4. (b) Same with both curves

normalized to reach the same steady-state value. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

5.1. Description of the problem

The problem being axisymmetric, the geometry is defined by z € [0,L/2] and r € [0,R — 3§,]. The viscous flow is
governed by the following equations, which are the same as in Eq. (1) without the acoustic source terms:

ad

a—p-l-V-(,ov) —0

8,<t)v (17)
W+v‘(PV®V)+VP = V-(7)

This system is completed with the isentropic state law Eq. (2). Symmetry conditions are imposed at the vertical walls
z = 0, L/2 and on the horizontal axis r = 0. The boundary condition at the wall r = R — 3§, (the “lid”) is that the velocity is
only axial. Its value U, (z) is equal to the streaming axial velocity profile Us(z) along the tube at r = R — 3§, given by direct
numerical calculations described in the previous sections (see Fig. 8). There is initially no flow in the cavity. The numerical
procedure is the same as that described in Section 2.2. The simulations show that the flow is almost incompressible (density
variations are less than 0.006%).

5.2. Results

Afirst simulation (low level) is run with U,, corresponding to the established U at r = R—36, for N; case (slow streaming).
Fig. 9(a) shows (in red) the time evolution of the axial velocity U at r = 0 and z = L/4 (center of the mimicked streaming
cell). The time evolution of the streaming velocity at O, (same location) in Fig. 4 is reproduced in blue dots. Fig. 9(b) shows
both curves normalized so that they reach the same steady state value. Both curves are very similar with similar time scales,
which confirms that transverse diffusion of momentum is the dominant physical phenomenon for the establishment of the
slow streaming pattern.

A simulation at higher level is run with U,, corresponding to the established U; at r = R— 3§, for N, case (fast streaming).
Fig. 10(a) shows (solid red line) the time evolution in the lid-driven cavity of the axial velocity U at r = 0 and z = L/4. The
time evolution of the streaming velocity at O. (same location) given by Fig. 6(b) is reproduced in blue dots. Both curves are
very similar in shape, although the maximum value obtained for the streaming curve is about half of that in the lid-driven
cavity. Fig. 10(b) shows the same curves normalized to reach the same steady-state. Both curves are almost superimposed,
which shows that the time scales are the same and that the change of slope in the curve is indeed related to the inertial effect,
when convection becomes strong enough to compete efficiently with diffusion and to modify the time evolution. However,
as stated above the established streaming velocity is much smaller than that obtained in the lid-driven cavity. This suggests
that the inertial effects of the lid-driven cavity model are not sufficient to correctly model the change in the streaming flow
field.

Fig. 11 shows several snapshots of contours of the axial velocity in the lid-driven cavity during the transient evolution.
Streamlines are superimposed on the right half plane section (the simulations are performed on a length L/2 and the solution
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Fig. 10. (a) Time evolution ( —) of U (z = L/4,r = 0) in lid-driven cavity for U,, from N,, and ( — —) of Us at O, from Fig. 6. (b) Same with both curves

normalized to reach the same steady-state value. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

in the right half plane section is constructed by symmetry). Comparison with Fig. 5 shows that the time evolution of patterns
are very similar which confirms that the transient evolution of the streaming patterns comes from competing diffusion
and convection in a manner analogous to the lid-driven cavity. However, an important difference exists: there is no extra
streaming cell in the lid-driven cavity.

Fig. 12 shows axial profiles of U on the axis r = 0 for corresponding times of Fig. 11. The axial profile imposed at the
wall r = R — 34, is also shown. At early times the axial profile of U is similar to the profile of U,,, which confirms that
momentum diffusion in the radial direction is dominant. The distortion observed in the last profile is due to convection in
the axial direction.

A similar simulation can be conducted using the experimental configuration of E,. Fig. 13 shows the time evolution of the
axial velocity U at r = 0 and z = L/4 in the lid-driven cavity (the experimental inner streaming axial profile is imposed at
the lid). The associated time scales are of the same order as t; and t, calculated in Section 4.3, and the transient behavior of
the flow is analogous to that observed in Fig. 10. As mentioned earlier, this evolution cannot be highlighted experimentally.

This analysis shows that although diffusion and convection do compete in the establishment of the streaming flow in
a similar manner as in the lid-driven cavity problem, this is not enough to explain the emergence of the new streaming
cell. Therefore, at this stage, we can conclude that the lid-cavity model is not complete enough to describe the mutation of
streaming at high levels.

In the next section, the complete streaming equations (5) are solved numerically, with a mono-frequency acoustic source
used to compute the different source terms. The effect of increasing the amplitude of the acoustic flow field is analyzed.

6. Averaged model simulation for the streaming flow

The high-level mono-frequency acoustic field source used in this section is obtained in two steps. Firstly a DNS simulation
at very low-level amplitude is run until a steady streaming flow is obtained. The resulting acoustic field, calculated by
subtracting the streaming flow from the total velocity field (V' = v—V, o’ = p —p), contains insignificant level of harmonics.
Then this acoustic field (v, p’) is multiplied by a coefficient « chosen to obtain high values of the nonlinear Reynolds number
Rey;. This acoustic field is used to compute the source terms so that the following averaged Navier-Stokes equations are
solved for the unknown streaming field (vs, ps, ps):

ds

=V (ps vs) = 'V (p'V)
at
(18)
005 Vs = 7
T—l—V-(pgvs ®Vs)+ Vps = V- (15)+ Fyq,
with F; defined by
Fi= -V - (a?0V @ Vs +a’vs @ p'V 4+ & psV @V + > p'V @ V) (19)

and ps —po = cg( 0s — po). The boundary conditions are no slip on the outside wall parallel to the horizontal symmetry axis,
and symmetry conditions on the vertical boundaries and horizontal axis.

These equations, very similar to Egs. (5), are solved with the same numerical method as presented in Section 2.2.

This AMS approach can be used to study the influence of inertial effects on the streaming flow for a monofrequency
high amplitude acoustic forcing field. This is equivalent to the strategy followed in [15]. In this way we are able to exclude
the influence on the streaming flow of higher harmonics in the acoustic signal. This numerical approach is used here to
investigate nonlinear Reynolds numbers Rey; ranging from 0.002 up to 94 (corresponding to Re ranging from 0.0025 to
30.81).

Fig. 14 displays the axial streaming velocity component Us obtained with the AMS simulation scaled by the Rayleigh
streaming maximum velocity 3 x U2_. /(8¢o) along the scaled central axis z/L for R/, = 40 and 0.002 < Rey, < 94. For
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Fig. 11. Contours of the axial velocity (with color code) at different times during the transient evolution in the lid-driven cavity for U,, from N,. Streamlines
are superimposed on the right half plane section. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

increasing Rey; numbers, the sine function associated to slow streaming becomes steeper next to the resonator center, at
the acoustic velocity antinode location, and not next to the resonator ends (acoustic velocity nodes locations). This behavior
is in agreement with the predictions of the nonlinear model developed by Menguy and Gilbert [ 15] at moderate nonlinear
Reynolds numbers Rey; = O(1). The direction of distortion is opposite to that observed in the full DNS simulations and
experiments [28,29].

In Fig. 15, the dimensionless streaming velocity is plotted along the axis for DNS, AMS and Lid-driven cavity (LDC)
simulations, for slow-streaming (N;) and fast-streaming (N,). For slow-streaming, all three simulations give analogous
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Fig. 12. Axial profiles of U at r = 0 (in blue) for corresponding times expressed in 10~ s and at r = R — 3§, (in red) in the lid-driven cavity for U,, from
N,. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 13. Time evolution of U(z = L/4, r = 0) in lid-driven cavity for U, from E,.
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Fig. 14. AMS results for streaming velocity scaled by 3 x U2, /(8¢o) along the axis, R/8, = 40.

profiles even though the LDC streaming velocity is slightly smaller. This is because the lid-cavity model does not include
the acoustic source terms.

For fast-streaming, the AMS result shows the same behavior as the lid-driven cavity. Once again the LDC streaming
velocity is slightly smaller, because that model does not include the acoustic source terms. For the AMS simulations, the
associated axial velocity contours and streamlines are displayed in Fig. 16. They are similar to those obtained for the lid
driven cavity flow, in the steady state (see Fig. 11(d)). On the contrary, the DNS streaming velocity on the axis is globally
much smaller, and shows the presence of new streaming cells.

Both the lid-driven cavity and the AMS approaches show that when the intensity of a monofrequency wave is increased,
the streaming flow becomes nonlinear because of inertial effects, but the distortion of the Rayleigh streaming profile is
different than in DNS simulations or experiments.

This shows that in order to explain the mutation of the streaming flow at high levels, other effects must be analyzed. The
only effects that have not been considered yet are the consequences of nonlinear interaction between the streaming flow
and acoustics, i.e. the modification of the acoustic flow by the streaming flow. This is currently under study.

7. Conclusion
In this paper the effect of inertia on Rayleigh streaming was investigated numerically and experimentally.

Time evolution of streaming patterns were analyzed. Based on an analysis of the equations driving the streaming flow,
two time scales were identified: the diffusion and the convection time scales. The ratio of these time scales is a Reynolds
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Fig. 15. Dimensionless streaming velocity along the axis. Comparison of DNS (solid lines), AMS (dashed lines) and Lid-Driven Cavity, LDC (dashed-dotted
lines) results, R/§, = 50, for slow-streaming (in blue) and fast-streaming (in red). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 16. AMS results, R/8, = 50. Isolines of the axial streaming velocity colored by its value and the streamlines of the streaming flow. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

number Re = 4% Rv—z that characterizes the streaming flow and separates the linear from the nonlinear regime. This number
is proportional to the nonlinear Reynolds number Rey; only when the streaming flow is of order M>c,.

The time evolution of outer streaming was mimicked by analyzing a lid-driven flow. It was confirmed that in a first stage,
the outer fast streaming cells are created due to momentum diffusion in the radial direction and that in a second stage, the
streaming cells are distorted due to convection in the axial direction. But no extra cell is created in the lid-driven cavity.

Nonlinear inertial effects on the established streaming flow were further investigated using a numerical approach that
solves the full streaming flow equations with an imposed monofrequency acoustic wave source computed from the DNS.
These simulations as well as the lid-driven cavity simulations show similar results: The streaming patterns in the core of the
waveguide are different than those observed in DNS simulations and experiments.

Therefore inertial effects cannot be considered as the leading phenomenon to explain the mutation of streaming at high
acoustic levels. Nonlinear interactions between the streaming flow and acoustics have to be considered, which will be the
scope of further studies.
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